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Abstract

In this paper we study a highly nonlocal parametric problem involving
a fractional-type operator combined with a Kirchhoff-type coefficient.
The latter is allowed to vanish at the origin (degenerate case). Our
approach is of variational nature; by working in suitable fractional
Sobolev spaces which encode Dirichlet homogeneous boundary con-
ditions, and exploiting an abstract critical point theorem for smooth
functionals, we derive the existence of at least three weak solutions to
our problem for suitable values of the parameters. Finally, we provide
a concrete estimate of the range of these parameters in the autonomous
case, by using some properties of the fractional calculus on a specific
family of test functions. This estimate turns out to be deeply related
to the geometry of the domain. The methods adopted here can be
exploited to study different classes of elliptic problems in presence of
a degenerate nonlocal term.

Keywords: Kirchhoff equation, vibrating string, fractional Laplacian, varia-
tional methods, multiple weak solutions.
2010 Mathematics Subject Classification: 35A01, 35A15, 35R11, 35515

Typeset by KITEX

1 Introduction

The recent years have witnessed an ever more increasing attention to prob-
lems driven by nonlocal operators, notably of fractional type. This interest
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is motivated by both the theoretical research and the large number of appli-
cations (see, for instance, [19] and the references therein for a list of these
applications). Moving along this direction, we are interested here in the ex-
istence of weak solutions to the following fractional Kirchhoff-type problem:

—M(Hu|]§(0)£Ku = \f(z,u) + pg(x,u) in Q
— : n (PA,M)
u=0 in R™\ Q,

where 2 C R™ is a bounded domain with Lipschitz boundary 0€), 2s < n <
4s with s € 10,1, f,¢9 : 2 x R — R are two suitable Carathéodory functions
with subcritical growth, A, u are two positive real parameters and

i, = [, luta) = ) PK o = y)dady.

where, from now on, we set R?" := R” x R".
Further, Lx is a nonlocal operator of fractional type defined as follows:

Crulx) = / (et ) +ule —y) — 2u@)K )y, 7R,

where the function K : R™\ {0} — ]0, +o0] satisfies:
(k1) vK € LY(R™), where y(x) := min{|z|?,1};
(ko) there exists o > 0 such that
K(z) > afa| "),
for any = € R™\ {0}.

The paradigm of the above K is given by the singular kernel K(x) :=
|2|~("*25) in this case L reduces to the fractional Laplace operator defined,
up to normalization factor, by

u(z +y) +ulx —y) — 2u(z)
—(—=A)’u(x) = /n WIEEE dy, x€R".

In our setting the Kirchhoff function M : [0, +o00[ — [0, +00[ is assumed
to be continuous and to verify the structural assumptions:

(my) M is non-decreasing;
(mg) there exists my > 0 such that
M(t) Z mlt,

for every t € [0, +o0;



(mg) there exists o > 1 such that

o~

M(t)
tO’

My = lim inf

> 0,
t——+o00

where .
W0 = [ Mo
for every t € [0, +o0.
A typical Kirchhoff function verifying the above hypotheses is given by
M (t) := mgo + mit, where mg > 0 and m; > 0; (1)

when M is of the type (1), problem (Py,) is said to be non-degenerate
when mg > 0, while it is called degenerate if mg = 0. The novelty of this
paper is that we manage to treat the degenerate case, namely we allow the
Kirchhoff function to take the zero value. This case is quite delicate and not
very covered in literature, even more in the fractional setting, as explicitly
pointed out in [21].

We also mention, for the sake of completeness, that degenerate Kirchhoftf-
type problems driven by non-homogeneous elliptic operators have been re-
cently taken into account, for instance, in [13, 14, 15, 17, 34, 35].

The analogous and classical counterpart of our problem models several
interesting phenomena studied in mathematical physics, even in the one-
dimensional case. Its origins, as well known, date back to 1883 when G.
Kirchhoff proposed his celebrated equation

L
pd2u — (@ + 2 M) dx) 92 u =0 2)
h 2L J,

as a nonlinear extension of D’Alambert’s wave equation for free vibrations of
elastic strings, where the constants have the following meaning: v = u(z,t)
is the transverse string displacement at the space coordinate x and time t,
L is the length of the string, h is the area of the cross-section, E is the
Young modulus of the material, p is the mass density and Py is the initial
tension (see the classical manuscript [22]). In the very recent paper [21],
the authors have proposed an interesting and fascinating physical interpre-
tation of Kirchhofl’s equation in the fractional scenario. In their correction
of the early (one-dimensional) model, the tension of the string, which has
classically a “nonlocal” nature arising from the average of the kinetic en-
ergy |9ul* /2 on [0, L], possesses a further nonlocal behavior provided by
the H*-norm (or other more general fractional norms) of the function w.



From a purely mathematical point of view, it is worth mentioning that
the early classical studies dedicated to Equation (2) were given by Bernstein
[12] and Pohozaev [33]. An important incentive to its study was provided
by Lions’s work [25], where a functional analysis approach was proposed
to attack it. We cite, amid the wide literature on the subject, the works
[1,2,3,4,5,6,7,8,9, 10, 11, 16, 18, 20] where Kirchhoff-type problems (also
in their stationary versions) were studied by exploiting different methods and
new technical approaches.

The aim of the present paper is to study (P ,) under the variational
viewpoint. Our approach employs a functional framework in appropriate
fractional Sobolev spaces and an abstract multiplicity result of the critical
point theory (see Section 4 for details). Thanks to these ingredients we
manage to derive the existence of three weak solutions to problem (P ,).
Our analytical context is inspired by (but not equivalent to) the fractional
Sobolev spaces, in order to correctly encode the Dirichlet boundary datum
in the variational formulation. The nonlocal analysis that we perform here
is quite general and exploited for other goals in several recent contributions;
see [26, 27, 28, 31, 32]. The papers [23, 24] contain some recent nice results
on nonlocal fractional problems as well.

Now, let us denote

Xy :={ue H*(R") :u=0ae. in R"\ Q}, (3)

where the functional space H*(R"™) is the fractional Sobolev space of the
functions u € L?(R™) such that the map

ulw) = uly)

€ L*(R*", dxdy).
|z =yl

(z,y) —

With this notation, a particular case of our main result assumes the
following form.

Theorem 1.1. Let Q C R3 be a bounded domain with Lipschitz boundary
00 and firx s € 13/4,1[. Moreover, let f : R — R be a continuous function

such that sup F'(t) > 0 in addition to
teR



£ (@)

t|—>+oo |t]4

< 400, for some q € [0, 3].

(c3)

Then, for each compact interval [a,b] C |6, 4o00], with

4
|ull

1 |

PR S
4

/Q Flu(z))dz

D u € X3’5,/ F(u(z))dz >0,
Q

there exists o > 0 such that, for every A € [a,b], the problem

u(z) — u(y)]? Sy — i
(/ dedy) (=A)u=Af(u) inQ (Pr)
ST in R3\ Q,

admits at least three weak solutions {U]‘}?Zl C Xg”s such that

/2
() — u;i(y)]? '
([t <e

for every j € {1,2,3}.

The structure of the parameter 8 displayed in Theorem 1.1 is not simple
and its value depends on the geometry of the domain €2 and on the datum
f. As proved in Section 5, an explicit estimate of # (an upper bound) can
be determined by using suitable test functions belonging to the fractional
Sobolev space H*(R™) and some technical lemmas proved in [19].

For instance, if €2 is an open ball of radius r > 1 and F'(tp) > 0 for some
to € R, then 6 < 6*, where

244 1— 3 2
9* = mizn 37T 0 << (177 )’;;H2> ) (4)
=)y <F(to)n3 S (1) max |F<t>|) L
1t1<to
with
max |F(t)] 1/3
. 1t1<to .
5\ Flto) + max [F(1)] e

1tI<to|

8 ™ 1 1 1 2
=z - 1+ — = -
M 3ﬁ(4+1+25><+>\1>’ T s (5)



and )
Al = inf 7HV’LL!L2(Q).
uewy > (@\{0} [|ull72(q)

In such a case, Theorem 1.1 ensures that for each compact interval
[a,b] C ]6*,+oc[, there exists ¢ > 0 such that, for every A\ € la,b], our
fractional problem on the ball admits at least three weak solutions in Xg )
uniformly bounded in norm by .

We point out that the assumption 2s < n < 4s is essential in our tech-
nical approach in order to guarantee the embedding of the working space
X (or, more generally, the space X defined in Section 2) in the Lebesgue
space L"(R™), where

max{4,¢+ 1} <r < p—
n+2s
n—2s
the main result (see Theorem 4.2).

The paper is organized as follows. In Section 2 we recall some basic tools
and illustrate the main features of our nonlocal setting. Subsequently, some
peculiar properties of the functionals involved in the weak formulation of
problem (P ,) are proved in Section 3 (see Proposition 3.2 and Remark 3.5).
In Section 4 we prove the main Theorem 4.2 (and some of its consequences)
by making use of the previous preparatory results and the already mentioned
abstract critical point theorem (Theorem 4.1). In the last section a concrete
upper bound for the parameter # of Theorem 4.2 is presented. In such a
case a restriction on the structure of the kernel function K is required.

We cite the recent monograph [30] as a general reference on nonlocal
fractional problems and the variational methods used in this paper.

with g € [O, [ This embedding seems to be crucial in the proof of

2 Variational setting

In this section we describe the variational background of problem (P ,),
starting with the space Xy where the weak solutions are going to be sought.
We recall that this space was introduced in [40].

To begin with, we define X to be the linear space of all Lebesgue mea-
surable functions from R” to R such that the restriction to €2 of any function
u in X belongs to L?(€2) and the map

(z,y) = (u(z) —u(y) VE(z —y) € L*(Q, dxdy),



where @Q :=R?" \ (Q° x Q°) and Q° :=R"\ Q.
Denote by Xg the following linear subspace of X,

Xo:={ue X :u=0a.e. in QY.

We point out that X and X are non-empty since, for instance, C5(Q) C
Xo by [40, Lemma 11]. It is easily seen that

1/2
Jullx == llull20) + </Q Ju(z) — u(y)|*K (z — y)d:vdy> (6)

defines a norm on X (see [39]); in addition, the function

1/2
Xo3u s Jullxy = ( /Q Ju(z) —u<y>|2K<x—y>dxdy> )

represents a norm on Xy equivalent to (6) (see [39, Lemma 6]).
The space (X, || - || x,) turns out to be a Hilbert space with scalar prod-
uct

(u, v) xo = /Q (u(z) = u(y)) (v(z) = v(y)) K(z - y)dzdy, (8)

see [39, Lemma 7.
Notice that in (7) and (8) the integral can be extended to the whole of
R?" since u € Xg (and so u = 0 a.e. in Q°). In the sequel, in order to

simplify the notation, we will denote |||y, and (-,-)x, simply by ||| and
(-,-), respectively.

In the model case K (z) := |z|~("*2%) the space X can be characterized
as follows

Xo={ue H*R") :u=0ae. in Q°},

(see [42, Lemma 7(b)]), i.e. Xo = X;*°. Here H*(R™) denotes the usual
fractional Sobolev space endowed with the so-called Gagliardo norm (not
equivalent to (6)):

u(z) — u(y)|? 12
lullne oy = lulszgeny + ([ 2= oy )

Under assumptions (k1) and (k2) the space X embeds in the canonical
Lebesgue spaces; more specifically, the embedding Xy < LP(R"™) is contin-
uous for any p € [1,2*], while it is compact whenever p € [1,2*[, where

2n
n—2s

2% =

7



denotes the fractional critical Sobolev exponent (see [39, 41] for details).

The reader interested in knowing more about fractional Sobolev spaces is
invited to consult the very nice survey paper [19] and the references therein,
while for more details on X and X we refer to the papers [38, 39, 40, 41, 42],
where these functional spaces were introduced and analysed in their basic
properties.

Now, let us see how (P) ) is endowed with a variational structure. De-
note by A the class of all admissible nonlinearities for our problem, i.e. the
class of all Carathéodory functions h :  x R — R such that

h(z,t
I IER)]

400 (9)
(z,t)eQxR 1+ ’t’q

for some ¢ € [0,2* — 1[. Further, let f,g € A and put

F(x,t) ::/O flx,§)d¢ and G(z,t) ::/Og(x,f)df, (10)

for every (x,t) € 2 x R.

Fixed the real parameters A and p, it is a standard matter to prove
that problem (P, ,) is the Euler-Lagrange equation of the C'-functional
Exp t Xo — R defined by

Exp(u) = ®(u) = AJp(u) — ptg(u) (11)

where
B(u) = 5 (), (12

J¢(u) ::/QF(x,u(x))dac, Jg(u) ::/QG(x,u(x))dx, (13)

for any u € Xj.
As a result, the search for weak solutions to problem (P, ,), namely
functions u € X such that

MWWM%@=ALﬂ%WWM@M+MAM%M@M@M

for every v € Xp, reduces to the search for critical points of the energy
functional &, ,.

The variational tool used to derive the existence of such critical points
is a multiplicity result established in [36] that we recall for ease of reference
in Section 4.



3 Some properties of the functionals ¢ and J

For a generic Banach space F, denote by “—” and “—” the strong and the
weak convergence in F, respectively. Further, let E* be the topological dual
of E. Denote by WE the class of all functionals I : F — R with the following
property: if u; — w in E and

liminf I(u;) < I(u),

j—o0
then uj; — u up to a subsequence.

In this section, by using the above notations, we focus our attention
on some properties of the functionals involved in the weak formulation of
(Py,u), starting with ®.

First, let us recall the definition of a mapping of type (S;) which, as
known, generalizes the notion of uniform monotonicity.

Definition 3.1. Given a real Banach space E, a mapping I : E — E* is said
to be of type (Sy) if for any sequence {u;}jen in E such that u; = u € E
and
limsup I (u;)(u; —u) <0,
‘]%OO

then u; — u.

Proposition 3.2. Assume that the kernel K satisfies conditions (k1) and
(ko). Further, suppose that the Kirchhoff term M wverifies (m1) and (msg).
Then, the following facts hold:

i) @ is a C' sequentially weakly lower semicontinuous functional;
il) ® € Wx,;
iii) @ : Xo — X{ is strictly monotone;

)
)
iv) @ is of type (S+);
v) @ is invertible on Xo with continuous inverse.

Proof. i) It is easy to see that ® € C*(Xy,R). Moreover, the non-negativity
of M forces M to be increasing. The conclusion then follows by the sequen-
tial weak lower semicontinuity of u — ||lu]|.

ii) Let u; — u in X and

liminf ®(u;) < ®(u).

Jj—00



The sequential weak lower semicontinuity of ® yields ®(u;) — ®(u) as
j — oo up to a subsequence. Since M and t — t2 are continuous and strictly
increasing in [0, +-00], then ||u;|| — |lu||. By a classical result holding in any
uniformly convex space, we obtain that u; — u, as desired.

iii) Let u,v € Xo with v # v and a3, g € ]0, 1] with ag + ag = 1. Of course
u — |Juf|? is strictly convex in Xo and by (my), M is convex in [0, +00].
Thus we have

1~
(aru+azv) < 30 (o [lul®* +az o))

IA

Ny T N Sy
Son B ([l + 5023 (o]
= a1P(u) + aa®(v);
so ® is strictly convex and, in view of Proposition 25.10 of [43], ®’ is strictly
monotone.

iv) Let us identify X with X via the canonical isomorphism. So, let u; — u
in Xy and assume that

lim sup (@’ (u;), u; — u) < 0.

Jj—00

We will prove that any subsequence of {u;} jen has in turn a strongly conver-
gent subsequence that converges to u. Pick such a subsequence and denote it
again by {u;}jen; since it is bounded there will exist a further subsequence,
still relabeled as {u;};cy, and a non-negative number ¢ so that

lim M ([lu|*) = e
j—o0
If ¢ =0, in view of assumption (mz) we get
2 2
0 < m Jusl|? < M (Juy?)

for any j € N and hence u; — 0 as j — oo.
Assume now ¢ > 0. Since ®’ is a monotone operator then

. . 2
lim (®'(uy), uy —u) = Jim M (Jlug]°) (. 0 — )

Jj—00

=c lim (uj,u; —u) = 0.
J—00

Therefore, by exploiting also the fact that u; — u, we obtain

lim [luj —ul)® = lim ((uj,u; —u) — (u,u; —u)) = 0.
]—>OO ]—>OO

10



Hence u; — u, as claimed.
v) We prove the assertion by using monotone operator methods. For any
u € Xo \ {0}, by (m2) we have

@,y _ M (1) el ol
fal

and thus @’ is coercive (in the sense of monotone operators), while the
function
s M (Hu n th?) (u + t, w)

is continuous in [0, 1] for any u, v, w € Xy, meaning that ®’ is hemicontinu-
ous.

Taking also iii) into account, we obtain via Minty-Browder’s theorem
(Theorem 26.A(d) of [43]) that @ is invertible in Xy and ®'~! is, in partic-
ular, bounded. Let us prove the continuity of ®'~1.

Let {vj}jen C Xo be a sequence such that v; = v € Xy and let u; =
"1 (v;), u := ®~1(v). The boundedness of {u;} ey yields that u; — ug €
Xy. So, thanks also to Cauchy-Schwartz’s inequality, we obtain

[(vj, uj = uo)| < [{vj — v, u; = uo)| + [(v, u; — uo)]
< lvj = vl fluj = woll + [{v, u;) = (v, uo)]

and therefore

lim (@ (u;),u; —uo) = lim (vj,v; — vo) = 0.
Jim (@' (uy),wj = wo) = lim (vj,v; —vo) =0

Being @' of type (S4), we get u; — up and, being ®' continuous and
one-to-one, we finally get u; — u. ]

Remark 3.3. The delicate point in the previous proposition is the proof of
the property (S) (carried out by passing to subsequences) which permits
to guarantee the continuity of the inverse of ®'. The crucial fact is that,
due to (mg), M has a superlinear (or, at most, linear) behavior along all the
positive reals.

Remark 3.4. In [37] Ricceri dealt with a Kirchhoff-type problem driven
by the classical Laplace operator (which (P),) reduces to when K(z) =
|2|~("*+25) and s — 17). Instead of standard monotonicity assumptions on
the Kirchhoff term M, taking advantage of the Hilbert space setting, he
used the following assumption:

11



(h1) there exists a continuous function h : [0,4+00[ — R such that
h(tM(t?)) = t,
for every t € [0, 4o00].

This hypothesis is crucial along the paper [37] to deduce regularity properties
on the functional ® analogous to the ones of Proposition 3.2. This approach
is not feasible in our case as it requires that

inf  M(t) >0,
te[0,+o00[

and hence rules the degenerate case out.

Remark 3.5. As concerns the functional J, the fact that f € A and the
embeddings in the canonical L spaces lead to the conclusion, through very
standard arguments, that J; € C'(Xo,R) and that J' is compact.

4 Abstract approach and main results

In this section we prove our main multiplicity results. The key tool will
be the following abstract critical point theorem for differentiable functionals
(cf. [36, Theorem 2]).

Theorem 4.1. Let E be a separable and reflexive real Banach space; @ :
E — R a coercive, sequentially weakly lower semicontinuous C functional,
belonging to Wg, bounded on each bounded subset of E and whose derivative
admits a continuous inverse on E*; J : E — R a C' functional with compact
derivative. Assume that ® has a strict local minimum zo with ®(z9) =
J(z0) = 0. Finally, assume that

max { lim sup J(2) lim sup J(Z)} <0 (14)
|

izl too B(2)7 2mz0 P(2)

and
ilelg min{®(z), J(z)} > 0. (15)
Set o
6 := inf {JE;; iz € E, min{®(z),J(2)} > 0} : (16)

Then, for each compact interval [a,b] C |0, +oo] there exists a number p > 0
with the following property: for every X € [a,b] and every C' functional

12



V. E — R with compact derivative, there exists fi > 0 such that, for each
w € [0, ], the equation

O (2) = N (2) — p¥'(2) =0 (17)
has at least three solutions whose norms are less than o.

The main result of this manuscript reads as follows.

Theorem 4.2. Let s € ]0,1], 2s < n < 4s and let Q@ C R™ be a bounded
open set with Lipschitz boundary 0. Assume that K : R™\ {0} — ]0, +00]
and M : [0,400] — [0,+00] are two functions satisfying (k1) — (k2) and
(mq) — (m3), respectively. Further, let f € A such that:

(a1) 5;1)}()0/S)F(x,u(x))dx >0,

F(x,t
(as) Timsup SWPeen F@: D)

<0
t—0 t4 -

)

sup,cq F(z,t) <0

(a3) limsup 127 <

[t| =400

with F defined by (10). Under such hypotheses, if we set

, 1] M (Ilul?)
/QF(x,u(x))dx

: ueXO,/F(m,u(x))dx>0 ,
2 0

then for each compact interval [a,b] C |0, +o0], there exists a number o > 0
with the following property: for every X € [a,b] and every g € A, there exists
fo > 0 such that, for each p € [0, fi], problem (Py,) has at least three weak
solutions whose norms in Xy are less than p.

Proof. Let us invoke the abstract Theorem 4.1 with the choices FE := Xy, ®
as in (12) and J := J;. In view of assumption (mg) ® is coercive, as

mp 4
O(u) = == [lu]
for every u € Xj.

Moreover, the increasingness of M implies that ® is bounded on any
bounded subset of Xy. The rest of the properties ® is required to fulfill

13



follows from Proposition 3.2. It is straightforward to realize that ug = 0 is
the only global minimum of ® and that ®(ug) = J(ug) = 0.
Now, the membership of f in A implies that

|f(z, )] < e (L+t]7) (18)

for all (z,t) € Q x R, for some ¢ > 0 and for some ¢ € [0,2* — 1.
Since 2s < n < 4s, then 4 < 2* and it is possible to pick r € R such that

max{4, ¢+ 1} <r < 2%
Now, fix £ > 0. Due to (a2) there exists T' > 0 so that
F(z,t) < et!
for each (z,t) € Q x [-T,T]; on the other hand,
F(a,t)] < o1+ [¢]")

for each (x,t) € Q x R and the function R\ [-T,T] > t — |t|" attains its
minimum at ¢t =T, so
|F (2, t)] < clt]”

for each (z,t) € Q@ x (R\ [-T,T)).
As a result we get the estimate

|F(z,t)| < et? + c|t|",

holding for each (z,t) € Q x R. So, by the embeddings Xy — L*(Q),
Xo — L"(2) and by (ms2) we obtain

J(u) < e |lullzagq) + ¢ llull7rq)

< eey [|ull + ez [ful”

2ec) —~ 2 i
< 2N (Jul?) + e (M <Hu]2>)
mi mi

<%0+ e (4@(@)2

mq mia

for any u € Xy and for suitable positive constants c¢; and co.
Due to the choice of r one has
J(u)  4dec

limsup —=% < . 19
u—)Op(I)(u) omy ( )

14



Next, define 5 by

B:szin{a, n }
n—2s

When o < n/(n — 2s), thanks to (as3) it is easy to obtain the estimate

|F(z,t)] < <€|t|2(7 +c3

for all (z,t) € Q@ x R, for some ¢z > 0; on the other hand, when o >

n/(n — 2s), owing to the fact that |[¢t|"~2" — 0 as |t| — 400, one gets

|F(x,t)] < elt] +eq

for all (z,t) € © x R and some ¢4 > 0.
As a byproduct we obtain

|F(z,t)] < elt|” + s
for all (z,t) € Q x R and some ¢5 > 0, and
T(u) < co(1 + e [[ul )

for every u € Xy and some cg > 0.
Moreover, by (mgs) one has

M) > molt|” — cr

for every t € [0, +o00[ and for some ¢7 > 0.
So, taking account of (20), we obtain

J(u) _ colefull” +1)
®(u) = mg [Jul* e

for every u # 0 and some cg > 0 and, due to the definition of 3,

lim sup M < &°

ul| oo P(w) T Mo

Conditions (19), (21), together with the arbitrariness of ¢, yield

max limsupM, lim sup Lu), <0,
w0 P(U) ||y =to0 P(u)

15
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and all the assumptions of Theorem 4.1 are satisfied. So, for each compact
interval [a,b] C ]0,+oo[ there exists a number ¢ > 0 with the property
described in the conclusion of Theorem 4.1.

Fix A € [a,b], g € A and set

U (u) ::/QG(m,u(:U))d:U

for all u € Xo; clearly ¥ € C!(Xp,R) and ¥’ is compact, so there exists
f > 0 such that, for each p € [0, fi], the equation

Eyp(w) = @' (u) = AJ'(u) — p¥'(u) =0

has at least three solutions whose Xyp-norms are less than p.
This ends the proof. O

The simplest example of a function M satisfying the set of assumptions
(my) — (mg) is clearly a line passing through the origin, to wit M (t) := mt,
my > 0. In this regard, it is immediate to obtain the coming theorem from
the previous one.

Corollary 4.3. Let s,n,$2, K be as in Theorem 4.2 and let f € A be such
that:

(b1) 5611)1()0/§2F(x,u(:c))d:c > 0,

su F(ax,t
(b2) max q lim sup SUpseo F(@, ) ),hmsup
4 1
=0 t |t/ —+o0 t

Then, if we pick m1 > 0 and set

4
]

F(x,u(z))dr
Q

m1

0 .= inf

: uGXO,/F(x,u(x))d:n>O ,
Q

for each compact interval [a,b] C |0,400|, there exists a number o > 0 with
the following property: for every A € [a,b] and every g € A there exists
g > 0 such that, for each p € [0, i], the problem

{ —my |Jul|* Lxu = Af(z,u) + pg(z,u) in Q (B
M

u=70 in R™\ €,

admits at least three weak solutions whose norms in Xg are less than o.
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Proof. Fix m; > 0 and apply Theorem 4.2 with M (t) := myt for all ¢ > 0.
Condition (ms3) follows at once with the choice o = 2; this choice itself
implies (a3) via assumption (ba). O

Finally, if we drop the dependence of f from z, we obtain the following
meaningful result.

Corollary 4.4. Let s,n,, K be as in Theorem 4.2, and let f : R — R be
a continuous function such that

(c1) sup F'(t) >0,
teR

(1)

(c2) limsup o <0.
t—0
Further, assume that

(c3) limsup /()]

b nr < 400, for some q € [0, 3.
t|—4o00

Then, if we pick m; > 0 and set

my

4
0 := inf lul D u € XO,/ F(u(x))dz >0 p, (22)
dx @

| Flata)

for each compact interval [a,b] C 10,400, there exists a number o > 0 with
the following property: for every A € [a,b] and every g € A, there exists
i > 0 such that, for each u € [0, i], the problem

—m |[ul® Lew = Mf(w) + pg(w,u) in Q (B
uw=0 in R"\ Q, A

admits at least three weak solutions whose norms in Xg are less than o.

Proof. The continuity of f and assumption (c3) imply that f € A and, in

turn, that
(1) 3 -3
1 S olt] 7+ enoft)
for all ¢ € R\ {0} and for some cg,c19 > 0. Passing to the limsup for
|t| = +oo in the last inequality we obtain that (b2) is completely satisfied

and hence, we get the thesis from Corollary 4.3. O

Remark 4.5. Theorem 1.1 stated in Introduction immediately follows by
Corollary 4.4 bearing in mind that, as pointed out in Section 2, in the
classical fractional Laplacian setting one has X, = X"
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5 An upper bound for # and some consequences

In this final section, by following the approach adopted in [29], we provide
an explicit estimate of the number 6 appearing in Corollary 4.4.

To reach our goal we need to require that the kernel, instead of (k1) and
(k2), satisfies the following more restrictive hypothesis:

(k3) there exists a € ]0,1] such that
a‘$|—(n+25) < K(.%') < a—1|x|—(n+25)’
for any z € R™\ {0}.

It is clear that (k3) implies (k1) and (k2). Moreover, for o = 1 we recover
exactly the singular Riesz kernel and hence the operator (—A)®. We also
point out that assumption (k3) is not new in the literature; see, for instance,
the already cited paper [21] by Fiscella and Valdinoci.

In the one-dimensional setting, a function K satisfying the above as-
sumption is given by the coming

Example 5.1. Choose s =3/8, n=1,a=1/2 and K : R\ {0} — ]0, 00|
defined by

1
- for x € [—x0, 0] \ {0}
2|x|1
K(x):={ —a2%+ g for x € [—-1, —xzo[ U [0, 1]
2
- for x € |—o0, —1[U |1, 0],
[

where xg € ]0,1[ is the root of the irrational equation

15
201 = 3x

K

— 1.
Simple calculations show that K fulfills (k3).

The key point to estimate 6 is the construction of a suitable function in
Xo at which evaluating the norm and the functional J;. To this end, de-
note by B(zo,r) (respectively B(xg,r)) the n-dimensional open (respectively
closed) ball centered at xp € R™ and of radius r > 0. As  is open, we can
certainly choose a point zp € 2 and a number 7 > 0 so that B(xg,7) C .
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Fix such z¢ and 7 and, for any n € ]0,1[,t € R, define u% to be

0 if v € R™\ B(zo, )
uf](x) = (l—tn)T(T_ |x —xo|) if z € B(xzo,7)\ B(xo,nT) (23)
t if x € B(xo,n7),
for every x € R™, where | - | denotes the usual Euclidean norm in R".
Moreover, for n € {1,2,3}, set
vi= (1 + 1) , (24)
A
where )
- IVull72q) (25)

in 5 )
uewy?(@\{0} |ull72(q)
The next result gives a localization of u% in Xj.

Lemma 5.2. Let 7 > 0 be defined as before. For any n € |0,1] and t € R
one has that u% € Xg and

< (1'f' . \/zmniu 1) %)
where
;7?1/ ifn=1
K1 = (g+1f25>y if n=2 and /4;2::2(11_8)+§.
2#(;} 1+12s>” ifn=3

Proof. We argue by following the procedure developed in [29, Lemma 3].
More precisely, the direct computation of the (standard) H'(R™)-seminorm
of uz leads to

£2
ul)? n:/ Vutxzdx:/ ———dx
(gl ey R [Vity () B(zo,r)\B(zomr) (L —1)*72
2
= m(\B(iﬁOﬂ'ﬂ — |B(xo,n7)|) (27)
ez 21— ")

(1—n)2T (1+g)’
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where |B(zo, )| and |B(x,n7)| denote respectively the Lebesgue measure
of B(xg,7) and B(xzg,n7) and

—+o00
I'(t) = / 2le™#dz, for all t >0,
0

is the usual Gamma function.

Now, since uj, € W(}’Q(Q) C WH2(Q), by [19, Proposition 2.2] it follows
that ufl € W*2(Q). Moreover, the boundary 9 is Lipschitz, B(xq,T) C €,
and u, = 0 in Q\ B(zo,7): by [19, Lemma 5.1] one has that u! € H*(R").

Hence, thanks also to Proposition 3.4 of [19], we have

1 'LLt T —ut 2
w2 <t |ug (@) — uy (y)| dedy
n | |n+23
a JRr2n =Yy

2 1—cosxy del (28)
=% ( L. Wd) /R €117 (€) P,
where X |
]:ufv(f) = W /R" eﬂg'xuf](ac)dx

stands for the classical Fourier transform of uf] Now, since s € ]0, 1], one
has

| ePraera < |1+ R IFa R
and furthermore

/ (1+ I€[2) | Ful (€)Pde = / (It (@) + [V (2)[2) dx
Rn Rn

2
< I//Q |Vuf7(az)|2dﬂs =v [UZ]HI(Rn) . (29)

Indeed
t 2/mn : : t 2/mn
u, € L*(R™) if and only if  Fu, € L*(R")

and
[l 72y = I Fupll72gn); (30)
further, for every j € {1,...,n}, one has

Ojup € L*(R™) if and only if & Ful € L*(R™)
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and
IVaup 72y = IEIF w122 gy (31)
Relations (30) and (31) give
L O PNF R dE = I oy + [V By (62

Hence, by (24) and (25) one has that inequality (29) is a direct conse-
quence of (32). Then by virtue of (29) relation (28) becomes

2v 1—cosx
t12 1 t12
g <55 (L, ) bl

If n = 3 then

1 —cosxy / 1 </ 1 —cost )
SOOI gy = B S—; AP
/R3 |z [3+25 <R2 (14 |z)2)72 ) R |E[1H2

The conclusion follows by (27) and the estimates
1 7 1
————dr <27 | -+ ,
/]R? (14 |z[2)"" <4 1+2s>

/l—costdt< 1 _1_2
R [t 21—-s) s

On the other hand, we also have

1 2 .
1—cosx1d 21—s) s =1
P T < 7r+ 2 1 +2 " 9
- - if n =
2 1+42s)\2(1—-3s) s

and hence inequality (26) is completely proved.

Clearly uj, : R® — R is a continuous function, u}, € L*(Q) and by the
above computations it follows that u € X. Finally u} = 0 in R™\ @ and
thus u% € Xp. ]

The following preparatory result will be crucial in the proof of Proposi-
tion 5.4.
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Lemma 5.3. Let 7 be as before and let f: R — R be a continuous function
satisfying (c1). Then there exist to € R and ny €0, 1] such that

[tI<[to]

/ F(uf]o0 (z))dz > (F(to)n(} — (1 —mny) max |F(t)|> wpT" >0, (33)
Q

where w, denotes the volume of the unit ball in R™.

Proof. On account of (c1), there exists tp € R such that F(ty) > 0. Now,
let 19 € 10, 1] be such that

F(to)ng — (1 —ng) max [F(t)] >0
t<ltol

and, with the same notation as (23), consider the function u%%, namely

0 if v € R™\ B(zo,7)
uf]%(az) = (1_25(;70)7_ (1 = |z —wo|) ifxe B(xo,7)\ B(xo,n07) (34)
to if x € B(ﬂjo,?](ﬂ'),

for every z € R"™.
Since
max |uyp ()| < [tol,
z€)

it follows that

F(ub (z))dz > —(1 — n%) max |F(t)|w,m"
'L@wﬂm%mﬂ (il (o) = ~(1 = 1) s [ ()

and therefore

/QF(UZ%(x))dx—/B(IOWOT) F(u%%(x))dx%—/ F(u® (x))dx

B(zo,7)\B(z0,10T)

= F(to)ngm"wn + / F(ul® (x))da
B(wo,7)\B(z0,m07)

z(ﬂ@%—u—%mew@Q%#,
[t|<|to]

as desired. 0

Collecting the estimates of Lemmas 5.2 and 5.3 we obtain a concrete
upper bound for the parameter 6, as previously claimed.

22



Proposition 5.4. Let 0 be defined by (22), to,no as in Lemma 5.8 and
K1, Ko as in Lemma 5.2. Then, one has

0 <0k (f.Q), (35)
with
nyd, _n—4 _n 2
Ok (f,9) := T <(1a(1n_0)77?)§2>
(s - (@ = ) g 1F(O])

Proof. Let u}% be the function defined in (34). By Lemma 5.2 u{0 € Xj and
by Lemma 5.3, due to the choice of ¢y and 7y, it follows that

/ F(u%% (x))dx > 0.
Q

So, recalling the definition of 6, in view of inequalities (26) and (33) one has

o< maull
4 /ﬂ F(upp () d
< mymttgr ((1 _ 778)"61’;&2>2
and the proof is complete. -

Remark 5.5. The upper bound 0k (f,2) in Proposition 5.4 is a function
of the nonlinearity f through ty and 79; of the geometry of the domain 2
through 7 and of the kernel K through « and s.

Remark 5.6. We emphasize that, for a fixed 7 > 0 and ¢y € R such that
F(typ) > 0, the sharp value of the constant 05 (f,Q) is given by

0% (f, Q) =71 min (),

where
max |F(t)| 1/n
[t1<[to

F(to) + max |F(t)|
[tI<[tol

Yn = 1,

23



and the real function A* : ¥,, — ]0,4o00[ is defined by

myT (1- n”)ﬁlﬁg)Q

e (Ftear = @ =) o [F©)]) (o=

[tI<[tol

Notice that mizn A*(n) exists since A* is continuous on X, and, as it is easy
776 n

to see, one has
lim A*(n) = lim \*(n) = +oo,

where
max |F(t)] L/n
- jt1<lto]
07 | F(to) + max |F(?)]
[¢]<[to]

Remark 5.7. Assume that 2 = B(zg,r) C R? is an open ball centered at
2o € R3 and of radius r > 1. Then, for m; = 1 and —Lx = (=A)*, clearly
Ok (f,Q) in Theorem 5.4 coincides with 6* defined in (4) by using the test
function

0 if z € R3\ B(xo,1)
to .
t
u,? () = m(l—@—x(ﬂ) if x € B(xo,1) \ B(zo,m0)
to ifxe B(:CQ,’I?()),

for every z € R?, where 19 € 33 is such that \*(ng) = mgn A ().
ne2s

We end this paper by exhibiting the example of a nonlinearity satisfying
Theorem 1.1 together with the related estimate of the parameter A.
Example 5.8. Let Q := B(0,v2) C R3, s = 7/8, K(z) = |z|~'/* for any
r € R?\ {0} and take f(t) :=t?> —t for any t € R. It is clear that

. F(t)
mp (1) = o0, i 5 ===
and
101 _
lts+oo [E[/2

Hence, all the assumptions of Theorem 1.1 are fulfilled. Setting to := 2,
no := (V/7+2)/4, and considering the fractional problem

(/ W(@—dedy) (—A)/8u = Af(u) in B(0,V3)
R6

=y
u=0 in R3\ B(0,/2),
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we obtain that for each compact interval [a, b] localized in the interval

3 v(l—nd) (7 1 1 2\\°
3 oo G + - , 0o
83 — 7\ (1—mn9)? \4 1+4+2s)\2(1—5s) s
there exists a number g > 0 for which there are at least three weak solutions

(in Xg,?/s) whose norm is less than p.

)
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