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1. Introduction

In this paper we study higher Sobolev and Holder regularity of locally bounded, local
weak solutions of the fractional p-Laplace equation of order s € (0,1) and p > 2 on a
bounded domain Q C RY with dimension N > 2:

u(z) —u(y) P 2(u(z) —u
(—Ap)°u(y) == p.v. / 2fu(z) |;y1|y|N(+s(p ) W) dr = 0. (1.1)

RN

For the precise notion of weak solution we refer to Definition 2.1. Recently, much at-
tention has been paid to this kind of nonlocal operators. The interest stems from their
challenging, mathematical structures and their connections with concrete applications,
such as continuum mechanics, phase transition, population dynamics, optimal control
and game theory. To our knowledge, operators of this type were first introduced in [5,42].

Our main results are divided into two parts according to the regime of s, namely
either s € (pp%z, 1) or s € (0, %]. In the first part, we establish that Vu belongs to the

fractional Sobolev space Wlﬁ’q(Q) for any ¢ > p and any 8 € (0, %’(s— ”1_%2)). In particular,

ocC

Vu belongs to L{ () for any ¢ > p; a direct consequence of this result is that u €

loc

CO’Q(Q) for any a € (0,1). Precise local estimates will be presented in Theorems 1.3, 1.4

loc
and 1.6 regarding the claimed gradient regularity properties and Theorem 1.5 regarding

the almost Lipschitz continuity of w. All these estimates are stable as s T 1. In the

second part, it is unknown if Vu exists in the Sobolev sense. However, the fractional

differentiability order s has been improved to any number less than 1%, whereas the

integrability order ¢ can be any number larger than p, namely u € W)?(Q) for any
sp

’ p—2

q > pand v € [s, F5). As a corollary, we have u € C'IOO;Y(Q) for any v € (0

i ). Precise
P
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estimates regarding the regularity properties of the second part are given in Theorems 1.1
and 1.2.

From a variational point of view, the fractional p-Laplace operator (1.1) can be con-
sidered as a non-local cousin of the classical p-Laplace operator

—div (|Vu[P~?Vu) = 0. (1.2)

Classical results of Uraltseva [65] (for equations) and Uhlenbeck [64] (for systems) state
that the gradient of local weak solutions of (1.2) is locally Holder continuous. Such a
regularity result lays the foundation for a number of further theories. Nevertheless, up
to now it is still elusive whether an analogue of this result holds true for the fractional
p-Laplace operator (1.1). In fact, it is even far from trivial to assert that Vu exists in
the Sobolev sense. To our best knowledge, this was confirmed by Brasco & Lindgren;

they established that when s € (%, 1), Vu € L}, () for globally bounded solutions,
cf. [13, Corollary 1.8]; moreover, the range of s can be improved to s € (ﬁ, 1)ifuisa
solution of a certain Dirichlet problem, cf. [13, Corollary 1.9].

Our main contribution significantly improves this result and establishes the higher

q

integrability of Vu under a wider range of s, namely Vu € L () for any ¢ > p and

loc
any s € (%, 1). Moreover, this improvement is achieved under the mere notion of local
solution, and no additional assumption is imposed on the solution’s global behavior.
Another classical result states that any local solution of (1.2) satisfies that
|Vu|"2" Vu € W 2(Q); see [10,64,65]. This higher differentiability can be converted

into fractional differentiability by a standard argument, that is Vu € I/Vlﬁ’cp (Q,RN)

for any 0 < 8 < %, cf. Remark 5.14. Our result indicates particularly that when

s € (ppi, 1), local solutions of the fractional p-Laplacian (1.1) satisfy Vu € WP () for

loc
any S € (0,s — B ;2), and thus formally recovers the classical result in the limit s 1 1.
In this sense our range of 3 is sharper than the one obtained previously by Brasco &
Lindgren [13, Corollaries 1.8 & 1.9]. Moreover, our approach dispenses with any addi-
tional assumption on the solution’s global behavior and relies solely on the notion of
local solution.

Last but not least, we have substantially improved the higher Holder regularity for
solutions of the fractional p-Laplace equation (1.1) as well. Indeed, the Holder expo-
nent has been improved to any number less than min{1, ;Tpg} in contrast to the known
min{1, ps_pl }. In particular, the “almost Lipschitz” regularity improves the one obtained
by Brasco & Lindgren & Schikorra [14, Theorem 5.2] in the sense that the admissible

range of s has been extended from [pp%l, 1) to [%7 1). In the particular case p = 2

we thus recover the whole range s € (0,1), which is in perfect accordance with known
regularity theory for the fractional Laplacian.

Examining the effect of an inhomogeneous term on the right-hand side of (1.1) has
been considered in [13,14]. Interesting though it is, we decide to concentrate on the
homogeneous equation in this manuscript. We believe our new techniques can also be
applied to such a case.
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The effort poured in this manuscript induces further study regarding the gradient
regularity for the fractional p-Laplace equation (1.1). Our next step is to have a more
complete picture concerning the higher regularity theory. In particular, we would like
to generalize the results to equations with more general kernels, and to examine the
case p < 2 as well. We expect similar results to hold in the whole range s € (0,1) and

pe(1,2).
1.1. Statement of the main results

The main results differ depending on which regime of the fractional differentiability
order s is considered. It turns out that the case p > 2 and s € (0, %) deviates sig-
nificantly from the case p > 2 and s € (pp%z, 1). First, we present the main result for
the range s € (0, %}. This guarantees that for locally bounded, weak solutions of the
fractional (s, p)-Laplace equation, the integrability can be improved to any ¢ > p as well
as the fractional differentiability to any v € s, p%). The precise statement is as follows;
for the definition of Tail(u; R) we refer to (2.1) below.

Theorem 1.1 (Almost W5 2 %-regularity). Let p € (2,00), and s € (0, %]. Then, for
any locally bounded, local weak solution w € W¥ () N LE71(RYN) of (1.1) in the sense

loc
of Definition 2.1, we have

s
ue WI(Q)  for any q € [p,00), and v € [s prz)-
Moreover, there exists a universal constant C = C(N,p,s,q,7v) > 1, such that for any
ball Br = Br(z,) € 2 we have

C _N(i_1 N .
[y < 725 [BYC D lulwesgn + R (lull e + Tail(u B)) .

The constant C' blows up as v T ps_p2. O

Using the previous theorem and the Morrey-type embedding for fractional Sobolev
spaces, we immediately obtain that locally bounded, local weak solutions of the fractional
(s, p)-Laplace equation in the range s € (0, ijz] are locally Holder continuous with any

exponent v € (0, p"f’Q). The precise statement is as follows.
Theorem 1.2 (Almost CO’%—regularity). Let p € (2,00) and s € (0, %], Then, for any
locally bounded, local weak solution u € WiP(Q) N LEH(RY) of (1.1) in the sense of
Definition 2.1, we have

loc

uwe CY(Q) for any v € (0, pSsz)
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Moreover, there exists a universal constant C = C(N,p, s,v) > 1, such that for any ball
Bgr = Br(z,) € Q we have

Cr N .
[U]COW(B%R) < E R [U]Ws,p(BR) + ||uHLoc(BR) + Tall(u;R)}

The constant C' blows up as v T 1%. ]

In the case of p > 2 and s € (pr%z, 1), better regularity properties of local weak
solutions can be achieved. The first result concerns the gradient regularity in LP. Roughly
speaking, it states that for locally bounded, local weak solutions u of the (s, p)-Laplace
equation, the weak gradient Vu exists and is locally in LP(Q, RY).

Theorem 1.3 (LP-gradient regularity). Let p > 2 and s € (1’}'%2, 1). Then, for any locally
bounded, local weak solution w € WP(Q) N LY (RN) of (1.1) in the sense of Defini-

loc
tion 2.1, we have

u e WhP(Q).

loc

Moreover, there exists a universal constant C = C(N,p, s), such that for any ball Bg =
Br(z,) € Q we have

=

Cr.s N .
IVullersy 0 < [R (1= 8)% [ulwer(mn) + B> (|l = (50) +Ta11(u;R))].

The constant C' is stable as s T 1 and blows up as s | pT?Q. O

At this point the question naturally arises whether the LP-gradient regularity of a
locally bounded, local weak solutions to the fractional (s, p)-Laplace equation can be
improved. This can in fact be answered positively. It turns out that for any ¢ > p the
Li-gradient regularity holds. The higher gradient regularity is the core of the following
theorem.

Theorem 1.4 (Le-gradient regularity). Let p € [2,00) and s € (”}'%27 1). Then, for any

locally bounded, local weak solution v € WiP(Q) N LE7HRY) of (1.1) in the sense of
Definition 2.1, we have

ue Wyl(Q)  for any q € [p,00).

Moreover, there exists a universal constant C = C(N,p,s,q), such that for any ball
Bgr = Br(z,) € Q the quantitative Li-gradient estimate

N _ s N 1 .
IVullzos, ) < CR 1[3 v (1= 8)7 [ulwer(mr + ull L (55 + Tail(u; R)

holds true. The constant C' is stable in the limit s 1 1 and blows up as s | ij2.
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At this stage, the classical Morrey-type embedding for the Sobolev space W4 with
g > N, implies that locally bounded, local weak solutions to the fractional (s, p)-Laplace
equation in the regime s € (”}.%2, 1) are locally Holder continuous with exponent 1 — %.
Since ¢ can be chosen arbitrarily large by Theorem 1.4, this means Holder continuity for
any Hoélder exponent in (0, 1).

Theorem 1.5 (Almost Lipschitz continuity). Let p € [2,00) and s € (%7 1). Then, for
any locally bounded, local weak solution v € WS¥(€2) N LEH(RYN) of (1.1) in the sense
of Definition 2.1, we have

u e CY7 () for any v € (0,1).
Moreover, there exists a universal constant C = C(N,p, s,7), such for any ball B =
Bg(z,) € Q we have

Cr, sn 1 .
—[RF (= )P [ulwen(py) + |l o (5 + Tail(w; R))

[U]CO'W(B%R) SR

The constant C' is stable as s T 1 and blows up as s | %. O
In analogy to the local p-Laplace equation, it can also be shown that the gradient

Vu of a locally bounded, local weak solution u to the fractional (s, p)-Laplace equation
admits a certain fractional differentiability. The precise result is as follows.

Theorem 1.6 “1-gradient regularity). Let p € [2,00) and s € (%, 1).
Then, for any locally bounded, local weak solution v € W5¥(Q) N LAY (RYN) of (1.1) in
the sense of Definition 2.1, we have

sp—(p—2)>'

Vu e Wit (Q) for any q € |p,00), and o € (0, .

Moreover, there exists a universal constant C = C(N,p,s,q,«) such that for any ball
Bgr = Bgr(z,) € Q we have
N

CR« - 1 .
(Vulweosy ) < Fres B2 (1= ) [Wlwen s + [0l () + Tail (s R))

The constant C' is stable as s T 1 and blows up as s | % and o T Sp_(+2).

We expect analogous results to hold for the fractional p-Laplace system, or more
generally for systems possessing Uhlenbeck structure. However, for general systems, the
method breaks down, as certain delicate cancellation phenomena in the energy inequal-
ities are no longer present. We point out that in the local setting, solutions to general
elliptic systems may fail to be bounded; see [20].
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Finally, we note that all statements continue to hold in the case N = 1 but the
stability of constants needs some special care which we refrain from; see Remarks 5.10
and 5.12 and the proof of Proposition 5.11.

1.2. Brief summary of state of the art

Since our results concern an elliptic problem, we refrain from discussing time-
dependent problems which deserve an independent treatment. We start with an incom-
plete overview of the results that are known in the case of linear non-local equations.
The theory here is far less fragmented than for the fractional p-Laplace operator. The
topic of inner regularity of the fractional Laplacian of order s and linear fractional oper-
ators with more general kernels is still a very active field of research. It has attracted a
lot of attention in recent years, as can be seen from the large and fast growing number
of results. We refer, without being exhaustive at all, to the inner regularity results in
[1,2,7,8,17,26,27,31,33,41,43,44,55,60-62]. In these works, the equations differ in terms of
the assumptions made with respect to the integral kernel. However, a common feature is
that essentially all of them considered integral operators of linear growth. Weak Harnack
inequalities were studied in [31,44]. Global regularity, i.e. C*-Holder continuity up to the
boundary, was studied [56,57]; see also [38,39]. Higher-order boundary regularity in the
sense that m is Holder continuous on the closure of the domain €2, was estab-
lished in [1,2,38,39,56,57]. Gradient potential estimates have been obtained in [50] in the
regime s € (%, 1); see also [24] for more general nonlocal equations of linear growth. On
the other hand, regularity results on the scale of LP-spaces can be found in [9,47,48];
see also [6]. For a similar result in case of the fractional p-Laplace with p > 2 we refer

o [59]. More precisely, a nonlocal self-improving property (fractional Gehring lemma)
has been established. An interior LP-regularity theory — Calderén-Zygmund theory — has
been developed in [34,52]; see also [15,23]. For a Wiener-type criterion for boundary reg-
ularity we refer to [45]. A Harnack inequality is established in [22], see also [17]. Lastly,
for nonlinear fractional equations (including the fractional p-Laplacian), an existence,
regularity and potential theory with measure data was developed in [49].

As already indicated, the regularity theory for the fractional p-Laplacian with p # 2 is
far from well developed, and many of the basic questions are still unanswered. Concern-
ing weak solutions, local boundedness and Hélder regularity with a qualitative Holder
exponent in the interior and at the boundary have been established in [21,46]. The re-
sults cover the whole range of s € (0,1) and p € (1,00). For a similar result in the
framework of viscosity solutions we refer to [51]. Higher order boundary regularity has
been achieved for p > 2 in [40]. In the super-quadratic case p > 2 the fractional differ-
entiability of weak solutions of the fractional (s, p)-Laplace equation has been improved
quantitatively, whereas in the regime s € (pp%l, 1), the gradient of weak solutions exists
in LP and additionally exhibits a certain fractional differentiability; these are achieved
n [13]. Still in the superquadratic case p > 2, interior higher Holder regularity with an
pfl]

explicit Holder exponent was established in [14]. More precisely, in the regime s € (0, =
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. 0,22,
weak solutions are almost C| 7 '

oe ", while in the range s € (”}'%17 1) solutions are almost

Lipschitz continuous. This kind of higher Hoélder regularity has been recently extended
in [35] to the subquadratic case 1 < p < 2 with the same threshold with respect to s and
p. To our knowledge, these are the state of the art regarding the higher Hélder regularity.

1.3. Nowel techniques

To our knowledge, a method of difference quotients in the context of fractional (s, p)-
Laplace equations has first been implemented in the pioneering work [13] of Brasco &
Lindgren, which deals with the higher Sobolev regularity; see [16] for a different nonlocal
equation. Later, a separate yet similar program is carried out to deal with the higher
Holder regularity in [14] by Brasco & Lindgren & Schikorra. Their program features
finite iterations in Besov-type spaces. Although our approach also relies on a difference
quotient technique, the overall strategy differs dramatically from the one used in [13,14].

Amongst other things, a novel tail estimate plays a pivotal role in our approach. It
nicely captures the long-range behavior of solutions in the finite difference scheme and
permits us to efficiently run iterations at various stages. More importantly, together
with our new iteration technique, it allows us to concentrate on the higher Sobolev
regularity, whereas the higher Holder regularity is deduced upon applying the Morrey-
type imbedding in the last step. This technical route, granted by the tail estimate, sets
our approach apart from the existing one. In fact, to understand our approach, it is
instructive to keep in mind the following imbedding:

N
we W), >N = wueC.. "

ocC

(62).

It holds true no matter whether v € (0,1) or v = 1.

The novel tail estimate also gives birth to a natural dichotomy that distinguishes
the existence of Vu or not. Indeed, it ensures sufficient amount of gain in fractional
differentiability for each step of our iteration and allows us to approach the limiting
order %. Ifse (”2.%27 1), the limiting order exceeds 1, and hence the W1 P-regularity
follows. We refer the reader to the beginning of §5.1 for more explanation on this iteration
technique.

The next step hinges upon improving the integrability exponent from p to any number
q > p. The arguments for s € (0, pp%g] and for s € (%27 1) are different. For the former
case, we refer to the beginning of §4.1 for an explanation, whereas the underlying idea of
the latter case is somewhat similar to a Moser-type iteration scheme. Indeed, assuming
that Vu € LI (Q) for some q > p, we establish an improved estimate for the second-

loc
order finite differences, which joint with a result of Stein gives Vu € W2:7(Q2) for a

Ng
small differentiability order cv. In turn, this implies Vu € L) **(Q2) by the Sobolev-type
embedding for fractional spaces. Such a procedure is then iterated finite times until the
desired integrability exponent is reached. Differently from Moser’s iteration for the local

p-Laplace equation, our argument cannot be iterated infinitely many times.
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Finally, we stress that, to our knowledge, the tail estimate is completely new and has
the potential to be one of the key ingredients also for other regularity results in the
context of fractional differential equations.
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2. Preliminaries
2.1. Notation and definitions

Throughout the manuscript C' denotes a generic constant which can change from
line to line. In the statements and also in the proofs, we trace the dependencies of the
constants in terms of the data. We indicate the dependencies by writing, for instance,
C = C(N,p,s) if C depends on N,p and s. Next, we denote Br(x,) C RY to be the
ball of radius R and center z, in RY, whereas we define

Kg(z,) := Br(x,) X Br(z,)-

We use this notation at various points to give the double integrals a more compact form.
Let Q C RY be a bounded open set and o € (0, 1). For a function w:  — R we un-

derstand by w € C2%(Q) that for any ball Br(z,) € Q we have that w € C%® (Br(,))

loc
holds. Moreover, we denote the semi-norm

lw(z) — w(y)|
[W]coa(Br(z,)) =  sup ~ ——————
Bl yeBa@y T —y®

We also introduce the fractional Sobolev space W79(2) with some ¢ € [1,00) and
€ (0,1). A measurable function w: 2 — R belongs to the fractional Sobolev space
W1(Q) if and only if

lwllw~a) = lwllLa@) + [Wlwre@) < o0,

where the semi-norm is defined as
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[wW]w.a(q) = {/ dedy %.

@ — y|[ N+
X

Some useful results concerning fractional Sobolev spaces are collected in §2.4; for more
information we refer to [25].
For ¢ > 0 and v > 0 the Tail space LZ(R") consist of all w € L{ (RY) that satisfy

wlt
(1—‘,—|q;|)N+’Y xr < 00.
RN

The following quantity — called the tail — measures the global behavior of a function
w belonging to the tail space Lf~ LRM). It plays an essential role in our quantitative
estimates.

p—1 T
Tail(u; o, R) 1= [RS” / G dz . (2.1)

|z — x| NP
RN\Br(z,)

It is not difficult to show that Tail(u; z,, R) < co whenever u € LZH(RN). If z, = 0 or
if the center point is clear from the context, we omit it in the notation.
Our notion of solution is local in nature.

Definition 2.1 (Local weak solution). Let 2 C RY be bounded open set, p € (1,00) and
€ (0,1). A function u € W3P(Q) N LZ7H(RY) is a local weak solution of (1.1) in € if

and only if

|u(z) — u(y)[P~* (u(z) — u(y))(p(=) — ¢(y)) _
|z — y[N+ep dzdy =0 (2.2)

RN xRN

for every ¢ € W*P(Q) compactly supported in © and extended to 0 outside €.
2.2. Algebraic inequalities

In this section we will summarize the algebraic inequalities that will be used in the rest
of the paper. In regularity theory, optimal algebraic inequalities are crucial for estimation.
To begin with, for v € (0, 00) we define

V., (a) := |a|" " ta, for a € R.

If a = 0 we set V,(a) = 0 also for v € (0,1). The basic algebraic inequality relating the
difference |V, (b) — V,(a)| to |a — b| can be found in [3, Lemma 2.1] for v € (0,1), and
[36, Lemma 2.2] for v € (1,00). The stated values of the constants can be derived by a
careful inspection of the proofs.
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Lemma 2.2. For any v > 0, and for all a,b € R, we have
Ci(lal + b)) b — a] < [V (b) = Vo (a)| < Calal + [b]) b — al,
where

{% if v € (0,1], {21”, if v € (0,1],
C, = Cy =
277, ify € [1,00), ", if v € [1,00).

The next algebraic inequality somehow represents the ellipticity contained in the frac-
tional p-Laplace equation. In contrast to [14, Lemma A.6], we work directly with the
expression obtained by testing. More precisely, this means that in the proof of the en-
ergy inequality, e and f take over the role of n(x 4+ h) and n(z). The advantage of this
algebraic inequality in comparison with [14, Lemma A.6] is that the essential steps in

the estimation of the fractional p-Laplacian from below are outsourced into the algebraic
inequality.

Lemma 2.3. Let p > 2 and § > 1. Then there exists a constant C = é(p)Qé, such that
whenever a,b,c,d € R and e, f € R>, we have

(Vo (@ —b) — Vi (e — d)) (Vila — e)e? — V(b — d) f2)

o+1 ‘

> 11— C(ja=bl+|c—d)’ *(la—c[+b—d) e - fP2,

where
p—2 -1 20 2 2
Ii=(la=bl+[c—d)" “(la—c +b—d])" |(a=—c)— (b—d)|"(e* + f?).
Proof. We first rewrite the left-hand side of the desired inequality in the form

(Vp—1(a —b) = Vp—1(c — d)) (Vs(a — ) = V5(b—d)) (¢* + f?)
+ 2 (Vpei(a—b) = Vp_i(e — d)) (Vs(a — ¢) + Vs(b— d)) (e* — £?).

N

The first summand is non-negative due to the monotonicity; cf. [14, Lemma A.5]. This
means that the multiplicative factors V,_1(a —b) — V,—1(c—d) and Vs(a —c) — Vs(b—d)
must have the same sign. Without loss of generality, we assume that both are non-
negative. Indeed, if they are both negative, we simply switch the order of the summands
in the two factors. To each factor we apply Lemma 2.2 (first with exponent p — 1 and
then with J) to conclude

Cilp—1) < Vp—1(a —b) j2V 1(c—d)

< o <Cy(p—1
(bt le—d) Ta-o—-a - Y

and
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Vi(a — ¢) — Vs(b— d)
C1(5) < - < Cy(6).
(la—cl+b—d)’ (a—c)— (b—d)

This leads to the following lower bound for the above-mentioned first term

L (Vpr(a = b) = Vpoa(e — d)) (Vala — €) — V(b — d)) (¢ + /2)
> 10i(p— DO )L

Similarly, using the upper bound for V,,_; we estimate the second term from above

T (Vpor(a—b) = Vp_i(c — d)) (Vs(a — ¢) + V(b — d)) (e* — f?)

<1Cp—1)(la—b +lc—d)"|(a—c) — (b—d)
(la—cf +b—dP)|e— fle+ f)
< 10y(p—1)(Ja— b + e —d)" (@ —¢) — (b— d)|

(a—e +1b—d)’le— fl(e+ f)
=: 1C0y(p — DIL

To proceed further, we use Young’s inequality to estimate

Calp —D)l(a—¢) — (b— (e + f)(Ja— ¢ + b —dl)|e — f|
lefla—c) = (b—d)P(e+ f)? + 22D (jg — o] + b — d]) (e — f)?
ella—c) = (b—d)2(® + f2) + 22 (la — ¢ + |b - d])*(e — /)™

IN

IN

Therefore, we get
Cy(p — DIT
< (la=bl+le—d)"*(ja—cl+p—d)""
Jela— o) = o= )P + %) + 2B (jla — ol + b d])*(e - f)?]

= el 4+ S8V (g — b 4 e —d))" P (la—c|+[b—d)) (e - £)%

Joining the preceding estimates finally results in

(Vp-1(a = b) = Vpor(c = @) (Va(a — e)e” = V5(b - d) f?)
> 3(Cilp— 1)C1 () —&)T

— S (la bl e — )" (la — el + b~ dl)" (e~ £

Here, we choose € := 3C1(p — 1)C1(8) and obtain
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(Vp—1(a —b) — Vp_1(c — d)) (Vs(a — c)e® — V5 (b — d) f?)

> CGilp= )01(5)1

1
= 1
Co(p—1)2 -2 d+1
~ o e (la = bl + e = )" (Ja = o + b —d])* " (e — ).
This proves the desired estimate. O
Lemma 2.4. Let v > 1, A,B€R and e, f € R>g. Then we have
A= BI'(e" + £7) > 2277 Ae — B[ — 2177 A+ B]|e — f[".

Proof. By using the convexity of ¢t — ¢7 twice, we obtain

|Ae — Bf|" = |3(A=B)(e+ f) + 2(A+ B)(e — )|
<3A-B](e+ )"+ 4A+ B |e— f|
<27 2A—B["(e" + f7) + 3|A+ B||e — f|".

Multiplication by 2277 yields the assertion. 0O
2.83. Some integral estimates

The first result ensures that a certain integral exists.

Lemma 2.5. Let 0 < 8 < N, and Q C RY measurable with |Q| < oco. Then, for any
z € RY we have

1 wn (N|Q\ %
—  dy < =2
!Iw—leﬁ =75 (wN) ’

where wy = |SY | = N|By| denotes the (N — 1)-dimensional surface measure of the
unit sphere in RN . In the case of a ball Br(x,) = Q, we have

1 WN
—— dy< “Nps
/ |z —y[N =~ B
BR(xo)

Remark 2.6. If 5 > N, i.e. N — 3 < 0, the result is simpler. In fact, for € Bgr(z,) we
have

1 1 WN
. dy< / —dy =Y 2Ry’
/ PR TP = 5 (2R)
Br(zo) Bar(x)

The following lemma can be inferred from [14, Lemma 2.3].
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Lemma 2.7. Let p € (1,00) and s € (0,1). Then, for any u € L' (RYN), any ball
Br = Br(z,) € Q and any r € (0, R), we have

R\N )
Tail (s 20, 7)* ™ < O(N) (<) (Tail(u, B) + Jull e (50) "™

Proof. Applying [14, Lemma 2.3] on two concentric balls B,.(z,) € Br(z,), we obtain

sp
Tail(u; 2,0, 7)P ! < (%) Tail (u; 2o, R~ 417~ / Jul?™" dz
BR(IO)
sp
) Tail(u; x,, R)P~ + |B1|< ) ||U||Loo (Br)

C(N)(%) (Tall(u RP! + ||u||Lm(BR )

r
< ([
~\R

IN

< o) ()" (Tait(a, B) + ol o)™

which proves the claim. O
2.4. Fractional Sobolev spaces

In the following, we summarize some statements concerning fractional Sobolev spaces
that are useful for our purposes. We intend to avoid more function spaces, such as
Nikol’skii and Besov spaces, and to limit ourselves to the essential functional estimates.
For further information on this topic, we refer to [4,13,14]. We start with an embedding
that ensures that W' %-functions also belong to W7¢ for any 0 < + < 1. Since this is
well-known, we omit the proof.

Lemma 2.8 (Embedding W14 «— W749). Let ¢ > 1 and v € (0,1). Then for any w €
Wh4(Bg) we have

// ) = w44 < sy B [ g
zdy < wNi/ w|? dx.
‘37_ |N+“/q (1—)q
BRXBR BR
Remark 2.9. For « 7 1 the following stability result holds
1 )|q daxdy = C(N 7d
lm |$_y|N+’yq xz yi ( aq) |vw| 1',
BrXBgr Br

whenever w € Wh4(Bg); see [11].

Next, we provide a fractional Sobolev-Poincaré inequality, which can be retrieved from
[25, Theorem 6.7].
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Lemma 2.10 (Fractional Sobolev-Poincaré inequality). Let ¢ > 1, v € (0,1), such that
vq < N. Then, for any w € WY4(Bgr) we have

o= @ ]

Br Br Br

N—ay L

|w(z) — w(y)|? a
Y A — P
<CR [/ | LR dzdy| ,

where C = C(N,q,7v). O

Remark 2.11. To trace the stability as v 1 1, the precise dependence of C' in terms of ~y
is crucial. From [12, Theorem 1], we have for v € [%, 1) that

C(N)(1 - wr
yi 1]

O = {(N —7q

Remark 2.12. The above Fractional Sobolev-Poincaré inequality easily yields a variant
without mean value in the left-hand side integral. In fact, under the same assumptions
as in Lemma 2.10, we have

N—agy

S 1 e jw(z) — w(y)|? \
{][|w| N dz] <2 {C’ R / oy dedy + 4 |w|%dz
BR BR

rR Br

for any w € WY4(Bg), where C = C(N, q,~) is the constant from Lemma 2.10. O
2.5. Finite differences and fractional Sobolev spaces

For an open set Q2 C RV and a direction vector h € RV, define Q;, .= {x € Q: z+h €
Q}. For measurable w: Q — R, we denote by 7p,: L'(Q) — L'(Q4) the finite difference
operator

Trw(z) == w(x + h) —w(z),
whenever h € RN and z € Q. If the direction is a fixed unit vector e € RY, we write

Tgf)w(x) = w(x + he) —w(x),

where h € R now is a real number. If e is a canonical basis vector e; we write 7'2 ) instead

of Tgf")w. At several points we will use two elementary properties of finite differences.

These are summarized in [37, Lemma 7.23 & 7.24] and [32, Chap. 5.8.2].

Lemma 2.13. Let 1 < g < oo, M > 0, and 0 < d < R. Then, any w € Li(Bg) that
satisfies
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/ |T§f)w|qu < MAh|? for any 0 < |h| < d (2.3)
Br—a
is weakly differentiable in direction x; on Br_q4, and moreover
/ | Dyw|dz < M.
Br—a
If w satisfies (2.3) for any direction e;, then w € WY4(Bgr_4). O

Lemma 2.14. Let 1 < q < o0 and 0 < d < R. Then, for any w € WY4(Bg), any
i€{l,...,N}, and any 0 < |h| < d, we have

152w oy < 1P IDst0l o)

Moreover, we have

e p,|

:0,

lim H
Li(Br—a)

|h|—0 h

for any direction e;. O

In the context of fractional Sobolev spaces, W-2-functions fulfill an estimate for finite
differences that is similar to the one from Lemma 2.14; see [13, Proposition 2.6].

Lemma 2.15. Let ¢ € (1,00), v € (0,1), and 0 < d < R. Then, there exists a constant
C = C(N,q) such that for any w € WY4(Bg), we have

|t dz < C P | (1 — )[w]? I L B VW
h = VNWlw.a(Br) da ydra L1(Br)

Br—a
for any h € RN \ {0} that satisfies |h| < d.

Finite differences can also be used to identify mappings with certain quantitative
properties belonging to a fractional Sobolev space. Such a result can be interpreted as
the fractional analogue of Lemma 2.13. We refer to [4, 7.73]. The version given here is
from [19, Lemma 3.1].

Lemma 2.16. Let ¢ € [1,00), v € (0,1], M > 1, and 0 < d < R. Then, there exists a
constant C' = C(N, q) such that whenever w € LY(Bpr1q) satisfies

/ |Thw|?de < M9|h|7? for any h € RN\ {0} with |h| < d,

Br
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then w € W24(Bg) whenever 0 < 3 < ~. Moreover, we have

)‘q d(v—B8)q . 1 q
// |x—y\N+5‘1 dedy < C - M +ﬂd5q||w“Lq(BR) .
BRXBR

In the following we will introduce two lemmata that will help us to deal with second
order differences in the fractional context. The results can essentially be retrieved from
[63, Chapter 5]; see also [13, Proposition 2.4]. The proof is based on the thermic extension
characterization of Besov spaces. A different proof of Lemma 2.17 can be found in [28,
Lemma 2.2.1] (see also [29, Theorem 1.1]) in the context of the local p-Laplace equation
on the Heisenberg group and where it serves to handle the horizontal derivative of weak
solutions.

Lemma 2.17. Let ¢ € [1,00), v >0, M > 0,0 <r < R, and 0 < d < %(R— r). Then,
there exists a constant C = C(q) such that whenever w € LY(BpR) satisfies

/|7’h(7'hw)\q dz < MY9|h|74, for any h € RN\ {0} with |h| < d, (2.4)
B,

then in the case v € (0,1) we have for any 0 < |h| < 1d that

/|7'hw|q dz < C(q)|h|? [( e dq'v / |w|? dx} (2.5)
while in the case v > 1 there holds
M N\« 1
4 dy < q (v=1a . — q
/|Thw| da < C(q)|h| {(W - 1) 4oy / ] dx} (2.6)
B, Br
In the limiting case v = 1 we have for any 0 < § < 1 that

M N4 1
/|‘rhw|qu§0(q)|h|qﬁ{(m) O / |w|‘1dx} (2.7)
B, Br

Lemma 2.17 guarantees in the case v > 1 that functions w satisfying (2.4) are indeed
weakly differentiable. However, from the assumption on the second differences we loose
an amount of the order |h|7~!; roughly speaking, we pass from second order differences
that are measured in terms of |h|” to first order differences that are quantified in terms
of |h|, which means that we control Vw. The loss is of order |h|Y~1. The |h|*~!-part
controls the oscillations of Vw in certain respects. Therefore, this part can be used to
show that the gradient Vw is fractionally differentiable. This is basically the contend of
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the next lemma. The version presented here can be inferred from [24, Lemma 2.9] using
the quasi-minimality of the mean value for the mapping & — | Br |w — &|?7dx; see also
[13, Proposition 2.4] and [14, Lemma 2.6].

Lemma 2.18. Let g € [1,00), v € (0,1), M >0, R > 0, and d € (0,R). Then, for any
w € WH4(Bgrygq) that satisfies

/ |Th(Taw)|" dz < MI|R|7HY) W0 < || € (0,d], (2.8)
BRr+4d

we have
Vw e WAYBR) for any € (0,7).

Moreover, there exists a constant C depending only on N and q, such that

Cdi—=>~) (R + 4d)4
q q q
Velwoaww < G gy =y (M pane) / IVl dm]'

BRtad

IN

For vq > N we recall from [25, Theorem 8.2] the Morrey-type embedding
W(Bg) < C°77 % (B).
Applying the Morrey embedding on B; to the rescaled function 4 = ug — (ugr)s,,

where ug(z) = uw(Rx + z,) and Br(z,) C RY and subsequently the fractional Poincaré
inequality leads to the following Lemma; cf. [54, Proposition 2.2].

Lemma 2.19. Let ¢ > 1 and v € (0,1) such that vyqg > N. Then there exists a constant
C = C(N,q,7) such that for any w € W71(Bg) we have

< C[w}wv,q(BR).

[w] 0y—2F (Br) —

c

Finally, we state the well known Morrey embedding for Sobolev functions [53].

Lemma 2.20. Let ¢ > 1 such that ¢ > N. Then there exists a constant C = C(N,q) such
that for any w € W14(Bg) we have

[w}co,l—% (Br

) < OVl La(pp)-
3. Energy inequalities

The aim of this section is to derive energy estimates for finite differences on balls
Bgr(z,) € Q. In the course of the proof we have to control terms involving integrals
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outside Br(z,), the so-called tail terms. These estimates will be derived in the following
subsections.

3.1. Tail estimate for finite differences

In regularity theory, it is crucial for the proof of almost optimal statements to have
the best possible energy inequalities at hand. For non-local fractional problems such as
the fractional p-Laplace operator, unavoidable non-local terms, the so-called tail terms,
occur after testing the equation. In our case, we test the equation with ¢ := Vs(T,u)n?,
where § > 1, h € RV \ {0} and 7 is a suitable cut-off function. This leads to a non-local
term in which, among other things, the difference

Vo1 (u(@ + h) — uy + h)) = Voo (u(z) — u(y))

appears. Even if u is neither differentiable nor fractionally differentiable outside the
domain £, this difference can be quantifiably exploited in terms of the step size |h| and
the finite difference 7,u. This is precisely the point where we succeed in extending the
validity of the previously known regularity statements to the range s € (%, 1) instead
of s € (%, 1). Since all our results are stable in the limit p | 2 (actually we prove them
directly for p € [2,00)), we obtain in the case p = 2 that all statements are valid for the
whole range s € (0,1).

Lemma 3.1. Let p € [2,00) and s € (0,1). There exists a constant C = C(N,p,s) such
that whenever uw € L2 Y (RY), z, € RN, R > 0, r € (0,R), and d € (0, (R — r)], we
have for any x € B (g (o) and any h € RN\ {0} with 0 < |h| < d that

Vo-1(un(@) — un(y)) — Vp-1(u(z) — u(y))
|z — y[Ntsp

dy’
RN\Br(z,)

[Thu(@)| (R \Ntse_ A R \Ntsptl_
<C———(—=—— P .
s¢ Rsp (R—’/‘) T +CRSP+1(R—T) T B

where we abbreviated up(x) := u(x + h) and
T = ||UHL00(BR+d(ID)) =+ Tail(u; To, R+ d)
In addition, the constant C has the form C = é(N, p)/s.

Proof. Instead of the center x, we consider balls centered at 0, and prove the inequality
for the translated function z — u(x — z,). However, we still write u for simplicity, while
keeping in mind that u is the translated function. Split the integral on the left side of
(3.1) into two terms, and transform the first one using the transformation z = y + h to
obtain
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/ Vp—l(Uh(ﬂﬂ)*U(y))dyf / Vo-1(u(z) —u(y)) ,

|z +h —y[Ntsp @ — y[N P
RN\Bg(h) RN\Bp
_ Vo-1(un(z) —uly)) _ Vp-1(u(z) —uly))] ,
v+ h —y[Ntep v — y[Ntep
RN\(Bgr(h)UBR)
Vp—1(un(z) — u(y)) / Vo—1(u(z) — u(y))
dy — d
- / o+ h—y Nt Y |z — y[NFep
Br\Br(h) Br(h)\Br

Applying absolute values on both sides and then the triangle inequality, it is clear that
we end up with three integrals I;, j = 1,2, 3 on the right-hand side. To proceed, we treat
the first of them. Indeed, observe that since |y| > R and |z| < (R +7), for any £ € By,
with 0 < [h| < d < 4(R —r), we have

|:c+|§|—y| >1_m_@> R+r d >R—r
Y

. 3.2
S WS 2w RS IR (3.2)

We apply the mean value theorem to the function [0,1] 3 ¢ + |z + th — y| =N =P to find
some t € [0,1], such that

1 1
b —y[NFp o — y[N e

(N + sp)|h]
|z 4+ th — y|Ntsp+l

4R )N+SP+1 N+p

S |h|(R_r |y|N+Sp+1.

Here, we used (3.2), which is possible since th € Bjj,|. Now, we use the above observation
together with Lemma 2.2 (choosing b = up(z) — u(y), a = u(z) —u(y),y=p—-12>1,
Cy = p — 1) to estimate the integrand of the first integral by

V=

|z 4 h —y|Nrep |z — y|NFep

1 1
|z + h — y|N+sp o |z — y|N+sp

Vo—1(un(®) —u(y)  Vp—1(u(z) — u(y)) ’

< |Vt (un (@) — u(y))|

V() — )~ Ve u(a) — )
R N+sp+1 |y () — u p—1
< o) h(|y)|N+81§_{)l|
+ C%(Iuh@) —u(y)| + |u(z) — u(y)|)p_2

for a constant C' = C(N,p). The second term on the right-hand side is straightforward
to estimate. Indeed,
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Nt un @)+ u(y) !
ViR

v <en(z)

-2

R )N+5” [ Thu(z)|

+0(5= W(I wn(@)] + [u(@)] + 2lu(y)))”

For the last inequality we used that |z —y| >

1(R+r)and |y| > R.
The constant C' depends only on N and p. Consequently7 the ﬁrst integral is estimated
by

() fun (@)~ + fu(y) P!

L < Clhl R_r |y Fep T dy

RN\(Br(h)UBR)

([un ()] + u()] + 2lu(y)])”

|ly|NFsp

R )N+sp

+C(Rfr

| Thu(z)| dy

RN\(Br(h)UBR)

ol BN el g, + )P
< Clnl(z=) | N y

RN\Bg

R \N+sp ||U||p;2(BR)+|U(y)|p_2
2o(gy) e | v

RN\ Bp

Id R\ Nsptt sp Ju(y) P!
— CRsp+1 (R—T> sp+1||u||L°°(BR) +R \y|N+5P dy
RN\ Bpr
|Thu(z)| R \NFsP[ sp |u(y) P2
+C Rsp (R—r) Hu”LOO(BR) R |y|N+sp dy
RN\Bp

‘h| R Ntsptl p—l C|Thu( )| R Ntsp p—2
Rsptl (R—r) T s Rsp (R ) T

e

-Tr

Here, to obtain the last line, we used the definition of 7, Holder’s inequality and
Lemma 2.7 (to estimate Tail(u; R) in terms of T) as

p—2 p—2 1
[ W U -
Jy[er jy| (VRS [y

RN\BR RN\BR
p—2 1
< [ ]/ |U(y”p_4dy};:T[ /f 1 dy]pil
— N+sp N+sp
Y Y
o || - [yl

_c [R / fuy) 7~ dyrﬁ
(sp) 71 o [y

RN\Bgr
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= # Tail(u; R)P~2
(sp)»—T ReP

C (R+d)£%§N

P—2
7 T

< ;
(sp)P=T R*P

< S
(sp)P=T R*P

Y

for a constant C' = C'(N,p), and (sp)l_ﬁ = (:;‘p)z%f < p. To obtain the last line we
used R—;gd < 2.

To deal with the integral I, we use the fact that |z| < $(R+7), |y — k| > R, and
hence |z +h —y| > |y — h| — |z| > $(R — r). Consequently,

I, =

[ Wl
|z +h —y[Ntsp
Br\Br(h)

<o [ (m@r T )

Br\Br(h)
C|h|RN_1
~ (R—r)N+tsp

p—1

||UHLoc(BR)-

Here, in the last line we also used that |Bgr \ Bgr(h)| < C(N)|h|RN~1. Similarly, to
deal with the integral I, we use the fact that |z| < 3(R+r) and |y| > R, and hence
|z —y| > |y| — |z| > %(R — 7). Consequently,

V-1 (u(z) — u(y))|

fo = |z — y|NFep
Br(h)\Br
70 p—1 p—1
Br(h)\Br
C|h|RN !

p—1
-~ (R- T)N+S:D Hu||L°°(BR+d)'

Note that the constants in the inequalities for Iy and I3 depend only on N and p.
Collecting all these estimates concludes the proof. 0O

3.2. Energy inequalities for finite differences

As we will see, the tail estimate from Lemma 3.1 for finite differences plays an im-
portant role in proving the energy inequality. In a certain sense, the exponents of the
increment |h| and the finite difference |7,u| determine the gain in fractional differentia-

bility of Vp+s-1 (Tpu), where § > 1. In order to derive local energy inequalities, we need a
p
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localized version of this expression, i.e. instead of Vpis—1 (Thu), we consider nVpis—1 (Thu)
with some cut-off function 7. To avoid constantly ;éxplaining the choice of the cut-off
function 7, we fix the class of cut-off functions in advance.

Definition 3.2 (The class of cut-off functions). Given x, € RV and radii 0 < r < R, by

3, r(z,) we denote the class of functions n € C§ (B%(RH) (o), [0,1]) that satisfy n =1

in B,(z,) and ||V?7HLDO(B%(R+T)(J")) < Ri,w O

The first energy estimate is stated for any order s € (0,1). However, it will only be
used in the regime s € (”;—2, 1), which is considered in §5.

Proposition 3.3 (First energy inequality). Let p € [2,00), s € (0,1), and § € [1,00).
There exists a constant C = C(N,p, s,6) such that whenever u € WP (Q)NLEH(RY) is
a locally bounded, local weak solution of (1.1) in the sense of Definition 2.1 that satisfies

spES—1 45

u€ VVlop(jé ' <Q)7

then for any 0 < r < R, d € (0, i(R —1)], BrRtd = Bryda(z,) € Q, n € 3, r(z,), and
any step size 0 < |h| < d we have the energy inequality

|Vissms (Thu(@))n(z) = Viss—s (Thu(y))n(y)|"
// P P dxdy

|z — y|NFsp
Kr

p+5 1 ppT_El
y‘N+sp+6 1 rdy

R(l ) 5+1
—s)p Pro—1
. [ /\Thu|p+5*1 dx]
s
BRr

1—
C R \N+sp
p—2 5+1
+ (l—s)RSP(R—r> T /|‘rhu| dz

Br

Tp71/|7'hu|‘sdx,

RCSLZ|1 (R]E r ) o

where

T = |lull Lo (Brya) + Tail(y; R + d).

The dependence of the constant C on § is of the form C = é(N, p)s 18ISP,
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Proof. Consider z, € 2,0 <r < Rand d € (0, (R —r)] such that Brya(z,) € Q. Since
T, is fixed we omit the reference to the center x, and write B, and K, instead of B,(x,)
and K,(x,). Let h € RN \ {0} with |h| < d. Testing (2.2) with ¢_j, := (- — h) instead
of ¢, where ¢ € W*P(Bpg) with spt ¢ € B%(RH), we conclude by discrete integration by
parts that also uy, := u(-+ h) satisfies (2.2). Subtracting (2.2) with u from (2.2) with wup,
we obtain

(Vo-1(un(@) — un(y)) = Vo1 (u(@) — u(y)) (p(z) — o(y))
|z —y[NFep

dedy=0  (3.3)

RN xRN
for any ¢ € W*P(Bg) with spt € B1(gy,y- In (3.3) we now choose
= Vs(Tpu)n? with d > 1 and n € 3, r(z,).

Since u is locally bounded, one can verify that ¢ € W*P(Bg). Decomposing R" into
Bpg and its complement RY \ By we obtain

o= (Vo1 (Un(a,)) - vp1<U<|a;, y))y) (Vilr) @) = Verd P @) o,
Kr
By (ryr) X (RV\BR)
B // (Vp1(Uh(ﬂc,y))—|;/p_;(lefg;y)))%(mu)np(y) dedy.
(RN\BR)XBy (5,

Here, we abbreviated Up(x,y) := up(z) — un(y) = —Un(y,x) and U(z,y) = Us(z,y).
Furthermore, the term Vs (7,u)n?(z) is to be understood in such a way that the argument
x appears in both factors, i.e. Vs(mru)n?(z) = (Vs(mru)n?)(z). Analogously, the same
applies to Vs(7pu)nP(y). By interchanging the roles of x and y in the second integral, it
can be seen that the second integral coincides with the last integral except for the sign.
Therefore, we get

I=-2T, (3.4)
where
1= // (Vo 1(Un(z,9)) — %1(U<o;, y_>>y)|gvvfghu>np<x> —Valrhn’®) 4o
Kr
v UG b T
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Now, we turn our attention to the estimation of the local term I. Applying Lemma 2.3
with a = up (), b = un(y), ¢ = u(x), d = u(y), e = n%(x), and f =n%(y) we have

I> LI - CL

for a constant C' = C(p)2°. Here, we abbreviated

// (1Un (@, y)| + U@, »)|)P~2(ITau(@)] + [rauy))* "

|z — y|NFsp

|rnu(z) — Tru(y))? (0P (@) + 77 (y) ) dedy
= 6(z,9)

and

— [ (U@l +1U @y 2(rue)] + |rru@)
L |

|z —y| NP
Kr

: ’n%(x) n%( ‘ dzdy.
Since I = —2T as in (3.4), we obtain
I, < C(p)2® L + |T|]. (3.5)
Using the elementary inequality
(a9 +1U @)™ > [Un(a.y) = Uy = [rru(@) = mhu)]",

we can further estimate I; from below. Using in turn also Lemma 2.2 with v = 6;% +1,

a = Thu(x), and b = Tru(y), afterwards Lemma 2.4 with v = p, A = Vprs—1 (Thu(z)),
P

B = Vs (Thu(y)), e = n(x), and f = n(y), and finally the convexity of ¢ — tP (note

that we are dealing with the case p > 2) we have

G > ] e i) rpule) - a0 g,

|z — y|NFsp

Voss—1 (Tru(x)) — Voss—1 (Thu Ppp(x P
25ip//| prs=1 (Tht(2)) = Viersea (Th ))[" (n7( )+n(y))dxdy

|z —y|NFep

92-p // |Vissoa (Thu(@))n(x) = Vess=s (Tru(y))n(y)[* o
xdy

= o=y
Kr
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prs—1 pro—1
21 P (Jrnu@)| "+ mau)] ) () — ()P
dzdy

o=y

|2 |Vp+a s (Tnu(@))n(w) = Ve (Tau(y))n(y)|”
// dxdy

RIS

1 (@ ) P ) = )l
5’)}(// dzdy

|z —y|NHp

=11 — I,

with the obvious meaning of I ; and I . In combination with (3.5) this yields

L1 < C(p)2% L+ |T|] + 1L .. (3.6)

The integral I o can be further estimated from above using the Lipschitz bound |n(z) —

n(y)| <

I

— y|, the symmetry of the resulting integral, and

Lemma 2.5. This leads to

|[Thu(@) PO+ [ rhuly) PO
<
Lo = // 7= N dxdy

22p+1 7 () [P
//| y[N+G=1)p dzdy

22p+1 1 p+di—1
B m/ {/ mdy}lwml dz
B Br

R
gu‘*j\;) RO=s)p
wN22p+1 R(l s) /
< p+6 ld
=1 —s)p( (@) v
wN23p 1 R(l s) 6+1
< S =" ”mem (@)™ de.

In the following, we consider the integral I5. To the difference of the cut-off functions we

apply Lemma 2.2 with v = % p and obtain

[ (@) = n )" < Co) (@) +1(v)" ™ In(x) = n(y)

_C)
(R—r)?

v

< |z —yl>.
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In the last line we used the assumption |

of |x — y| from N + sp to N + sp — 2 and hence allows for an application of Holder’s

pj{il L and p+521 (which is necessary only if p > 2). For the

application we decompose the exponent N + sp — 2 in the form

inequality with exponents

0+1

_oT: ) p—2
p+d—1

+(N+sp+6—1

This leads to

(Un (@, y)l + U@, y))P 2 (Tnu(@)] + [rauy))*H
L) //

o — y V=2

dzdy

d41

(|7 nu(z)| + |Thu(y)\)p+6_1 ded v
SR’ o — y|N-0=op Y

u —u u u pho-l e
l //M L)+t~ ) dxdy] G

We estimate the integrand of the first integral using the convexity of t — tPT0—1 Af-
terwards we use the symmetry of the resulting integrand in the arguments z,y and
Lemma 2.5 with exponent 8 = (1 — s)p. In the second integral, we eliminate the de-
pendence on h in the integrand by enlarging the domain of integration. In this way we
get

5+1

LS oo [/{/u:yw = ]””“”ﬂqmwwm

Br Br

S YN R(l—s)p

(I-s)p

(y)|P+o-1 T
| [ )

Kprta

541

26 N (1—s)p pro—1
< . )2) {R /|Thu x |p+61d:1:}

(R—r
(y)|P+o-1 T
[// |x— |N+sp+6 1 dxdy} :

In the case p = 2 a similar estimate holds true. Indeed, the second integral on the right-

hand side in the last displayed estimate is to be interpreted as 1 in this case, whereas

%(iv) (Rli)2, so that

the constant in the front takes the form
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2°C(N) R2(1—9) P

< +ldz.

LSS R / (@)™ d
Br

Next, we deal with the nonlocal term T. First of all, from Lemma 3.1 there exists some
positive constant C' of the form C(N,p)/s, such that for any x € Bi(pyr) we have

‘/}7*1(Uh(xvy)) — Vp*l(U(xvy)) d
|z —y|NHop Y
RN\Bg
|Thu(z) f R \N+sp__ | R \N+sp+l__
< IR v P p—1
= Rsp (R—r) T +CRSP+1 (R—r> T

As a result of this estimate, we obtain

IT| <

C(R

p(iey) T [ Warmlima (s

Brir
2

cw( R )N+sp+1

w ()T [ W)l @) de

BRrir
2

N+sp
) TP2 / | hu(z) Tt da
Br

C
RsP (RJj r

Clh| / R \N+sp+l__
LY it

Br

Upon inserting the corresponding estimates for the individual terms into inequality (3.6),
the assertion is obtained. In the final estimate, two terms admit a dependence on 1/(1—s).
These result from the estimates of Iy and I; . The 1/s-dependence of the final constant
C is a result of the tail estimate. O

The second energy estimate is used in the regime s € (0, pr], which is considered in

§4.
Proposition 3.4 (Second energy inequality). Let p € (2,00), s € (0, %], d €[1,00), and
-2
ch(max{Sp ,O}, °p )
p—2 p—2

There exists a constant C = C(N,p, s, ) such that whenever u € WP (Q)NLEHRY) is

loc

a locally bounded, local weak solution of (1.1) in the sense of Definition 2.1 that satisfies

u e Wlif+6_1(9)7
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then for any 0 < r < R, d € (0, i(R —7)], Brtd = Brtda(zo) € Q, n € 3, r(2,), and
any step size 0 < |h| < d we have the energy inequality

}Vﬁzq (Tru(z))n(x) — Vzﬁ%l (Thu(y))n(y)\p ded
// |z — y|NFsp o
BRXBR
CR 1 P
< m[ ]5‘/62“—6 Y(Bria) |: / |Thu|P+6_1 dl':|
Br
C R N+sp
p—2 5+1
" (1—s)Rsp (R—r) T / Iraul™ da
O|]’L R N+sp+1 _
Rsp+‘1 (R—r) ™ / Il da, &5

Br
where we abbreviated
T = |[ull Lo (Bryq) + Tail(u; R+ d),
and
e:=o0(p—2) — (sp—2) € (max{0,2 — sp},2).
The dependence of the constant C on § is of the form C = é(N, p)s 18947,

Proof. The argument is similar to the proof of Proposition 3.3. The only difference is
the estimate of I. For this term we proceed as follows We start from the first line
of (3.7) and apply Holder’s inequality with exponents 2 5 +1 L and %. However, we
now decompose the exponent N + sp — 2 of the numerator into the form

p—2 prd—1\ 641
N —2=(N 0—1)—— N — .
+ sp (N+o(p+ ))p+(5—1+< | >p+6—1

This leads to

/ (1Un (@, y)| +1U (@, y))P~2(ITnu(@)| + [rauy))* dady

|$— |N+5p 2
p—2
(Jun (@) = un ()| + |u(x) — U(y)\)p+5_1d q e
|z — y[NFo@ri—D) ray

5+1

po—1 Fro-T
l// el et )

T — |N S




30 V. Bdgelein et al. / Journal of Functional Analysis 289 (2025) 111078

In the first integral, we eliminate the dependence on h in the integrand by enlarging
the domain of integration. We estimate the integrand of the second integral using the

convexity of t — tPT0~1  Afterwards we use the symmetry of the resulting integrand in
p+di—1
S+1 ¢

the arguments z, y and Lemma 2.5, respectively Remark 2.6 with exponent § = ¢
In this way we get

PCW) | s
12 S W[U]Wa,pJFs,l(BRer)
T
! p+di—1 e
' e [ (@) e
- T
Br Br |$ y‘ +
<ex 1 oR) T
p+6—1 a1
250(]),]\7) —2 R° LEa 5— pHo—1
< m[u]gvﬂ’p+é_l(BR+d) f/h_hu(x”p_tr 1d{[} .

Br

This essentially gives the first term on the right-hand side of (3.8), whereas the other
terms are exactly as in the proof of Proposition 3.3 0O

4. The case s € (0, %]

In this section we consider the range s € (0, 1’1’%2], which can happen only if p > 2. We

establish the statement of Theorem 1.1 in §4.1 and that of Theorem 1.2 in §4.2.

4.1. Fractional differentiability

_Sp_
As already mentioned, the aim of this subsection is to prove the almost I/Vlgc_”q-

regularity for local weak solutions of the fractional p-Laplace equation as stated in
Theorem 1.1 for arbitrary ¢ > p. The argument consists of two steps: We first fix the

integrability order ¢ > p and set up an iteration scheme to raise the differentiability
sp_.
integrability order from p to any ¢ > p.

order to any number less than

then, we set up another iteration scheme to raise the

Lemma 4.1 sets out the first step; it guarantees a small but quantifiable gain of frac-
tional differentiability. The idea is, roughly speaking, to use the energy inequality in
Proposition 3.4 and obtain estimates for |75 (7hru)||Le in terms of a power of the incre-
ment |h|. Such estimates, in view of the inequality (2.5) from Lemma 2.17, result in a
similar bound of || 7pul|L« by the same power of |h|. As a consequence, this ensures bet-
ter quantifiable fractional differentiability due to the embedding properties of Nikol’skii
spaces into fractional Sobolev spaces. Subsequently, the improvement of the fractional
differentiability achieved in Lemma 4.1 is iterated in Lemma 4.2 to approach the order
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p—2
raise the integrability order from p to ¢; see Theorem 4.3.

Lemma 4.1. Let p € (2,00), s € (0, 1'1,%2], and q € [p,0). Further, let

s (max{sz‘f__;,()}, ps_pz) and f:= (1 — 2772) +§ (4.1)

Then, whenever u € W22 (Q)NLE-(RN) is a locally bounded, local weak solution of (1.1)

loc

in the sense of Definition 2.1 that satisfies

€ Wit (%),

loc

we have
ue Wit(Q) for any a € (o, ).

Furthermore, there exists a constant C = C(N,p, s,q,0,a), so that for any ball B =
Bgr(z,) € Q and for any r € (0, R) we have the quantitative estimate

o

C R\ N+2¢+2
aq q
(i < o (77=7) K

Here, we used the short-hand notation
K% = R7ully o g,y + BY ([l oo (8) + Tail(u; R))?. (4.2)
Proof. We apply the energy inequality from Proposition 3.4 with
e:=o0(p—2) — (sp—2) € (max{0,2 — sp},2)

and § = ¢ — p+ 1. Furthermore, in the application we replace r, R,d by 7 = %(57" +2R),
R=1(r+6R),and d = (R —7) = (R —r). For later use we note that R+ d = R,

1 7 7
R Tr+6R ™ 6R (43)
and
NR _ r+6R _ r+6R <z R (4.4)
R—7 r+6R—(5r+2R) 4(R-r) ~ 4R-

This allows us to replace % by ler

and % by + when applying Proposition 3.4
apart from a multiplicative constant depending only on N and p. By n € C}(B. (R +7*))
2



32 V. Bdgelein et al. / Journal of Functional Analysis 289 (2025) 111078

we denote a cut- off function in 3 5> cf. Definition 3.2, satisfying n = 1 on B and
[V < E = ﬂ. Noting that u € W?4(Bpg) by assumption, the application of
Proposition 3.4 yields that

I:= |:’I7V% (Thu):livs,p(Bﬁ) < Il + 12 + 137
where
I B C R 2 -2 ‘Thu|qd q*(272)
1= Rsp—a(p—Q) <R—T) [ ]WU‘I(BR) T i )
Br
C R N+sp
L — p—2 a—(r—2) 4
2= A= s)R" (7=) 7 /'Thul ‘
C|h| R N+sp+1 1 —(p—1
I := il (R—r) TP /|"'hu|q P~V da
By
and

T = ||uHLoo(BR) + Tail(u; R),
and the constant C is of the form

84qP

C = C(N,p) (4.5)

In view of Lemma 2.15 and noting again that u € W?9(Bg), we obtain

/ |Thul?de < C'|h|7? {(1 — ) ulfyoaizy t poq oR"‘I / |u|? dx]

R
C/ R \a|h|o?
<o (7 R—[R Uiyoa(sp) /'“qdw}

) e

g

where C = C(N, q). To obtain the last line we used the fact that v is bounded and the
definition of K. This allows us to estimate I; by

CROP=2-sp R N2, R \a|h|7
I < a—(p—2) (R_r) [ ]WUQ(BR) |:<R—T) Roa Kg:|
(0e)" "
C |hjela==2) , R \a-p+a
<
— Rsp Ro(a—(p—2)) (R )

a—(p—=2)
q

_7’ o)
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where, in view of (4.5), the constant C is of the form

C(N,p,q)
C= a—(p—2) °
s(oe) a

Similarly, using Holder’s inequality to raise the power of |7pu| from g — (p — 2) to ¢, we
have

a—(p—2)
C R \N+sp N@p-2)
I, < q P—2 q
2= (173)R5P(Rfr> R T {/'Thw dm]
Bg
a—(p—2)
C R N+sp 5|1 R q |h|‘7q q
< KP2|= N Ka
- (1—5)R3P(R—r) 7 I:U(R-T) Roa U]

< ¢ |h\<’<q—(p—2))(
T (- s T g RO AR —r

R ) N+q+2Kq

o

The argument that led to the estimate of I can also be applied to Is. In fact, we obtain

N+sp+1  N@p-1
( i ) : R(‘I)Tp_1|:/|7'hu|qu]

Bg

a—(p—1)

a—(p—=1)
C |hly R \Ntsp+l  [1, R \4]h|7? a
_ KP - N Ka
RSPR(R—T) 7 a(R—r) Roa =7
C |h|0(q—(p—2))( R )N+q+2Kq’
(1— )05 pop R7O-G=20\R ’

IN

IN

-

Collecting the estimates above, we obtain that

C ‘h|a(q—(p—2)) R \Ntat2
< Rsp Ro(q—(p—2)) (R ) K

—r o)
for a constant C' that has a similar structure as the one from the estimate for I;, which
means that

C(N,p,q)
= _ =2 "
s(1=s)(oe) ™ 4

To bound I from below, we apply Lemma 2.15 to v = nVa (Thu) on Bg with (q,7,d)
replaced by (p, s,d = %(R —r)). Taking into account that d < R, n < 1, we have

/ N7 (Va(Thw)) " dz
By

d
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I RO=9)p
< CIAPPI(1—s)I+ (7 + > /‘an ThU ‘ dx}

dr sdsp

R

RO=s)p
< CI\P (1 —s)I+ 0 / |Thu|qd3:]

R

[ RU=9P 1, R ~\a|n|d
< CIAPP (1= )T — K¢
< O (L =)L+ sdP o (R - r) Roa G}

IN|*P |h|ola=(P=2)) , R\ N+a+2
(=)

=C RsP Ro(q—(p—2))

K (4.6)

-Tr

for any |A| < d. Since the constant from the estimate of I is in turn multiplied by 1 — s,
the (1 — s)™! dependency cancels out in the final constant. Thus, C' takes the form

o= CW.pa)

s(oe)t ="
We choose A = h in (4.6). Next we observe that
‘Th(V% (Thu)n)| = ’Th(V% (Thu))| > |7 h(Thu)|? in B,.
Here, we used n = 1 in B; = B,124 and ¢ > p. Hence the left-hand side of (4.6) is

bounded from below by [, |74 (7,u)|? dz. Therefore, collecting these estimates in (4.6)
we conclude

|h|sp+a(q—(p—2)) R \Ntat2
Rspto(a—(p—2)) (R ) K

/|‘rh(7'hu)|qu <C

B’V‘

-7

for any 0 < |h| < d. At this point, we apply (2.5) from Lemma 2.17 with + replaced by
B defined in (4.1) and

MY = : (RR T)N+q+2Kq

Rspto(a—(p—2))

Note that 5 < 1, since

g tola—(p=2) _ _ <1
q q p—2

The application of Lemma 2.17 yields

/|Thu|qu<0( )Ihﬁq[( —) + o /u|qu]

B
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C  |ppprola=(r=2) , R\ N+a+2 .
~ (1-pB) Rspto(a—(p—2)) (R ) K5

|p|sptola=(p=2)) /R N+q+2 .
— 7 Rspto(g—(p—2)) (R ) K5

-Tr

-T

for any 0 < |h| < 1d, where C takes the form

__ OWpqg
s(1—B)a(oe)' "0

To obtain the last line we used the L°°-bound for v and the definition of K,. Moreover,
we replaced the exponent 8¢ by sp+ o(q — (p — 2)). This could also have been done for
the denominator (1 —/3)?. However, we kept using § in the expression of C for simplicity.
Next, we apply Lemma 2.16 with

M9

T ()

= Reptola—(r—2) —r 7

and ( as defined in (4.1). As a result, for any o < a < 3, we have

q d(P=a q 1 .
[uliyaas,) < CN;q) 3« M+ T |u|? da
Br

Salis) K

where the constant C takes the form

C(N,p,q) .
s(B—a)(1 - B)io(oe) ™%

C:

This proves the claim. O

In the following lemma we iterate the improvement in fractional differentiability ob-
tained in Lemma 4.1.

Lemma 4.2. Let p € (2,00), s € (0, 1’1,%2], and q € [p,0). Further, let

-2
o€ (maX{S;D_ 5 ,O}, ps_p2>.
Then for any locally bounded, local weak solution u of (1.1) in the sense of Definition 2.1
that satisfies

ue W2i(Q),
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we have

ueWli(Q) forany~y e (0, 2%)

loc

Moreover, there exist constants C = C(N,p,s,q,0,7) and & = k(N,p,s,q,7v) > 1 such
that for any ball Br = Br(x,) € Q and any r € (0, R), we have

C / R \x
q q
[liyam.) < T (R—r) Ko,

where K, is defined in (4.2).

Proof. Let § = (v + -2

ot ) € (v, 2E). For ¢ € Ny we define the recursive sequence

p—2

-2 -2
o9 =0, aiH:(l—p )Ui—i—'?p—.
q

For the o; we have the explicit representation

1

0; =71+ E(R—r). (4.8)

First, we observe that

1 R
R>o0i1 = 5 +7‘(1 QH) > St (4.9)
and
0Oi—1 2iT + 2(R — ’I“) R

= < 2P—. 4.10
0i—1 — 0i R—r R—r ( )

In order to express the following estimates in a more compact form, we define
Ti = ||u||Loo(Bgi) + Tail(u; 0;), To=T.
As a consequence of Lemma 2.7 and (4.9) we obtain

R
Qi—1

Tail(u; 91 )P~ < C(N)( )NTH < O(N)2INTPL, (4.11)

Now we apply Lemma 4.1 with («, 8, 0,7, R) replaced by (ai, Bi,0i_1, 0i, gi_l), where
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-2
Bi == (1_p )Ui71+%>0i
q q

and obtain
i Qi—1 N¥2at2r 5 q N
@;‘7:11 [u]g}vai,q(Bgi) < Cz (m) |:Qi711 [u]%vai_l’q(Bgi,l) + Qi_17;q,1:|.

The application is permitted if [u]yei1a(p, ) < oo is fulfilled. Next, we use (4.8),
(4.9), and (4.11) to estimate the corresponding terms in the right-hand side, whereas for

the left-hand side we use g; < 9;—1. In this way we get

giq

o; < GtV 22l R )N“q”{gai_lq

R —r i—1 [u]?/[/"z‘—lvq(Bei ) + RNTq .

q
[U]W“z“q(BQi) —1
Prior to an iteration based on the above estimate, we examine the dependencies of the
constant C; from Lemma 4.1, which is presented in (4.7). To do this, we have to calculate
and estimate the corresponding factors of the denominator. Let us start with 8; —o; which

plays the role of 5 — «. In fact, we have

-2 s -2 -2
Bi —o; = (1—p )0i71+—p— |:(1—p )Ui—l +’7])—:|
q q q q
sp _p—2 p—2( sp ~> p—2( Sp )
= — -7 = — = — —7]).
q q qg \p—2 2¢ \p—2

Next we have to estimate 1 — [3;, playing the role of 1 — 8. Using the explicit expression
for o;_1, the definition of 7, the assumption on s, i.e. % < 1, we have

q q
1 _
TG )
p—2 2\p-2 q
(25-9)
q\p—2

Finally, using that o; > o we obtain the estimate for ¢;, which takes over the role of e.
In fact, we have

sp—Q)

c=alp—2) (=22 0-2(0 - T

Therefore, the constant C; from (4.7) can be estimated by
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C(N,p,q)

s(32 =) oo - 25)

C.=

Iterating the above inequality for [u]we:.a(p, ) We obtain

Ot 9l(N+2)q+2]i! (N+2¢+2)i
[u]?,vgi,q(Bgi) < iC} (RR ) K¢

Q?iq —r g

S 9l(N+3)g+2]i! i
- iC1 2l(N+3)a+2] ( R )(N+2q+2) K
- Roia R—r 7

for any i € N. By 4, € N we denote the smallest integer such that o;, > . More
explicitly, we have

In2=2 In -1 In fﬂ In sipq,v
o 1= it < Y 4 < 2 71— __p2 7
! ln m - lIl 4 + - ln % * hl %

. For

This fixes the dependencies of i, = i,(s,p, q,7). Note that i, blows up as v 1 o5

the fractional W7 ?-norm of u on B, the last inequality with ¢ = i, implies

[ulfyra (s, < (2R)(a7:o—'v)q[u}(‘l/v%yq(Bgio)

IN

ioCllo 2L(N+3)a+2]io! R\ (N4+2¢+2)i, .
R4 (R ) K3

-7

Letting C' = i,Clo 2{N+3)a+2lio! and g := (N + 2¢ + 2)i, the claim follows. O

_SP_
Now we are able to prove Theorem 1.1, i.e. the almost I/Vlggz’q—regularity for any
q > p of locally bounded, local weak solutions to the fractional p-Laplace. In fact, the

following Theorem 4.3 implies the Theorem 1.1 as a special case when choosing r = %R.

In the proof of Theorem 4.3 we use the fact that u € W?? implies u € W%e’q for
q > 0 > p provided u is bounded. This observation allows us to increase the integrability
exponent after decreasing the order of fractional differentiability. This is the point where
Lemma 4.2 comes into play, which in turn allows us to increase the order of fractional
differentiability with the larger integrability exponent. In the case s € (0, %] we can
achieve the final result in one step, while in the case s € (%, %] the previously described

argument must be iterated in order to obtain the result.

Theorem 4.3. Let p € (2,00), s € (0, pTTQ]. Then, whenever u € WP (Q) N LEH(RY) s
a locally bounded, local weak solution of (1.1) in the sense of Definition 2.1, we have

loc

u e W,D(Q) for any q € [p,0), and v € {s, %)
D
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Moreover, there exist constants C = C(N,p, s,q,7) and & = (N, p, s,q,7) such that for
any ball Bg = Br(x,) € Q and any r € (0, R), we have

C R \#
q
[u]W'Y’q(Br) S R’YQ(R—T) Kq.

Here, we used the short-hand notation

s—N(L_1 .
K= RENG=ap)d o RN (|[ul| o () + Tail(u; R)).

Note that C blows up as y T p‘“f’z.
Proof. We consider some fixed ball B = Bgr(z,) € £ and abbreviate
T = |lullze(BR) + Tail(u; R).

Let us first consider the case s € (0, %] Since u € L2 (2), we have u € W, o

loc

(Q) with
the trivial estimate

RP[u)? . <297 pRSpHuHLoo(BR)[ uly

W e Y(Bg) Wer(Br)

< 2 [RGB il |

Next, we apply Lemma 4.2 with o = %. This particular choice of ¢ is admissible, since

sp L 22,0} = 0. The application of the lemma yields (note that
o < s if ¢ > p, while for ¢ = p the subsequent assertion with v = s is trivial)

e W(Q) for any v € [s, P )
p—2

loc

Moreover, there exist C = C(N, p, s,7,q) and £ = (N, p, s,7,q) > 1, such that for any
€ (0, R) we have

q sp Nq
[U]W’Y’Q(Br) — R'yq ( ) |:R W7 q(BR) +R T ]
C sq—N( 7—1 N
< g (s) (B il + BVT)
Next, we consider the case s € (2 E==2] (which can happen only if p > 4). Note that

P
now max{ =+ 2,0} = = 2. For i € No we define the sequence of radii

and
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Ti = |[ull e 5, + Tail(u; 0:)

and the sequence of exponents

) -2
¢ = a'p, for some o € (1, M)
sp — 2

The exact choice of a will be made later. Note that ¢; = ag;_1 for ¢ € N and ¢; — oo as
1 — oo and that 7o = 7. Now, we prove by an induction argument that

)20 5, “W(Rﬂ") K%  for any i € Ny, (4.12)
where
i psqi—N(%E -1 i Nq;
K{ = R NGl )+ RYT

and the constants 6’,-, %; > 1 depend on N, p,s,7,q, and ¢ and will be specified at the
end of the induction argument.

Lemma 4.2
with (s, p, 0o, R) instead of (o, q,r, R). With constants Co and % > 1 both depending
only on N, p, s, v, and ¢, we obtain that

6'0 R Ro

90 90

[U]WWVQO(BQO) ~ RY% (R— r) KO :
For the induction step we assume that (4.12); is satisfied. In particular, this means

that [u]y~.ai(p,,) is finite. Since u is locally bounded, this implies u € W TN (B, ).

In fact, we have

4 i i qi+1—qi i
o™ 0, < /" (2llullz=p,) " (Wl s,
w4t H(B,,) o
Ygip1—N (L 1) ; ;
<0 T s, T2 RY Ul ) (413)
Next, observe that by the ranges of o and ~, (2’:22, psz) since
. _9 .
qi :ZZ£>SP ’ and,y‘]z _1 Sp.
Giv1 o« o p—2 Giv1 o« p—2
Therefore, we can apply Lemma 4.2 with (o, q,r, R) replaced by (v o +1 L i1,y 0it1s 0i)-
As a result, we obtain
Yqi+1 Qit1 < (. 0i )m+1 Vi Qit1 N4qit1
Ql [ ]W’Yy‘lH»l (Bgi+1) = Cz+1 (gl _ Qi_l Qz [U}W,YT‘:T 941 (BQ7) + 97, 7: bl
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where C;11 and k;41 denote the corresponding constants from Lemma 4.2. We now use
0i+1 < i, inequalities (4.9), (4.10), and (4.11) from the proof of Lemma 4.2 and (4.13)
to find that

Yqi+1 [U]Q'H»l

Qi1 W94l (B, )

§20i+12(i+1)’%‘+1( R )HHI

R—r

i1 —N(EEL ) .

~ R Kitl [ ygipr—N(EEL 1) :
S Oi+1 ( ) ! a; qi+1

fra— 0; [U]WWH(B&.) + RNT‘L‘+1] .

To obtain the last line we abbreviated @-4_1 = 2C; 20D (i1 +NeG1)  Ingerting the
induction assumption (4.12); and using the definition of K; we further estimate

Yqi+1 [U} qi+1

Oit1 Wi+l (B, )

~ R Riv1 [ —N(LEL_1) R Ri ) )
- NG (B Yoy | o
= +1(Rfr) {Ql R-— o RTT
< Ai+1(~;’i< R )M+1+F€¢ |:Q‘N(qiq-:1 —I)in+1 +RNTqi+1:|
- R—r ¢ !

~ ~ R Kit1+Rq
ool

+ R—r
L (il 5 ;
: {Hu P ) (7 VS +2RNTq‘+1]

~ R Rit1 :
< CHI(R—T) Kg':ll’
where we have abbreviated @4_1 = 261‘4-151' and R;y1 = Kiy1 + R;. This proves (4.12);41
and finishes the induction argument.
If ¢ = p, the claim is implied by (4.12)g, since the choice of « does not play any role
in this case. Therefore, it remains to consider the case ¢ > p. We choose i, € N to be

—9)\ %o
(8(19 )) .
sp—2 D

the smallest integer such that

which means

. ln%
to = 7111 =) + 1.

sp—2
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Having fixed i, in this way, i.e. in dependence on s, p, and ¢, we define o > 1 by

i -2
o= (2) € (1, M)
p sp — 2
In this way, we have ¢;, = a’°p = ¢q. At this point the claim follows from (4.12);,. O
4.2. Higher Holder regularity

In this subsection we prove the higher Holder regularity result stated in Theorem 1.2.
It is a straightforward consequence of the higher fractional differentiability from Theo-
rem 4.3 and Morrey’s embedding for fractional Sobolev spaces from Lemma 2.19.

Proof of Theorem 1.2. Let ¥ = %(7 + ps_p2) and ¢ = % The Morrey type embedding

Lemma 2.19 applied with 4 instead of v and subsequently Theorem 4.3 yields

< C[U}}Wi,q(BlR)

ooy = [w]co**—%(B%R) = 3

Q

1 1 N
q

(BN D ey + R ([l oo () + Tail(us R)]

<

N

33

s— I :
[R P [u]Ws,p(BR) + ||’u,||Loo(BR) —I—Tall(u; R)},
which proves the claim. O
5. The case s € (ijz, 1)
In this section we deal with the range s € (%, 1). First we prove in §5.1 that
weak solutions admit a gradient Vu in L} = and thus establish Theorem 1.3. In §5.2 the

integrability of the gradient is improved. Indeed, we show that the gradient Vu belongs
to LY

loc

for every ¢ > p, which is exactly the claim of Theorem 1.4. Finally, §5.3 deals
with the almost Lipschitz regularity result from Theorem 1.5 and the improved fractional
differentiability from Theorem 1.6. The role of s is traced throughout this section; all
estimates are stable as s 1 1.

5.1. WHP_reqularity

In this section, we improve the regularity of a locally bounded, local weak solution
of the fractional (s, p)-Laplacian from the initial fractional W (Q)-regularity to the
Sobolev regularity Wli’f (©2). This is achieved by establishing the difference quotient
Tpu/lh| is uniformly bounded in LP; see Lemma 5.3 below. We realize it via an iter-
ation scheme. The starting point is the basic estimate for finite differences of second

order 7, (Thu) from Lemma 5.1, which follows by applying the energy inequality from
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Proposition 3.3 with the choice § = 1. In view of Lemma 2.17 in the case v < 1, such an
estimate can be recast into the mnemonic relation

2
Ai = [BIP (B + A7 ] where A; = |7 (Tnu) [0 5,

Then, we can start with Ay = 1 and iterate to obtain A; = |h|*P, Ay = |h|*PT25] etc.
Heuristically, we have A, =~ |h|P »3 . This argument can be repeated finitely many
times until the power of |h| exceeds p, which occurs only if s € (ij27 1). Then, we
apply Lemma 2.17 in the case v > 1 and conclude that 7,u/|h| is uniformly bounded in
LP, from which the weak differentiability of u follows in Theorem 5.5 below. Note that
Theorem 1.3 follows as a special case of Theorem 5.5 by choosing r = 1R

Lemma 5.1. Let p € [2,00) and s € (%, 1). Then, there exists a constant C' > 1 of the

form C(N,p)/s such that whenever u € WEP(Q) N LY (RY) is a locally bounded, local
weak solution of (1.1) in the sense of Definition 2.1, BR = Br(z,) € Q, r € (0, R) and

d=1(R—r) we have
h »
|R|2 K? + [ / |7 hulP dx} ]

Br—a

|h|8p( R )N+sp+1Kp

p <
/\'rh(rhu)| dz < CRsp -

B,

for any h € RN\ {0} with |h| < d, where
K?:= R°P(1— s)[uwvs,p(BR) + RN(”U”LGO(BR) + Tail(u; R))p.

Remark 5.2. The statement of Lemma 5.1 continues to hold for s € (0, pp%z] with the
larger exponent N + p 4+ 1 of % instead of NV + sp + 1. However, we do not use the
inequality in this range.

Proof. Apply the energy inequality from Proposmon 3.3withd=1and 7 = (5r +2R),
R= 1(r + 6R) instead of R, r. Then, d = J(R—7) = 1(R — ) Using 1nequalities (4. 3)

and (4.4) from the proof of Lemma 4.1 allows us to replace = by

R - and 1 by 5
when applying Proposition 3.3 apart from a multiplicative constant depending only on

N and p. Such an application yields

. | hu(z)n(z) — ThU(y)U(y))pd d
- [nThu WP (Bg) |$ _ ‘N—&-sp ray

< CK( u )2[ o2 { |Thu|pdxr

R2s\R —r We?(Br) 1—s
Bg
C R \N+sp__ |7 pul?
P—2
+RSP(R—T> T

By
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dx

Clh| /R \Ntsptl__ [ |Thul
RSP+1(R—7~) T 1-3s

Bg

= Il —|— 12 —|— 13
with a constant C' = C(N,p)/s and the abbreviation
T = |ullpe<(Bp) + Tail(u; R).

Here, n € C} (B%(IN%M)) denotes the usual cut-off function in 3%,5’ cf. Definition 3.2,
satisfying n = 1 on By and |Vn| < % =z

The first term is estimated by observing that N +sp+1 > N +1 > 2 holds true, such
that one can enlarge the power of R}Er from 2 to N + sp+ 1. As a result, we have

-
IN

c R \N+sptl . o2
() [ ae] (@0 Sl )

By

To the integral in the second term we apply Holder’s inequality, and enlarge the power
of % from N + sp to N 4+ sp+ 1. Then,

N+tsp+1 N(1-2
I < C’( R ) P TP—2 R [/ThU|pd4

R—r

The third term is treated similarly as

Clh R\ N+spti 1 B
Is < (1— S;R|Sp+1 (Rf r) Tp_l{/ |ThU|pdx] RNO—3

Br
Combining these estimates we obtain that

C R N+sp+1 P
s a=5m (R - r) {/ Imnul” dw}

Bx

=2 _z _
(= Ol ) YD T2

Clh R N—+sp+1 % . )
+ (15;Rsp+1 <R—r> |:/|Thu|pdm] RN(1 ”)Tp 1

R

C R N+4sp+1 P
p—2 D
= (l—s)RSP(R—r) K [/T"“| dx}

R
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C R \N+sp+1__  K|h| 5
Kr2—— Pd
* (l—s)RSP(R—r) R {/'T*‘m 4

B g2 bial”
ﬁK + |ThulPdz| |,

with C = C (N,p)/s. In turn we applied Young’s inequality to get the last line.

The above estimate of I allows us to bound the LP-norm of 7x(nTxu). In fact, we
apply Lemma 2.15 with v, ¢, v, R, d replaced by nTru, p, s, R-— d,d= %(R —r). The
application yields for any |h| < d and any |A| < d with a constant C' = C(N,p) that

C’ R N+sp+1
< KP—2
- (175)RSP(R r)

/ |‘r>\ (nThu) |p dx

Br_4

. E(l—s)p + h(lfs)P
< O | (= 7l + |

To proceed, observe that

R(=5)p 1 q(1=s)p _ Clp); R \»
dr = RsP (R ) ’

-T

and the elementary inequality
2
/ |Thul? de < C(N, )RN(l__)Hu||L°°(BR [/ |Thul? dx}

We use these observations together with the above bound of I to estimate

/ |7x(nThu) |p dz

Bg_q4
< C|)\|8p (1- )RSPIJr |Thul? dz
S Che h
AP s R N(1-2) ’
<O | R+ (R—) R 22| [ FrnulPda
E

|/\|sp( R )N+s;n+1K

1B e bl
RQK \Thu| dz
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for any 0 < || < d. The constant C' has the form C' = C(N,p)/s. Note that R — d =
R — 2d. Choosing A = h we arrive at
2
h 2
‘RL K? + {/ |7 hulP dx} ]

for a constant C' = C(N, p)/s. Due to the choice of 5 € C} (Bl(é+f)), precisely n =1 in
2

hSP R N+sp+1
Al ( ) KP-

/ ’Th(n‘rhu){pdx < CRsp Fr—

Br-24

B = Byia4, we have 7, (nThu) = Th(Thu) in Byiaq. From the preceding inequality we
therefore get

/\'rh(rhu)|pdx:/|Th(777'hu)|pdx§ / |7 (nThu)|P da

B, B, Br-—24
|h[? z
2 TLK? 4 [/ rhu|de} ]

Bg

e

This is the desired estimate for the second order finite differences. O

In the next lemma, we iterate the estimates obtained in Lemma 5.1 to increase the
power of the increment |h|.

Lemma 5.3. Let p € [2,00), s € (’31'%2, 1). Then, there exists a constant C > 1 depending
on N, p, and s such that whenever u € W5¥(Q) N L2 (RYN) is a locally bounded, local
weak solution of (1.1) in the sense of Definition 2.1, Bp = Br(z,) € Q, and r € (0, R)
we have

P ( R )%(N+sp+1)Kp

P
/|7'hu| dx<C’Rp T (5.1)

for any h € RN \ {0} with |h| < R —r, where
K? := RP(1 = 8)[ul}yn () + BY ([ull 1= (35) + Tail(u; R))". (5.2)
Moreover, the constant C' remains stable as s T 1.

Proof. For i € Ny we define sequences

1 N 2y i+1
0;i =71+ 51 (R—r) and s ::SJZ_;)(;)J :ps_])2 {1— (5) ] (5.3)
P

Note that s, = s and s; 1 pst as i — oo. If p = 2, the definition of s; reduces to

s; = (i +1)s and the term 5 must be interpreted as co. Moreover, we have
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S; = 8;_1 + (%)15 and s; = s+ %81-,1. (5.4)

Fix i € Np. Applying Lemma 5.1 with r, R, and d replaced by 9;, 0;—1, and d; =
%(Qifl —0i) = ”;H(R —r), we obtain

/ |7h(Tru)|P dz

BQ
2
C 0i—1 N+sp+1 2 2
SR e I L110 viard P R B QTR
0;—1 \0i—1 — 04 Qi1

%
B

i

ej—1—d;

for any h € RV \ {0} with |h| < d;, where
K} =07 (1—9)[u ]]‘.;Vs’p(Bai_l) + Q£1(||U||L°°(Bg,i71) + Tail (u; Qi—l))p

and C' = C(N, p)/s. Similarly to (4.9), (4.10), and (4.11) from the proof of Lemma 4.2
we have

Qi—1 < 9itl R

R > >
T Qi—1 = 0i R—r’

and
Tail(u; 0; 1) < C(N,p)27-1 (Tail(u; R) + ||ul| o (5,))-

From this we derive that K;_; < C(N,p)2*NK, where K is the quantity from (5.2).
Moreover, we enlarge the domain of integration in the integral on the right-hand side from
B,,_,—q;, to B,,_,. With these remarks, the above inequality for second finite differences

becomes
/|Th(7'hu)|p dz
By,
2
S S SR W v’
<Cipe (=) K2 | LK Il de (5.5)

Bo; 4
for any h € RN \ {0} with |h| < d;, where C; = 20VPHN+2043)iC( N p) /5.

To proceed further we consider a € (0,1] and i, € Ny (both to be fixed later), such
that as;, < 1. See Remark 5.4 for the reason of introducing the parameter a.. Now, we
show by induction that for any ¢ € {0,1,...,4,} (then as; < as;, < 1) there holds

h|asip R (N+sp+1)2
A ( ) KP, YO<|h<di,  (5.6)

P
/|‘rhu| dz < C; R \B 7

By,

i
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for a constant C; = o(Np+N+2p+3) 1 (i+1)i [C()C(N.p)]*

[s(1—asi,)P]"
First consider the case 1 = 0. In this case we have o, = r + %(R —r) = %(R +r).
Applying Lemma 2.15 with (v,q,7,d, R) replaced by (u,p, s, 3(R — ), 0,), and noting
that this implies o, + %(R —r) = R, we have

[ e < P[0 il + (o Yl
= We:»(Br) (R—7r)P  s(R—r)sP Lr(Br)

Qo

|h|5p s RP RSP
Rsp R p(]- - s)[u]ZI;VSvP(BR) + (R . T)p + (R _ T‘)‘Sp |‘u||1£p(BR)

AT s (BN s N

M (=) (B0 = Ml + (R i)
|h|SoP R N+sp+1 »

Rsop (R — 7‘) K

|h|OtSolD R N+sp+1 »

Rasop (R — r) K

<C——

<C

for any 0 < |h| < (R — ). In turn we used the L>°-bound for u, the definition of K,
5o =s, and |h|/R < 4. The constant C has the form C(N,p)/s.

For the induction step we assume that (5.6);—1 holds true. Using in (5.5) the as-
sumption (5.6);_1 in order to bound the LP-norm of Tpu on B,, , we obtain for any
0< |h| S di,1 that

|h|sp< R )N+sp+1Kp—2

/ |Th(Tru)|P dz < C B\

B,

7

|h[? Ci—1 R\ (Ntspt1) =7
K e ()

Ih“i—lpr} ]

2 |h|p(s+%o‘s’i1)( R )(N+5p+1)(1+%siT_l)
R

<920.C'P P
<2C;CF [erETEr—y — K
~ |h|apsi R (N+sp+1) 2t »
<200 e () K (5.7)

Here, to obtain the last line we used (5.4)1, as; = a(s + %si_l) < s+ %asi_l, and
as;—1 < 1. This allows us to replace the power p(s + %asi,l) of %l and the power
(N+sp+1)(1+2 22=1) of 2= in the second-to-last line by aps; and by (N + sp+1)%
respectively, as shown in the last line. The estimate (5.7) plays the role of the assumption

(2.4)p<1 in Lemma 2.17 and permits us to apply (2.5) with (p, Qas;, 0i, Qi,l,di) instead
of (q,*y,r, R, d) and with

MP .=

CN’iCi_l R (N+sp+1)3E
e (77) K
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Using again the L°°-bound for u, the definition of d;, the fact g;_1 < R, the definition
of K from (5.2), and the fact that 1 — as; > 1 — as;_, we have

/|Thu|p dz
By,

1 CiCi_yy R \(N+sptD)% 1
gcmami[ 1(3 ) ' K”+—/|u|pdm]

(l—asi)P Ropsi —r d?PSi
= Mpr Be; 4
CCCiit | [ L (R \WHspe0% N
B (l—asio)”'hlap {Rami (R—r> Ko dgre ulloo (5
‘h|aps7; R (N+sp+1) % R apsi o »
< O |(77) s R L
_,_/
<Kr
‘h|apsi< R )(N+SP+1)%
< i Kp
=¢ Rorsi \R —r

for any 0 < |h| < d; and with

_ C(p) éici—l

Ci= (1 —as;)P
_ C(p) 2(Np+N+2p+3)i5(N7p)2(Np+N+2p+3)%i(i71) [C(P)é(Nap)]fl
(1—as;)P s [s(1 — aus;, )P

_ 2(Np+N+2p+3)%(i+1)i [C(P)G(N7 P)}Z
[s(1 — as;, )P]!

as claimed in (5.6). This finishes the induction step and proves (5.6) for any i €
0,1,...,io}.

Now, we come to the proof of inequality (5.1). To this aim we choose i, € N such
that s;, > 1 and s;,_1 < 1. Note that 7, depends only on p and s and can be determined
explicitly, i.e.

Recall, in the case p = 2, the definition of s; reduces to s; = (i + 1)s, and meanwhile
ip = [% —1]. Note also that in all cases i, — 1 as s T 1. To proceed further we let

_ p2—3)
o= 0+ )5 (5.8)
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and note that o € (2(1312) ,1), since on the one hand s;, > 1 and % < 1, and on the
other hand s;, = s;,—1 + (%)i‘)s < 2. Moreover, « is chosen in such a way that
P2 —s)
as; = — < 1. 5.9

Observe that

—(p—2

| —as, = 2=0=D
p+2

holds true, because s > == > —2 by assumption. (See Remark 5.4 for the reason of introducing
the parameter «.) We now apply inequality (5.6) with ¢ = i,. As a result, we have

|h|“3i"p( R )%<N+sp+1>

KP < d.
o Rasip \R—71 , VO < |h| <d;,,

/ |Trhul? dz < C;

Qi,

B
where C;, = % C(N,p). Since as;, < 1 we still have to improve the exponent
of |h|. To this end, we first apply (5.5) on B,, .,
inequality to estimate the integral on the right. For the appearing exponents we recall
(5.4) and (5.9). The latter implies that

and subsequently use the preceding

sp+4
p+2

sp + 2as;, =op >p, where o:= > 1. (5.10)

Here, we used again the lower bound s > pp;Q Note that

sp—(p—2)

c—1=
p+2

=1-as;,.

In this way we acquire similarly as in (5.7) that

2

h|sp R \N+sp+l__ | |}|2 p

[ e < B [ | [ ]
B

2ig+1 Qio
) |h|8p( R >N—|-sp—‘,-1:[<p72
P Rp \R—r

s 2
‘h|2 2 Cio R (N+spt) = asi, PP !
K| (R —) || @sioPK

B

<

K?

|h|5p+20431'0 R\ (WHspt1)Zietl
gz (7o)
7Ry
°RP\R-—r

<C 6i0+1ci

-T

= CCi,11C; K?
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for any 0 < |h| < d; 41 and where 5i0+1 can be written in the form @DH =
200 (NP+N+20+3) C(N | p) /5. The above estimate plays the role of the assumption (2.4),+1
in Lemma 2.17, and we are now in the position to apply (2.6) with (p, 0;,+1, 0i,,di,+1,0 =

S];”T‘L;) instead of (¢, 7, R,d,~), and with

MP . KP.

. CéinJrlCio R (N+Sp+1)5i0%
~ Rov (R )

-r
The application of (2.6) gives for any h € RV \ {0} with |h| < d; 41 that

/ |7 hul?P da

Qio+1

éi C; d('Ufl)P R\ (N4spt1)2iott 1
< opp [t (LR ) o L
io+1

B

(0 —1)PR°P» \R-—r

g
el Gy Cy do7 P (N+sp+1) Zetl P

_ C’| | io+1C0,d; 41 ( R ) P KP + R lufPda
Rr | (1 —as;, )PRE-VP\R —r d; 1

< OO I [y R yOrmreb sy,
-~ (1—-as;,) Rr R_r

R NP N
R—r) r ”“”ZEN(BR)}
N———

<K»

CCi,11Ci, Ih\p( R )(N+sp+1)’ios+1
R

e KP
- (1—as,)? Rr

-Tr

. Céio+1C¢OW< R )%(N+sp+1)Kp
T (I—as;,)? RP \R

’
-Tr

where C' = C(p) and to obtain the second-to-last line we used (N + sp + 1)%= > p to

combine the two terms with %. In the last line we used

i 2 2\2%s;,— 3
(N+sp+1)s‘j:1_(N+sp+1)<1+p+<p) 8"81) SE(N+SP+1).

Finally, we discuss the dependence of the constants with respect to s. In view of the
definitions of C;_4+1, C;,, and «, in particular that

p2—s) sp—(p—2)

1—as; >1-— _ <0
v p+2 p+2
holds true (cf. (5.9)), we have
@ +1C% 92(Np+N+2p+3)io!

(1—as;,)? = [s(1 — as;,)Plet! C(N,p)
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92(Np+N+2p+3)io!
< — -
= s — (=

C(N,p).

Hence, in principle, the constant depends on N, p and ¢,, but since ¢, depends only on
s and p, the dependence is on N, p and s. Recall that i, — 1 as s T 1 and i, — o©
as s | %. Hence, the constant C is stable as s 1 1 while it blows up in the limit
sl ”]'%2. More precisely, the s-dependence of the constant has three components: one is
the dependence on s via i, in the exponent; the second is a contribution that behaves
as 1/s; and the third one behaves as (sp — (p — 2))~!. This is exactly the part in which

the condition on s is embodied. At this point, we emphasize that as;, is fixed in such
sp—(p=2).

P2
claim (5.1) follows from the preceding estimate for 0 < |h| < d;,11.

For |h| € (d;, +1, R—r] the L*>-bound for u, the lower bound for |h|, and the fact that
p < N + sp+ 1 easily imply

a way that its distance to 1 is precisely see Remark 5.4. Since g;,4+1 > r, the

h|P
/ [ThulP dz < C(N,p) RN ||ull o< () < C(N,p)K”d|p |
io+1
Beig41
CmP, R NP
< p
< CWopio) (=) K
JhP s RO\ E(N4spED)
< P
< CWN.piio) Ty (R—r) K

This proves (5.1) also in this case. O

Remark 5.4. The purpose of introducing « in (5.8) is to stabilize our estimates as s 1 1.
Indeed, if we had applied Lemma 2.17 with v = s; at each step, we would have ended
up with a constant depending on (1 —s;,_1)~* at step i, — 1 and on (s;, — 1)~ ! at step
i,. This would have resulted in a discontinuous dependence of the constants on s; see
Fig. 1.

In order to stabilize the constants, each s; is multiplied by « so that the last step
prior to reaching weak differentiability of u can be quantified as in (5.9). Note that, as
long as i < i,, we apply Lemma 2.17 with ¢ = ass;. This process increases the fractional
differentiability of w. In the final iteration step from i, to i, +1 we jump over the critical
value of 1 in Lemma 2.17 obtaining the weak differentiability of w in WP, More precisely,
we reach o = s + %asio = ‘Z’:;
finite differences of u; see (5.10). The particular choice of o ensures on the one hand

that 1 —as; > 1 —as;, = % for any i < i,, and on the other hand that also

oc—1=1-as;, = %; see Fig. 2. This strategy leads to quantitative constants

which are continuous and stable as s T 1 and which only blow up as s | %.

= 2 — as;, > 1 in the estimate for the second order

Combination of Lemma 5.3 with the standard estimate for difference quotients from
Lemma 2.13 immediately yields that locally bounded, local weak solutions of the frac-
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01‘

Sig—1 Sip—1 1 8§, Siy

Fig. 1. Behaviour of the constants without stabilization.

as;, 1
sp—(p—2)
p+2

o=3s+—s;
p

Fig. 2. Behaviour of the constants with stabilization.

tional p-Laplace equation are of class Wli’f (©2). As already mentioned, Theorem 1.3
follows from Corollary 5.5 by choosing r = %R.

Corollary 5.5. Let p > 2 and s € (pp%Q, 1). Then, for any locally bounded, local weak
solution uw € WP () N LY (RN) of (1.1) in the sense of Definition 2.1 we have

ue WP (Q).

loc

Moreover, there exists a constant C = C(N,p,s) such that for any Br = Bgr(z,) € Q
and r € (0, R) the quantitative W1 P-estimate

C R\ i(WN+spt1)
‘7 p < p
/' u dx_RP(R—T) K
B,
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holds true, where
P ._ psp P N a0 P
K? := R°P(1 — s)[u]Ws,p(BR) + RY (lul| L (B ) + Tail(u; R))".
Moreover, the constant C' is stable as s T 1.

Remark 5.6. In the case p > 2, Corollary 5.5 improves [13, Corollary 2.8] in the sense
that the condition on s can be weakened from s € (%7 1) to s € (%7 1). This fits
perfectly with the case p = 2 in the limit p | 2. Indeed, for p = 2 we have for any

€ (0,1) that v € W,22(€). For linear equations with more general kernels we refer to

loc

[24,18]; see also [13]. O
5.2. Higher integrability of the gradient

The iteration scheme we set up in the previous section improves the regularity from
WP to Wﬁ)’f, while the iteration argument in this section will improve the V[/laf -
regularity to Wlicq . The starting point is an improved estimate for the second-order
finite differences under the assumption that u € W14(Bpg) for some ¢ > p. This assump-
tion allows us to apply the energy estimate from Proposition 3.3 with 6 = ¢+ p — 1.
This in turn leads to an estimate of [nV% (’rhu)]a,syp(BR) in the terms of |h|7~(P=2), With
Lemma 2.15, i.e. the embedding of the fractional Sobolev space into a certain Nikol’skii
space, we deduce that the integral of the first-order finite difference |T)\(7]V% (Tru))? is

estimated in terms of the product |A|*?|h|?~(P=2) which leads directly to the assertion.

Lemma 5.7. Let p € [2,00), s € (”}'%2,1), and g > p. There exists a constant C that

depends on N, p, and q, so that whenever u € W;2P(Q) ﬂLé’;l(RN) is a locally bounded,
local weak solution of (1.1) in the sense of Definition 2.1 that satisfies

u e Wl’q(BR)

on some ball Br = Bgr(z,) € Q, then for any r € (0,R) and any h € RN \ {0} with
|| <d=2%(R—r), we have

C |h|atse=(=2) , R\ N+spt1
q o q
/‘Th(Thu)’ dz < s ReFr—-2) (Rfr> K (5.11)
B,
Here, we used the short-hand notation
K?:= R? / |Vul?dz + RN (||ul| L () + Tail(u; R))?. (5.12)

Br

Proof. Let 6 :=1—p+ ¢ > 1. Note that sp+J — 1 =g — (1 — s)p. We apply the energy
inequality from Proposition 3.3 with r, R, d replaced by 7 = %(57" +2R), R = %(r +6R),
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and d = l(ﬁ —7) = 3(R—7). Using inequalities (4.3) and (4.4) from the proof of

Lemma 4.1 allows us to replace = by

R — and 1 by % when applying Proposition 3.3

apart from a multiplicative constant depending only on N and p. With the abbreviations

dady = [77Vq (Thu)]

|Vq (Tru(x))n(z) — Va (Thu(y))n(y)lp
! ‘/ \ e

T — |N+9P &)

and
T = |Jull L (Bg) + Tail(u; R)
the application of Proposition 3.3 yields

)|q 2 R(—s)p .
I_ 77, |:// |{L'— |N+q - dxdy:| |: 1_s / |Thu‘ d.’I,‘:|
B

R

a—(p—2)

C R \N+sp__ |7 |9~ (P=2)
P—2 d
+ Rsp <R — r) T 1-s .
By

C h R N+4sp+1

Y
By
=L +I,+13

for any 0 < |h| < d = L(R—r). Here, n € C(%(B%(éw)) denotes the usual cut-off function
in 3; g, cf. Definition 3.2, satisfying n = 1 on B; and V| < % = %. Note that C
has the structure é(N, p)&oers~! = 5(N,p, q)s~ . In the preceding inequality we can
replace R and 7 by the corresponding quantities R and r apart from a multiplicative
constant, since R > R > gR, and R — 7 > %(R — 7). Let us estimate I using the
assumption u € WH4(Bg). In (fact; applying the embedding Lemma 2.8 with exponent
1—s)p
q

q, and with ~ replaced by 1 — we obtain

u(y)|? CR(-9)p .
// T—y |N+q ooy 4y = —y o [ Vultde
Br

for a constant C = C(N,p, q), whereas the integral of |T,u| is bounded by the corre-

sponding integral of |Vu| according to Lemma 2.14. That is,

/|Thu|qug |h|‘1/|Vu|qda:.
Bﬁ Br
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Hence, we have

C R \2
L < q—(p—2) pp—2 / q
b s(1—s)ReP <R — r) Al R |Vul|?dz
Br
. C R \2 |h|q—(p—2) . ,
~ s(1—s)ReP <R - r) Ra—(p—2) R / [Vul? dz
Br
< C ( R >2 |h|lI*(p72) ,
~s(1-s)RP\R—7r/ Ri—(=2) "~

where C' = C(N,p,q). For I we first apply Holder’s inequality in order to raise the
exponent of |Tpu| from ¢ — (p — 2) to ¢, then Lemma 2.14 and finally the definition of
K. This amounts to

a—(p—2)
C R \N+sp_nNp-2) Ta
< S -2 q
e S () [
By
C R \N+sp |h|q—(p—2) s a=(p=2)
<  — Naq] ¢ q q
- s(l—s)RsP(R—r) Ra—(p—2) [R T} [R /|VU| dﬂﬁ]
Br
C R \N+sp|p|a=(p—2)
< ! K4
~ s(1—s)Rep <R — r) Ra—(p—2) ’

again with a constant C depending only on N, p, and ¢g. Here, to obtain the last line we
also used the definition of K. The last integral I3 is treated similarly. Firstly, we apply
Hélder’s inequality in order to raise the exponent of |7,u| from ¢ — (p — 1) to ¢, then
Lemma 2.14 and finally the definition of K. This leads to

a=(p=1)

C R \N+spt+l|p p—1
I; < ( ) %[RNT‘Z] F [/|7‘huqu}

R

C R \N+spti|pla=(p=2) art o ,
= (R ) W[R TR /IWI da

g=(p=1)

-Tr

C R \N+sp|p|a—(r—2) .
_sRSP(R ) Ra—(—2)

where C'= C(N, p, q). Inserting these estimates above, we have shown that

I<

= s(1—s)R K?  VO0<|h <d (5.13)

0<N,p,q>( R )N+SP+1M
R Ra—(—2)

-Tr
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Now, we apply Lemma 2.15 to v = 7V (Thu) on By with (p,s,d = $(R — r)) instead

of (g,7,d). Note that in the application R plays the role of R + d. Taking into account
that d < R, n < 1, Lemma 2.14, and (5.13) we find that

/ [ (Va (i) | do

Br_a
ol R(1—s)p »
< C|A)P (15)I+< ¥ + dsp) / |Vq Thu)n| dx}

R

r (1 s)
< CIAPPI(1—s) I+ /|Vq ThU 77| dx}
L £

ROA=s)p
<CIAPPI(1—9)I+ o / |7 huld dx}

| s

I |h]?

sp — q

< CA| _(1 I+ RSP |[Vul? dx

e R N+sp+1|h|q7(p72) 1 R \?/|h|\¢
< sp q ] q
< O R (=) rro o K g (m ) (7) K
- g wsp( R )N+sp+1 |n|9—(P=2) .
~ s RSP \R—r Ra—(p—2)

for any |A| < d and with a constant C' = C(N,p,q). Now we choose A = h, and observe
that, since n =1 in B = B,424 and > 1, there holds

’Th(V% (Thu)n)’ = |Th(Vg (Thu))| > |‘rh(7'hu)|% in B,.

P

Therefore, with a constant C = C(N, p, q) we get

C‘h|q+sp (r-2) , R\ N+sp+l
q
/|7‘h Tpu)|" da < - R D (R—r) K¢

)

Br

for any 0 < |h| < d. This proves (5.11). O

At this point it is worthwhile to note that the exponent of the increment |h|
in Lemma 5.7 is larger than the integrability exponent g. This allows us to apply
Lemma 2.18 to conclude that the gradient admits a certain fractional differentiability.

Proposition 5.8. Let p € [2,00), s € (%,1), and q € [p,00). Then, for any locally
bounded, local weak solution w € WP(Q) N LEY(RN) of (1.1) in the sense of Defini-

tion 2.1, satisfying
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uwe Whi(Q),

loc

we have

Vue Wal(Q)  for any € (0,5), where = 222

loc q

Moreover, there exists a constant C = C(N,p,s,q,«) such that for any ball Br =
Bgr(z,) € Q and for any r € (0, R), we have

i 0 ()

wea(B,) S Rirala \R 7

C(N.,p,q)

where K is defined in (5.12) and the constant is of the form C = SaBTI—a)(1=ay -

Proof. We apply Lemma 5.7 with r replaced by # = (77 + 4R) and leave the larger

radius R unchanged in the application. Taking into account that R — 7 = 1—71(R —r), we

obtain

C |platsp—(=2) , R\ N+sp+l
/|‘rh(‘rhu)’qu < —| | (R > g K1

s Ratsp—(r—2) —F

Br
q(1+p) N+sp+1
< QL(L) P
- s R‘I(1+ﬁ) R

—7r ’

for any h € RY with 0 < |h| < d = $(R —7) = {(R — r) and where K is defined
in (5.12) and the constant C' depends only on N, p, q. We now fix some a € (0, ). In the
preceding inequality we take advantage of the inequality |h| < R in order to reduce the
power of |h| from ¢(1 + B) to ¢(1 + f3), where § = %(a + B). We thus obtain

)

Bla(t+58) Netsp+1
g|| ( R ) P K¢

q

dr < _
/|Th(Thu)| = s Ri(1+8) \R —r
B

for any h € RN with 0 < |h| < d = (R —7) = {7(R —r). The above estimate plays the
role of assumption (2.8) in Lemma 2.18, which we apply on B with d = %(R —r); note

that 7 = r + 4d. The quantity

c ) ( R >N+sp+1Kq
SRQ(lJ'—B) R - T

plays the role of M7 in (2.8). The application is allowed, since u € W14(B,,64) by
assumption. Note that d = 1—11(R —r), and ¥ = r + 4d. In particular, we have Vu €
W®4(B,) with the quantitative estimate
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[VU]Waq(B)

C daB—a) C R\ N+sp+l
e e ) e
(B —a)p(l — p)e sRiI(1+B) \R —r

C Ja(B—a)
<
~s(B—a)pi(l —a) {Rq(1+ﬁ)

q 7 a4
B
q 7 q
( K +m/|vu‘ d$:|
Br
c R \N+sp+l R
< 0 , R .
~s(B-a)pi(l —a) |:R‘I(1+Dt <R ) K+ oda(ira) / |Vu| dx]
Br

C (R N+sp+1 N (R]E T)q(H—a)] K1

<
= sa(f — a)Be(l — a)1Ra(1+e)
R N+q+1
< ( ) ,
sa(f —a)B1(l — a)tRI+) \R — r

RR )N+sp+1

C

where C' = C(N, p,q). From the second to third line we used § — a = 1(8 — ) and

1-3> (1 — a). To obtain the last line we estimated the exponents of R/(R —r) by

N+sp+1<N+qg+1,
and
¢l+a)<q+qB=q+sp—(p—2)<q+2<N+g+1.
This proves the claim. O

The gain in fractional differentiability from the preceding proposition can be exploited
via the Sobolev embedding for fractional Sobolev spaces to increase the integrability
exponent of the gradient.

Lemma 5.9. Let p € [2,00), s € ( , 1), and g > p. There exists a constant C depending
on N, p, s and q, such that whenever ueWIP(Q)n Lgp_l(]RN) is a local weak solution

loc

of (1.1) in the sense of Definition 2.1, satisfying

ue WhiQ),

loc

we have

Ngq — 72
Vu e LY -*(Q), whereaz%.

loc

Moreover, there exists a constant C = C(N,p, s, q), so that for any ball Bg = Bgr(x,) €
Q and for any r € (0, R) we have
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N—oagq

[][Wuw”—iqu] ) gc(?)N(R}ET)NWHMq,
B,

where
@1
M | fIVulrds] "+ g (lullmmy + Tai(us )
Br

Moreover, the constant C' is stable as s T 1 and blows up as s | pp%Q.

Proof. We first observe that o = %272) € (0,8), where 8 = w. Therefore,
Proposition 5.8 ensures that Vu € W2:7(Q) together with the quantitative estimate

loc

(note that for the quantity K defined in (5.12) we have K < C(N)RN+1M)
C R \Ntatl
q q
[VU]W“’“(BT) = R+a)q (R ) K
CiRN /R \Ntatl
< I\
R~ (R - 1")

- T

for a constant C7 of the form

C(N,p,q) C(N,p,q)

safi1(f —a)(l—a)?  s(sp—(p—2))a+2’

Cy =

In order to specify the dependency of C; we used the fact that a < %s < % and hence
1l—a> % By the Sobolev embedding for fractional Sobolev spaces from Lemma 2.10

we conclude that Vu € L7 B,) together with the quantitative estimate
g

N—agq

q N
{][ |Vu|¥~5a dx] <217t {Cgr“qN[Vu]iva,q(Br) + ][ Vu|ng:}
B, B,

<faa (D) (7)) el

Br

< 2071(C4Cy + 1) (?)N(

R N+q+1
Mq
R— r)

where Co = Co(N,q,a) denotes the constant from Lemma 2.10. The application is
allowed since ag =1 — %p(l — 8) < N. This proves the claimed inequality. O

Remark 5.10. A few words concerning stability of the constants C; and Cy are in order.
For C5, Lemma 2.10 and the subsequent remark, in conjunction with the specific choice
of 3, show that
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C(N)1—a) 1—5.(sp—(p—2)
(N —ag)-t (N = 3(sp—(p—2)))a-t
_C(N) q—1+301-s)p

¢ (N—-1+3(1-s)pt’

Y = C(N)

which implies

: C(NV)(g—1)
q_
1;%102 ~g(N —1)a-1

Moreover, we have (recall the definition of C4)

. C(N,p.q)
W= T
This proves that the constant remains stable as s 1 1. Finally, the definition of C; implies
that Cy blows up as s | %. O

Lemma 5.9 allows us to set up a Moser-type iteration scheme that improves for any
given ¢ € [p,00) the regularity of a locally bounded, weak solution of the fractional
p-Laplacian from WLP(Q) to WL4(Q).

Proposition 5.11 (Wh9-gradient regularity). Let p € [2,00) and s € (%, 1). Then, for
any locally bounded, local weak solution w € WP (Q) N L1 (RN) of (1.1) in the sense
of Definition 2.1 we have

u € VVlig(Q) for any q € [p, ).

Moreover, there exists a constant C = C(N,p, s, q), such that on any ball Bg = Bgr(x,) €
Q the quantitative L-gradient estimate

{][ |Vu|qu}q <C

Bry2

1

o]
{][ [Vul|P dx] + E(”UHLM(BR) + Tail(u; R))
Br

holds true. Moreover, the constant C' is stable in the limit s T 1 and blows up as s | %.

Proof. Based on the quantitative higher integrability lemma we set up an iteration ar-
gument. To this end, we define a sequence (g;);en, of exponents, a sequence (0;);eN, of
radii, and a sequence of shrinking concentric balls (B;);en, by

e 0= Ngi—1 — ( N )ZP
ST TN T --2] \N-3--2]) "

0i ¢:%<R+§>, B, = B,,.
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Clearly ¢; — o0 as ¢ — oco. For i € N we apply Lemma 5.9 with r = g;, R = 9;_1,
qg=¢qi—1,and B = fBi_1 = %%. Note that 8;_1¢;—1 = 1 — ip(1 — s) < N. This
amounts to

L N

{][ |V dm] "< Ci(gi‘l)‘”%( g1 Q_)‘”iHMi_l, (5.15)

Qi Qi—1 —
B;

for a constant C; = C;(N,p, Bi—1,¢i—1). Concerning the stability of C; we refer to Re-
mark 5.12. To obtain (5.15); we abbreviated

Mi,1 = |: ][ |Vu
B; 1

1
95—1
dim1 d$:| + 7;717

Qi—1

where
Ti = |ullpe<(s,,) + Tail(u; 0:), To=T.

To proceed further, we estimate the numerical factors and the tail term. In fact, we have

i1 R+ <R R 2R
-1 _ 2 <2, = — <2,
0i R+ 5R 0i-1 R+ 5=R
and
i R+ 4R . ,
Qi—1 = 2i—1 :21(1+2i£1)§2z+1.

Qi—1 — Oi TR — %R
Moreover, by Lemma 2.7 we have

R \N
Tail(u, 0i—1 )P~ < (g-fl) (Tail(u, R)P~" + ||UHL°°(BR))p

—1

< C(N)TP 1.

Using this in (5.15); we obtain for any ¢ € N that

L;i[vu

Tterating this inequality results in

L;iﬁvu

dx} " <ewp2ic, H }vul dx] lr|.
—_———
C;

Bi—1

[][ Vu|pdx}p —&—%T ;

Br

a dx} " <o
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where the constant C' is given by C' = iH;:1 5j. Since ¢; — o0 as i — oo there exists
1o € N, such that ¢;, > g and ¢;,—1 < ¢. This defines i, € N as a function of N, p, s and
q. More precisely, we have

. lng .
1o = N - P
L o R o

so that the number i, of iterations to reach the L%-integrability is bounded by

I3

In % In

—
1# In
N—3(sp—(p—2))

as s T 1.

<

In

=

-1

Enlarging the domain of integration from B 1g to B, and using Holder’s inequality, we
finally get

[ / |Vu|qu]q sﬁ[][ V| dx} SCH][IVulpdxr + 27|,
By, B, Br

where C' = C(N,p, s, q). This proves the claim. 0O

Remark 5.12. The precise value of C; is given by C; = 24-1(C3'~"Cy + 1), where

C(Napa qi—l)

R ey

and

C(N) qi1—1+3(1—s)p
gi—1 (N—-1+ %(1 — §)p)ti-1—1
C(N) .o
T (N—1+1ip(l—s))s-1-1 = (N —1)g-1—t

qi—1 __
Cy ' =

Moreover, we have

I li N o ( N )H
maqg; -1 = 11m = -
ST W\ N - p-2)) " \v-1) P

Hence, both constants C; and C3'~" remain stable at s 1 1. Therefore also C; is stable
ioIN

as s T 1. As already pointed out, i, stabilizes as s T 1, so that also the factor 2% <27

in the constant C; remains stable. 0O

At this point Theorem 1.4 can be achieved by combining Theorem 5.5 and Proposi-

tion 5.11.
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Proof of Theorem 1.4. First we apply Theorem 5.5 on the balls B%R and B%R, which is
possible after slightly changing the radii. Subsequently we use Theorem 5.5 to estimate
the LP norm of Vu and Lemma 2.7 to increase %R in the tail-term to R. In this way, we
obtain

N[ _N .
IVl 1) < CRY (R 3 Vullinpy ) + % (Il (5, + Tail(u: 3R)) |
N _q s— N 1 .
< CRTTRTF (L= 8)7 [Wlwes (s + lulle (5 + Tail(us R))
This finishes the proof of Theorem 1.4. O
5.8. Almost Lipschitz continuity and improved fractional differentiability

By Morrey’s embedding the W1 9-regularity result obtained in Theorem 1.4 immedi-
ately implies that solutions are Holder continuous for any Holder exponent v € (0, 1).
This is exactly the content of Theorem 1.5.

Proof of Theorem 1.5. From Theorem 5.11 we know u € Wli)cq(Q) for any ¢ > p. There-
fore, by Morrey’s embedding, Lemma 2.20, we conclude that u € C°7(Q) for any
~v € (0,1). Now, fix some v € (0,1) and consider a ball Bg = Br(z,) € Q. Apply-

ing in turn Lemma 2.20 with the choice ¢ = % and Theorem 5.11, we obtain the
quantitative estimate
[U]COW(B%R) = [U]Co,lfg(BlR) < CHVUHL‘I(B%R)

N
P

N_q[ e 1 .
<CRT! [R (1= )% [ulwer ) + lllzo (B + Tail (u; R)].
Recalling the choice of ¢, we conclude the claimed inequality. O

Theorem 1.4 ensures that weak solutions admit a gradient in L7 for any ¢ > p. This
result can still be improved, in the sense that the gradient is fractional differentiable to
a certain power.

Proposition 5.13 (W"4-gradient regularity). Let p € [2,00) and s € (”}'%2, 1). Then, for
any locally bounded, local weak solution u € WS¥(€2) N LEH(RN) of (1.1) in the sense
of Definition 2.1 we have

—(p—2
VueWEH@)  forany g€ fp.oo) andore (0,222

Moreover, there exists a constant C = C(N,p,s,q,«) such that for any ball Br =
Bgr(z,) € Q and any r € (0, R), we have
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C R N+q+1
q
[Vullyaas,) < Rt <R — r) K¢

where K is defined in (5.12) and the constant is of the form C = %.
Proof. Throughout the proof we abbreviate g := W and fix some a € (0, 3).
By Theorem 1.4 we know that u € WIECQ(Q) for any ¢ > p. This allows us to apply
Proposition 5.8 on any pair of concentric balls B, € Br € {2 to conclude that Vu €
W®4(B,) with the quantitative estimate

C(N,p,q) R\ Ntat
q < ) q
[VU]Wa,q(B,.) = saBi(f—a)(l— a)qRq(Hﬁ) (R ) K

—r
This proves the claim. O

Remark 5.14. At this point, it is certainly appropriate to compare the W*9-estimate
with known results from the local case in order to better understand the significance of
the statement. We start with the special case ¢ = p. In this case the constraint on «
reduces to 0 < a < f:=s— ”1.%2. For the limit we get

This implies that the constant in the W<P-estimate remains stable in the limit s 1 1.
Indeed, we have

. 1 _(2\? 1
T s (p) a2 = a)(1—a)’

and the formal limiting condition for the order of fractional differentiability is 0 < a < ]%
This, however, is exactly the condition that appears in the context of weak solu-
tions to the local p-Laplacian for p > 2. In fact, a classical result for p-harmonic
functions [10,64,65] ensures that |Vu|"2" Vu € WL 2(Q,RY). This higher differentia-
bility can be converted into fractional differentiability by a standard argument, namely,
Vu € W2F(Q,RY) for every 0 < a < %. This is exactly the outcome that is formally
obtained from Theorem 5.13 in the limit s 1 1.

Next, we consider the case ¢ > p. Here, Theorem 5.13 ensures that Vu € W2.7(€, RY)

C
for any 0 < a < ’E’(sf pp;g) In the limit s 1 1 we have
P p—2\ _2
hm—(s——) = -,
sT1 q p

so that the constant in the W®P-estimate remains stable in the limit s 1 1. In fact, we
have
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1
lim

2\ ¢ 1
st1 af9(f — a)(l — a)? - (5) a(% —a)(1—a)t’

The formal limiting condition for the order of fractional differentiability is 0 < a < 2
This exactly coincides with the condition that appears in the context of weak solu-
tions to the local p-Laplacian equation [30,58]. There it was shown that Vu|*z" Vu €
WS)CQ (Q,RY) for any ¢ > p. More precisely, the result from [58] ensures for N > 2,

p>1,and o > —1 — N;l that for any local weak p-harmonic function u € W1?(Q)
L2((), RN). This weak differentiability can be converted into

loc

fractional differentlablhty, that is, Vu € W29(Q,RY) for every 0 < o < %. Observe that

loc
this is again the outcome that is formally obtained from Theorem 5.13 in the limit s 1 1.

In the local case the assertions concerning the fractional differentiability are a conse-
quence of the weak differentiability of |Vu| “3*Vu and the elementary inequality

14"=° A~ |B|"*" B > &5 |A— B|, forq>2, A BeR",

which itself follows from Lemma 2.2. In fact, we have

// V()| =" Vu(z) — [Vu(y)| 7 Vu(y)|”

|N+2% dzdy.

[ ]W““(BR) = ‘m_
BRXBR
The right-hand side is finite provided we have 0 < %qa < 1. This follows by using

Lemma 2.8 and |Vu|*z Ve Wb 2(). But this means that « has to satisfy 0 < o < %.

loc

At this point Theorem 1.6 is obtained by joining the quantitative estimates from
Theorem 1.4 and Proposition 5.13.
Proof of Theorem 1.6. The qualitative statement asserting that Vu € W2:4(Q2) for any
q € [p,o0) and «a € (0,8) with g = w has already been established in Proposi-
tion 5.13. The quantitative estimate follows by joining the ones from Proposition 5.13
and Theorem 1.4 and using Lemma 2.7 to increase %R in the tail-term to R. Namely,

Ch
[Vuliy, 9(Byg) = = ROtan [Rq / [Vul? dz + RY (Jlull 1o (5) + Tail (u; 4R))q}

ZR
CngRN sg—Na q .
< Rty [R T (1-s)r [u}ivs,p<BR) + (lull oo (Br) + Tall(U;R))q}

where C; denotes the constant from Theorem 1.4, while C5 denotes the one from Propo-
sition 5.13. Tracing back the dependency of the constants, we observe that C5 is stable
in the limit s T 1 and blows up as s | ”1.%2 and C1 is of the form

_ C(N,p,q)
= BB -
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Hence, the resulting constant is stable as s T 1 and blows up as s | pp%2 and « 1 8. This
finishes the proof of Theorem 1.6. O
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