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1. Introduction

In this paper we study higher Sobolev and Hölder regularity of locally bounded, local 
weak solutions of the fractional p-Laplace equation of order s ∈ (0, 1) and p ≥ 2 on a 
bounded domain Ω ⊂ RN with dimension N ≥ 2:

(−Δp)su(y) := p.v.
ˆ

RN

2|u(x) − u(y)|p−2(u(x) − u(y))
|x− y|N+sp

dx = 0. (1.1)

For the precise notion of weak solution we refer to Definition 2.1. Recently, much at
tention has been paid to this kind of nonlocal operators. The interest stems from their 
challenging, mathematical structures and their connections with concrete applications, 
such as continuum mechanics, phase transition, population dynamics, optimal control 
and game theory. To our knowledge, operators of this type were first introduced in [5,42].

Our main results are divided into two parts according to the regime of s, namely 
either s ∈ (p−2

p , 1) or s ∈ (0, p−2
p ]. In the first part, we establish that ∇u belongs to the 

fractional Sobolev space W β,q
loc (Ω) for any q ≥ p and any β ∈ (0, p

q (s− p−2
p )). In particular, 

∇u belongs to Lq
loc(Ω) for any q ≥ p; a direct consequence of this result is that u ∈

C0,α
loc (Ω) for any α ∈ (0, 1). Precise local estimates will be presented in Theorems 1.3, 1.4

and 1.6 regarding the claimed gradient regularity properties and Theorem 1.5 regarding 
the almost Lipschitz continuity of u. All these estimates are stable as s ↑ 1. In the 
second part, it is unknown if ∇u exists in the Sobolev sense. However, the fractional 
differentiability order s has been improved to any number less than sp 

p−2 , whereas the 
integrability order q can be any number larger than p, namely u ∈ W γ,q

loc (Ω) for any 
q ≥ p and γ ∈ [s, sp 

p−2 ). As a corollary, we have u ∈ C0,γ
loc (Ω) for any γ ∈ (0, sp 

p−2 ). Precise 
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estimates regarding the regularity properties of the second part are given in Theorems 1.1
and 1.2.

From a variational point of view, the fractional p-Laplace operator (1.1) can be con
sidered as a non-local cousin of the classical p-Laplace operator

− div
(
|∇u|p−2∇u

)
= 0. (1.2)

Classical results of Uraltseva [65] (for equations) and Uhlenbeck [64] (for systems) state 
that the gradient of local weak solutions of (1.2) is locally Hölder continuous. Such a 
regularity result lays the foundation for a number of further theories. Nevertheless, up 
to now it is still elusive whether an analogue of this result holds true for the fractional 
p-Laplace operator (1.1). In fact, it is even far from trivial to assert that ∇u exists in 
the Sobolev sense. To our best knowledge, this was confirmed by Brasco & Lindgren; 
they established that when s ∈ (p−1

p , 1), ∇u ∈ Lp
loc(Ω) for globally bounded solutions, 

cf. [13, Corollary 1.8]; moreover, the range of s can be improved to s ∈ (p−1
p+1 , 1) if u is a 

solution of a certain Dirichlet problem, cf. [13, Corollary 1.9].
Our main contribution significantly improves this result and establishes the higher 

integrability of ∇u under a wider range of s, namely ∇u ∈ Lq
loc(Ω) for any q ≥ p and 

any s ∈ (p−2
p , 1). Moreover, this improvement is achieved under the mere notion of local 

solution, and no additional assumption is imposed on the solution’s global behavior.
Another classical result states that any local solution of (1.2) satisfies that 

|∇u| p−2
2 ∇u ∈ W 1,2

loc (Ω); see [10,64,65]. This higher differentiability can be converted 
into fractional differentiability by a standard argument, that is ∇u ∈ W β,p

loc (Ω,RN )
for any 0 < β < 2 

p , cf. Remark 5.14. Our result indicates particularly that when 

s ∈ (p−2
p , 1), local solutions of the fractional p-Laplacian (1.1) satisfy ∇u ∈ W β,p

loc (Ω) for 
any β ∈ (0, s − p−2

p ), and thus formally recovers the classical result in the limit s ↑ 1. 
In this sense our range of β is sharper than the one obtained previously by Brasco & 
Lindgren [13, Corollaries 1.8 & 1.9]. Moreover, our approach dispenses with any addi
tional assumption on the solution’s global behavior and relies solely on the notion of 
local solution.

Last but not least, we have substantially improved the higher Hölder regularity for 
solutions of the fractional p-Laplace equation (1.1) as well. Indeed, the Hölder expo
nent has been improved to any number less than min{1, sp 

p−2} in contrast to the known 
min{1, sp 

p−1}. In particular, the ``almost Lipschitz'' regularity improves the one obtained 
by Brasco & Lindgren & Schikorra [14, Theorem 5.2] in the sense that the admissible 
range of s has been extended from [p−1

p , 1) to [p−2
p , 1). In the particular case p = 2

we thus recover the whole range s ∈ (0, 1), which is in perfect accordance with known 
regularity theory for the fractional Laplacian.

Examining the effect of an inhomogeneous term on the right-hand side of (1.1) has 
been considered in [13,14]. Interesting though it is, we decide to concentrate on the 
homogeneous equation in this manuscript. We believe our new techniques can also be 
applied to such a case.
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The effort poured in this manuscript induces further study regarding the gradient 
regularity for the fractional p-Laplace equation (1.1). Our next step is to have a more 
complete picture concerning the higher regularity theory. In particular, we would like 
to generalize the results to equations with more general kernels, and to examine the 
case p < 2 as well. We expect similar results to hold in the whole range s ∈ (0, 1) and 
p ∈ (1, 2).

1.1. Statement of the main results

The main results differ depending on which regime of the fractional differentiability 
order s is considered. It turns out that the case p > 2 and s ∈ (0, p−2

p ) deviates sig
nificantly from the case p ≥ 2 and s ∈ (p−2

p , 1). First, we present the main result for 
the range s ∈ (0, p−2

p ]. This guarantees that for locally bounded, weak solutions of the 
fractional (s, p)-Laplace equation, the integrability can be improved to any q ≥ p as well 
as the fractional differentiability to any γ ∈ [s, sp 

p−2 ). The precise statement is as follows; 
for the definition of Tail(u;R) we refer to (2.1) below.

Theorem 1.1 (Almost W
sp 

p−2 ,q-regularity). Let p ∈ (2,∞), and s ∈ (0, p−2
p ]. Then, for 

any locally bounded, local weak solution u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) of (1.1) in the sense 
of Definition 2.1, we have

u ∈ W γ,q
loc (Ω) for any q ∈ [p,∞), and γ ∈

[
s,

sp 
p− 2

)
.

Moreover, there exists a universal constant C = C(N, p, s, q, γ) ≥ 1, such that for any 
ball BR ≡ BR(xo) ⋐ Ω we have

[u]Wγ,q(B 1
2R

) ≤
C

Rγ

[
Rs−N( 1 

p− 1 
q )[u]W s,p(BR) + R

N
q
(
‖u‖L∞(BR) + Tail(u;R)

)]
.

The constant C blows up as γ ↑ sp 
p−2 . �

Using the previous theorem and the Morrey-type embedding for fractional Sobolev 
spaces, we immediately obtain that locally bounded, local weak solutions of the fractional 
(s, p)-Laplace equation in the range s ∈ (0, p−2

p ] are locally Hölder continuous with any 
exponent γ ∈ (0, sp 

p−2 ). The precise statement is as follows.

Theorem 1.2 (Almost C0, sp 
p−2 -regularity). Let p ∈ (2,∞) and s ∈ (0, p−2

p ]. Then, for any 
locally bounded, local weak solution u ∈ W s,p

loc (Ω) ∩ Lp−1
sp (RN ) of (1.1) in the sense of 

Definition 2.1, we have

u ∈ C0,γ
loc (Ω) for any γ ∈

(
0, sp 

p− 2

)
.
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Moreover, there exists a universal constant C = C(N, p, s, γ) ≥ 1, such that for any ball 
BR ≡ BR(xo) ⋐ Ω we have

[u]C0,γ(B 1
2R

) ≤
C

Rγ

[
Rs−N

p [u]W s,p(BR) + ‖u‖L∞(BR) + Tail(u;R)
]
.

The constant C blows up as γ ↑ sp 
p−2 . �

In the case of p ≥ 2 and s ∈ (p−2
p , 1), better regularity properties of local weak 

solutions can be achieved. The first result concerns the gradient regularity in Lp. Roughly 
speaking, it states that for locally bounded, local weak solutions u of the (s, p)-Laplace 
equation, the weak gradient ∇u exists and is locally in Lp(Ω,RN ).

Theorem 1.3 (Lp-gradient regularity). Let p ≥ 2 and s ∈ (p−2
p , 1). Then, for any locally 

bounded, local weak solution u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) of (1.1) in the sense of Defini
tion 2.1, we have

u ∈ W 1,p
loc (Ω).

Moreover, there exists a universal constant C = C(N, p, s), such that for any ball BR ≡
BR(xo) ⋐ Ω we have

‖∇u‖Lp(B 1
2R

) ≤
C

R

[
Rs(1 − s)

1 
p [u]W s,p(BR) + R

N
p 
(
‖u‖L∞(BR) + Tail(u;R)

)]
.

The constant C is stable as s ↑ 1 and blows up as s ↓ p−2
p . �

At this point the question naturally arises whether the Lp-gradient regularity of a 
locally bounded, local weak solutions to the fractional (s, p)-Laplace equation can be 
improved. This can in fact be answered positively. It turns out that for any q > p the 
Lq-gradient regularity holds. The higher gradient regularity is the core of the following 
theorem.

Theorem 1.4 (Lq-gradient regularity). Let p ∈ [2,∞) and s ∈ (p−2
p , 1). Then, for any 

locally bounded, local weak solution u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) of (1.1) in the sense of 
Definition 2.1, we have

u ∈ W 1,q
loc (Ω) for any q ∈ [p,∞).

Moreover, there exists a universal constant C = C(N, p, s, q), such that for any ball 
BR ≡ BR(xo) ⋐ Ω the quantitative Lq-gradient estimate

‖∇u‖Lq(B 1
2R

) ≤ CR
N
q −1
[
Rs−N

p (1 − s)
1 
p [u]W s,p(BR) + ‖u‖L∞(BR) + Tail(u;R)

]
holds true. The constant C is stable in the limit s ↑ 1 and blows up as s ↓ p−2

p .
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At this stage, the classical Morrey-type embedding for the Sobolev space W 1,q with 
q > N , implies that locally bounded, local weak solutions to the fractional (s, p)-Laplace 
equation in the regime s ∈ (p−2

p , 1) are locally Hölder continuous with exponent 1 − N
q . 

Since q can be chosen arbitrarily large by Theorem 1.4, this means Hölder continuity for 
any Hölder exponent in (0, 1).

Theorem 1.5 (Almost Lipschitz continuity). Let p ∈ [2,∞) and s ∈ (p−2
p , 1). Then, for 

any locally bounded, local weak solution u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) of (1.1) in the sense 
of Definition 2.1, we have

u ∈ C0,γ
loc (Ω) for any γ ∈ (0, 1).

Moreover, there exists a universal constant C = C(N, p, s, γ), such for any ball BR ≡
BR(xo) ⋐ Ω we have

[u]C0,γ(B 1
2R

) ≤
C

Rγ

[
Rs−N

p (1 − s)
1 
p [u]W s,p(BR) + ‖u‖L∞(BR) + Tail(u;R)

]
.

The constant C is stable as s ↑ 1 and blows up as s ↓ p−2
p . �

In analogy to the local p-Laplace equation, it can also be shown that the gradient 
∇u of a locally bounded, local weak solution u to the fractional (s, p)-Laplace equation 
admits a certain fractional differentiability. The precise result is as follows.

Theorem 1.6 (Almost W
sp−(p−2)

q ,q-gradient regularity). Let p ∈ [2,∞) and s ∈ (p−2
p , 1). 

Then, for any locally bounded, local weak solution u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) of (1.1) in 
the sense of Definition 2.1, we have

∇u ∈ Wα,q
loc (Ω) for any q ∈ [p,∞), and α ∈

(
0, sp− (p− 2)

q

)
.

Moreover, there exists a universal constant C = C(N, p, s, q, α) such that for any ball 
BR ≡ BR(xo) ⋐ Ω we have

[∇u]Wα,q(B 1
2R

) ≤
CR

N
q

R1+α

[
Rs−N

p (1 − s)
1 
p [u]W s,p(BR) + ‖u‖L∞(BR) + Tail(u;R)

]
.

The constant C is stable as s ↑ 1 and blows up as s ↓ p−2
p and α ↑ sp−(p−2)

q .

We expect analogous results to hold for the fractional p-Laplace system, or more 
generally for systems possessing Uhlenbeck structure. However, for general systems, the 
method breaks down, as certain delicate cancellation phenomena in the energy inequal
ities are no longer present. We point out that in the local setting, solutions to general 
elliptic systems may fail to be bounded; see [20].



V. Bögelein et al. / Journal of Functional Analysis 289 (2025) 111078 7

Finally, we note that all statements continue to hold in the case N = 1 but the 
stability of constants needs some special care which we refrain from; see Remarks 5.10
and 5.12 and the proof of Proposition 5.11.

1.2. Brief summary of state of the art

Since our results concern an elliptic problem, we refrain from discussing time
dependent problems which deserve an independent treatment. We start with an incom
plete overview of the results that are known in the case of linear non-local equations. 
The theory here is far less fragmented than for the fractional p-Laplace operator. The 
topic of inner regularity of the fractional Laplacian of order s and linear fractional oper
ators with more general kernels is still a very active field of research. It has attracted a 
lot of attention in recent years, as can be seen from the large and fast growing number 
of results. We refer, without being exhaustive at all, to the inner regularity results in 
[1,2,7,8,17,26,27,31,33,41,43,44,55,60--62]. In these works, the equations differ in terms of 
the assumptions made with respect to the integral kernel. However, a common feature is 
that essentially all of them considered integral operators of linear growth. Weak Harnack 
inequalities were studied in [31,44]. Global regularity, i.e. Cs-Hölder continuity up to the 
boundary, was studied [56,57]; see also [38,39]. Higher-order boundary regularity in the 
sense that u 

dists(·,∂Ω) is Hölder continuous on the closure of the domain Ω, was estab
lished in [1,2,38,39,56,57]. Gradient potential estimates have been obtained in [50] in the 
regime s ∈ (1

2 , 1); see also [24] for more general nonlocal equations of linear growth. On 
the other hand, regularity results on the scale of Lp-spaces can be found in [9,47,48]; 
see also [6]. For a similar result in case of the fractional p-Laplace with p ≥ 2 we refer 
to [59]. More precisely, a nonlocal self-improving property (fractional Gehring lemma) 
has been established. An interior Lp-regularity theory -- Calderón-Zygmund theory -- has 
been developed in [34,52]; see also [15,23]. For a Wiener-type criterion for boundary reg
ularity we refer to [45]. A Harnack inequality is established in [22], see also [17]. Lastly, 
for nonlinear fractional equations (including the fractional p-Laplacian), an existence, 
regularity and potential theory with measure data was developed in [49].

As already indicated, the regularity theory for the fractional p-Laplacian with p 
= 2 is 
far from well developed, and many of the basic questions are still unanswered. Concern
ing weak solutions, local boundedness and Hölder regularity with a qualitative Hölder 
exponent in the interior and at the boundary have been established in [21,46]. The re
sults cover the whole range of s ∈ (0, 1) and p ∈ (1,∞). For a similar result in the 
framework of viscosity solutions we refer to [51]. Higher order boundary regularity has 
been achieved for p ≥ 2 in [40]. In the super-quadratic case p ≥ 2 the fractional differ
entiability of weak solutions of the fractional (s, p)-Laplace equation has been improved 
quantitatively, whereas in the regime s ∈ (p−1

p , 1), the gradient of weak solutions exists 
in Lp and additionally exhibits a certain fractional differentiability; these are achieved 
in [13]. Still in the superquadratic case p ≥ 2, interior higher Hölder regularity with an 
explicit Hölder exponent was established in [14]. More precisely, in the regime s ∈ (0, p−1

p ]



8 V. Bögelein et al. / Journal of Functional Analysis 289 (2025) 111078 

weak solutions are almost C0, sp 
p−1

loc , while in the range s ∈ (p−1
p , 1) solutions are almost 

Lipschitz continuous. This kind of higher Hölder regularity has been recently extended 
in [35] to the subquadratic case 1 < p < 2 with the same threshold with respect to s and 
p. To our knowledge, these are the state of the art regarding the higher Hölder regularity.

1.3. Novel techniques

To our knowledge, a method of difference quotients in the context of fractional (s, p)
Laplace equations has first been implemented in the pioneering work [13] of Brasco & 
Lindgren, which deals with the higher Sobolev regularity; see [16] for a different nonlocal 
equation. Later, a separate yet similar program is carried out to deal with the higher 
Hölder regularity in [14] by Brasco & Lindgren & Schikorra. Their program features 
finite iterations in Besov-type spaces. Although our approach also relies on a difference 
quotient technique, the overall strategy differs dramatically from the one used in [13,14].

Amongst other things, a novel tail estimate plays a pivotal role in our approach. It 
nicely captures the long-range behavior of solutions in the finite difference scheme and 
permits us to efficiently run iterations at various stages. More importantly, together 
with our new iteration technique, it allows us to concentrate on the higher Sobolev 
regularity, whereas the higher Hölder regularity is deduced upon applying the Morrey
type imbedding in the last step. This technical route, granted by the tail estimate, sets 
our approach apart from the existing one. In fact, to understand our approach, it is 
instructive to keep in mind the following imbedding:

u ∈ W γ,q
loc (Ω), γq > N =⇒ u ∈ C

γ−N
q

loc (Ω).

It holds true no matter whether γ ∈ (0, 1) or γ = 1.
The novel tail estimate also gives birth to a natural dichotomy that distinguishes 

the existence of ∇u or not. Indeed, it ensures sufficient amount of gain in fractional 
differentiability for each step of our iteration and allows us to approach the limiting 
order sp 

p−2 . If s ∈ (p−2
p , 1), the limiting order exceeds 1, and hence the W 1,p-regularity 

follows. We refer the reader to the beginning of §5.1 for more explanation on this iteration 
technique.

The next step hinges upon improving the integrability exponent from p to any number 
q > p. The arguments for s ∈ (0, p−2

p ] and for s ∈ (p−2
p , 1) are different. For the former 

case, we refer to the beginning of §4.1 for an explanation, whereas the underlying idea of 
the latter case is somewhat similar to a Moser-type iteration scheme. Indeed, assuming 
that ∇u ∈ Lq

loc(Ω) for some q ≥ p, we establish an improved estimate for the second
order finite differences, which joint with a result of Stein gives ∇u ∈ Wα,q

loc (Ω) for a 

small differentiability order α. In turn, this implies ∇u ∈ L
Nq 

N−αq

loc (Ω) by the Sobolev-type 
embedding for fractional spaces. Such a procedure is then iterated finite times until the 
desired integrability exponent is reached. Differently from Moser’s iteration for the local 
p-Laplace equation, our argument cannot be iterated infinitely many times.
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Finally, we stress that, to our knowledge, the tail estimate is completely new and has 
the potential to be one of the key ingredients also for other regularity results in the 
context of fractional differential equations.
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2. Preliminaries

2.1. Notation and definitions

Throughout the manuscript C denotes a generic constant which can change from 
line to line. In the statements and also in the proofs, we trace the dependencies of the 
constants in terms of the data. We indicate the dependencies by writing, for instance, 
C = C(N, p, s) if C depends on N, p and s. Next, we denote BR(xo) ⊂ RN to be the 
ball of radius R and center xo in RN , whereas we define

KR(xo) := BR(xo) ×BR(xo).

We use this notation at various points to give the double integrals a more compact form.
Let Ω ⊂ RN be a bounded open set and α ∈ (0, 1). For a function w : Ω → R we un

derstand by w ∈ C0,α
loc (Ω) that for any ball BR(xo) ⋐ Ω we have that w ∈ C0,α(BR(xo)

)
holds. Moreover, we denote the semi-norm

[w]C0,α(BR(xo)) := sup 
x�=y∈BR(xo)

|w(x) − w(y)|
|x− y|α .

We also introduce the fractional Sobolev space W γ,q(Ω) with some q ∈ [1,∞) and 
γ ∈ (0, 1). A measurable function w : Ω → R belongs to the fractional Sobolev space 
W γ,q(Ω) if and only if

‖w‖Wγ,q(Ω) := ‖w‖Lq(Ω) + [w]Wγ,q(Ω) < ∞,

where the semi-norm is defined as
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[w]Wγ,q(Ω) :=
[ ¨
Ω×Ω

|w(x) − w(y)|q
|x− y|N+γq

dxdy
] 1 

q

.

Some useful results concerning fractional Sobolev spaces are collected in §2.4; for more 
information we refer to [25].

For q > 0 and γ > 0 the Tail space Lq
γ(RN ) consist of all w ∈ Lq

loc(RN ) that satisfy

ˆ

RN

|w|q
(1 + |x|)N+γ

dx < ∞.

The following quantity -- called the tail -- measures the global behavior of a function 
w belonging to the tail space Lp−1

sp (RN ). It plays an essential role in our quantitative 
estimates.

Tail(u;xo, R) :=
[
Rsp

ˆ

RN\BR(xo)

|u(x)|p−1

|x− xo|N+sp
dx
] 1 

p−1

. (2.1)

It is not difficult to show that Tail(u;xo, R) < ∞ whenever u ∈ Lp−1
sp (RN ). If xo = 0 or 

if the center point is clear from the context, we omit it in the notation.
Our notion of solution is local in nature.

Definition 2.1 (Local weak solution). Let Ω ⊂ RN be bounded open set, p ∈ (1,∞) and 
s ∈ (0, 1). A function u ∈ W s,p

loc (Ω) ∩ Lp−1
sp (RN ) is a local weak solution of (1.1) in Ω if 

and only if
¨

RN×RN

|u(x) − u(y)|p−2(u(x) − u(y))(ϕ(x) − ϕ(y))
|x− y|N+sp

dxdy = 0 (2.2)

for every ϕ ∈ W s,p(Ω) compactly supported in Ω and extended to 0 outside Ω.

2.2. Algebraic inequalities

In this section we will summarize the algebraic inequalities that will be used in the rest 
of the paper. In regularity theory, optimal algebraic inequalities are crucial for estimation.

To begin with, for γ ∈ (0,∞) we define

Vγ(a) := |a|γ−1a, for a ∈ R.

If a = 0 we set Vγ(a) = 0 also for γ ∈ (0, 1). The basic algebraic inequality relating the 
difference |Vγ(b) − Vγ(a)| to |a − b| can be found in [3, Lemma 2.1] for γ ∈ (0, 1), and 
[36, Lemma 2.2] for γ ∈ (1,∞). The stated values of the constants can be derived by a 
careful inspection of the proofs.
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Lemma 2.2. For any γ > 0, and for all a, b ∈ R, we have

C1(|a| + |b|)γ−1|b− a| ≤ |Vγ(b) − Vγ(a)| ≤ C2(|a| + |b|)γ−1|b− a|,

where

C1 =
{

γ, if γ ∈ (0, 1],

21−γ , if γ ∈ [1,∞),
C2 =
{

21−γ , if γ ∈ (0, 1],

γ, if γ ∈ [1,∞).

The next algebraic inequality somehow represents the ellipticity contained in the frac
tional p-Laplace equation. In contrast to [14, Lemma A.6], we work directly with the 
expression obtained by testing. More precisely, this means that in the proof of the en
ergy inequality, e and f take over the role of η(x + h) and η(x). The advantage of this 
algebraic inequality in comparison with [14, Lemma A.6] is that the essential steps in 
the estimation of the fractional p-Laplacian from below are outsourced into the algebraic 
inequality.

Lemma 2.3. Let p ≥ 2 and δ ≥ 1. Then there exists a constant C = C̃(p)2δ, such that 
whenever a, b, c, d ∈ R and e, f ∈ R≥0, we have(

Vp−1(a− b) − Vp−1(c− d)
)(
Vδ(a− c)e2 − Vδ(b− d)f2)

≥ 1 
C I − C

(
|a− b| + |c− d|

)p−2(|a− c| + |b− d|
)δ+1|e− f |2,

where

I :=
(
|a− b| + |c− d|

)p−2(|a− c| + |b− d|
)δ−1∣∣(a− c) − (b− d)

∣∣2(e2 + f2).
Proof. We first rewrite the left-hand side of the desired inequality in the form

1
2
(
Vp−1(a− b) − Vp−1(c− d)

)(
Vδ(a− c) − Vδ(b− d)

)(
e2 + f2)

+ 1
2
(
Vp−1(a− b) − Vp−1(c− d)

)(
Vδ(a− c) + Vδ(b− d)

)(
e2 − f2).

The first summand is non-negative due to the monotonicity; cf. [14, Lemma A.5]. This 
means that the multiplicative factors Vp−1(a− b)−Vp−1(c− d) and Vδ(a− c)−Vδ(b− d)
must have the same sign. Without loss of generality, we assume that both are non
negative. Indeed, if they are both negative, we simply switch the order of the summands 
in the two factors. To each factor we apply Lemma 2.2 (first with exponent p − 1 and 
then with δ) to conclude

C1(p− 1) ≤ Vp−1(a− b) − Vp−1(c− d) (
|a− b| + |c− d|

)p−2|(a− c) − (b− d)|
≤ C2(p− 1)

and
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C1(δ) ≤
Vδ(a− c) − Vδ(b− d) (

|a− c| + |b− d|
)δ−1|(a− c) − (b− d)|

≤ C2(δ).

This leads to the following lower bound for the above-mentioned first term

1
2
(
Vp−1(a− b) − Vp−1(c− d)

)(
Vδ(a− c) − Vδ(b− d)

)(
e2 + f2)

≥ 1
2C1(p− 1)C1(δ)I.

Similarly, using the upper bound for Vp−1 we estimate the second term from above

1
2
(
Vp−1(a− b) − Vp−1(c− d)

)(
Vδ(a− c) + Vδ(b− d)

)(
e2 − f2)

≤ 1
2C2(p− 1)

(
|a− b| + |c− d|

)p−2|(a− c) − (b− d)|
·
(
|a− c|δ + |b− d|δ

)
|e− f |(e + f)

≤ 1
2C2(p− 1)

(
|a− b| + |c− d|

)p−2|(a− c) − (b− d)|

·
(
|a− c| + |b− d|

)δ|e− f |(e + f)

=: 1
2C2(p− 1)II.

To proceed further, we use Young’s inequality to estimate

C2(p− 1)|(a− c) − (b− d)|(e + f)
(
|a− c| + |b− d|

)
|e− f |

≤ 1
2ε|(a− c) − (b− d)|2(e + f)2 + C2(p−1)2

2ε 
(
|a− c| + |b− d|

)2(e− f)2

≤ ε|(a− c) − (b− d)|2
(
e2 + f2)+ C2(p−1)2

2ε 
(
|a− c| + |b− d|

)2(e− f)2.

Therefore, we get

C2(p− 1)II

≤
(
|a− b| + |c− d|

)p−2(|a− c| + |b− d|
)δ−1

·
[
ε|(a− c) − (b− d)|2

(
e2 + f2)+ C2(p−1)2

2ε 
(
|a− c| + |b− d|

)2(e− f)2
]

= εI + C2(p−1)2
2ε 
(
|a− b| + |c− d|

)p−2(|a− c| + |b− d|
)δ+1(e− f)2.

Joining the preceding estimates finally results in(
Vp−1(a− b) − Vp−1(c− d)

)(
Vδ(a− c)e2 − Vδ(b− d)f2)

≥ 1
2
(
C1(p− 1)C1(δ) − ε

)
I

− C2(p−1)2
4ε 
(
|a− b| + |c− d|

)p−2(|a− c| + |b− d|
)δ+1(e− f)2.

Here, we choose ε := 1
2C1(p− 1)C1(δ) and obtain
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(
Vp−1(a− b) − Vp−1(c− d)

)(
Vδ(a− c)e2 − Vδ(b− d)f2)

≥ C1(p−1)C1(δ)
4 I

− C2(p−1)2
2C1(p−1)C1(δ)

(
|a− b| + |c− d|

)p−2(|a− c| + |b− d|
)δ+1(e− f)2.

This proves the desired estimate. �
Lemma 2.4. Let γ ≥ 1, A,B ∈ R and e, f ∈ R≥0. Then we have

|A−B|γ
(
eγ + fγ

)
≥ 22−γ |Ae−Bf |γ − 21−γ |A + B|γ |e− f |γ .

Proof. By using the convexity of t �→ tγ twice, we obtain

|Ae−Bf |γ =
∣∣ 1
2(A−B)(e + f) + 1

2 (A + B)(e− f)
∣∣γ

≤ 1
2 |A−B|γ(e + f)γ + 1

2 |A + B|γ |e− f |γ

≤ 2γ−2|A−B|γ
(
eγ + fγ

)
+ 1

2 |A + B|γ |e− f |γ .

Multiplication by 22−γ yields the assertion. �
2.3. Some integral estimates

The first result ensures that a certain integral exists.

Lemma 2.5. Let 0 < β < N , and Ω ⊂ RN measurable with |Ω| < ∞. Then, for any 
x ∈ RN we have

ˆ

Ω 

1 
|x− y|N−β

dy ≤ ωN

β

(N |Ω|
ωN

) β
N

,

where ωN := |SN−1
1 | = N |B1| denotes the (N − 1)-dimensional surface measure of the 

unit sphere in RN . In the case of a ball BR(xo) = Ω, we have
ˆ

BR(xo)

1 
|x− y|N−β

dy ≤ ωN

β
Rβ .

Remark 2.6. If β ≥ N , i.e. N − β ≤ 0, the result is simpler. In fact, for x ∈ BR(xo) we 
have

ˆ

BR(xo)

1 
|x− y|N−β

dy ≤
ˆ

B2R(x)

1 
|x− y|N−β

dy = ωN

β
(2R)β .

The following lemma can be inferred from [14, Lemma 2.3].
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Lemma 2.7. Let p ∈ (1,∞) and s ∈ (0, 1). Then, for any u ∈ Lp−1
sp (RN ), any ball 

BR ≡ BR(xo) ⋐ Ω and any r ∈ (0, R), we have

Tail(u;xo, r)p−1 ≤ C(N)
(R
r

)N(
Tail(u,R) + ‖u‖L∞(BR)

)p−1
.

Proof. Applying [14, Lemma 2.3] on two concentric balls Br(xo) ⋐ BR(xo), we obtain

Tail(u;xo, r)p−1 ≤
( r
R

)sp
Tail(u;xo, R)p−1 + r−N

ˆ

BR(xo)

|u|p−1 dx

≤
( r
R

)sp
Tail(u;xo, R)p−1 + |B1|

(R
r

)N
‖u‖p−1

L∞(BR)

≤ C(N)
(R
r

)N(
Tail(u,R)p−1 + ‖u‖p−1

L∞(BR)

)
≤ C(N)

(R
r

)N(
Tail(u,R) + ‖u‖L∞(BR)

)p−1
,

which proves the claim. �
2.4. Fractional Sobolev spaces

In the following, we summarize some statements concerning fractional Sobolev spaces 
that are useful for our purposes. We intend to avoid more function spaces, such as 
Nikol’skii and Besov spaces, and to limit ourselves to the essential functional estimates. 
For further information on this topic, we refer to [4,13,14]. We start with an embedding 
that ensures that W 1,q-functions also belong to W γ,q for any 0 < γ < 1. Since this is 
well-known, we omit the proof.

Lemma 2.8 (Embedding W 1,q ↪→ W γ,q). Let q ≥ 1 and γ ∈ (0, 1). Then for any w ∈
W 1,q(BR) we have

¨

BR×BR

|w(x) − w(y)|q
|x− y|N+γq

dxdy ≤ 8ωN
R(1−γ)q

(1 − γ)q

ˆ

BR

|∇w|q dx.

Remark 2.9. For γ ↑ 1 the following stability result holds

lim
γ↑1 

(1 − γ)
¨

BR×BR

|w(x) − w(y)|q
|x− y|N+γq

dxdy = C(N, q)
ˆ

BR

|∇w|q dx,

whenever w ∈ W 1,q(BR); see [11].

Next, we provide a fractional Sobolev-Poincaré inequality, which can be retrieved from 
[25, Theorem 6.7].
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Lemma 2.10 (Fractional Sobolev-Poincaré inequality). Let q ≥ 1, γ ∈ (0, 1), such that 
γq < N . Then, for any w ∈ W γ,q(BR) we have

[
−
ˆ

BR

∣∣w − (w)BR

∣∣ Nq 
N−qγ dx

]N−qγ
Nq 

≤ CRγ

[ ˆ
BR

−
ˆ

BR

|w(x) − w(y)|q
|x− y|N+qγ

dxdy
] 1 

q

,

where C = C(N, q, γ). �
Remark 2.11. To trace the stability as γ ↑ 1, the precise dependence of C in terms of γ
is crucial. From [12, Theorem 1], we have for γ ∈ [ 12 , 1) that

C(N, q, γ) =
[
C(N)(1 − γ)
(N − γq)q−1

] 1 
q

.

Remark 2.12. The above Fractional Sobolev-Poincaré inequality easily yields a variant 
without mean value in the left-hand side integral. In fact, under the same assumptions 
as in Lemma 2.10, we have

[
−
ˆ

BR

|w|
Nq 

N−qγ dx
]N−qγ

Nq 
≤ 2q−1

[
CqRqγ

ˆ

BR

−
ˆ

BR

|w(x) − w(y)|q
|x− y|N+qγ

dxdy + −
ˆ

BR

|w|qdx
]

for any w ∈ W γ,q(BR), where C = C(N, q, γ) is the constant from Lemma 2.10. �
2.5. Finite differences and fractional Sobolev spaces

For an open set Ω ⊂ RN , and a direction vector h ∈ RN , define Ωh := {x ∈ Ω : x+h ∈
Ω}. For measurable w : Ω → R, we denote by τh : L1(Ω) → L1(Ωh) the finite difference 
operator

τhw(x) := w(x + h) − w(x),

whenever h ∈ RN and x ∈ Ωh. If the direction is a fixed unit vector e ∈ RN , we write

τ
(e)
h w(x) := w(x + he) − w(x),

where h ∈ R now is a real number. If e is a canonical basis vector ei we write τ (i)
h w instead 

of τ (ei)
h w. At several points we will use two elementary properties of finite differences. 

These are summarized in [37, Lemma 7.23 & 7.24] and [32, Chap. 5.8.2].

Lemma 2.13. Let 1 < q < ∞, M > 0, and 0 < d < R. Then, any w ∈ Lq(BR) that 
satisfies
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ˆ

BR−d

∣∣τ (i)
h w
∣∣q dx ≤ Mq|h|q for any 0 < |h| ≤ d (2.3)

is weakly differentiable in direction xi on BR−d, and moreover
ˆ

BR−d

|Diw|q dx ≤ Mq.

If w satisfies (2.3) for any direction ei, then w ∈ W 1,q(BR−d). �
Lemma 2.14. Let 1 ≤ q < ∞ and 0 < d < R. Then, for any w ∈ W 1,q(BR), any 
i ∈ {1, . . . , N}, and any 0 < |h| ≤ d, we have∥∥τ (i)

h w
∥∥
Lq(BR−d) ≤ |h| ‖Diw‖Lq(BR).

Moreover, we have

lim 
|h|→0

∥∥∥τ (i)
h w

h 
−Diw

∥∥∥
Lq(BR−d)

= 0,

for any direction ei. �
In the context of fractional Sobolev spaces, W γ,q-functions fulfill an estimate for finite 

differences that is similar to the one from Lemma 2.14; see [13, Proposition 2.6].

Lemma 2.15. Let q ∈ (1,∞), γ ∈ (0, 1), and 0 < d < R. Then, there exists a constant 
C = C(N, q) such that for any w ∈ W γ,q(BR), we have

ˆ

BR−d

|τhw|q dx ≤ C |h|γq
[
(1 − γ)[w]qWγ,q(BR) +

(
R(1−γ)q

dq
+ 1 

γdγq

)
‖w‖qLq(BR)

]

for any h ∈ RN \ {0} that satisfies |h| ≤ d.

Finite differences can also be used to identify mappings with certain quantitative 
properties belonging to a fractional Sobolev space. Such a result can be interpreted as 
the fractional analogue of Lemma 2.13. We refer to [4, 7.73]. The version given here is 
from [19, Lemma 3.1].

Lemma 2.16. Let q ∈ [1,∞), γ ∈ (0, 1], M ≥ 1, and 0 < d < R. Then, there exists a 
constant C = C(N, q) such that whenever w ∈ Lq(BR+d) satisfies

ˆ

BR

|τhw|q dx ≤ Mq|h|γq for any h ∈ RN \ {0} with |h| ≤ d,



V. Bögelein et al. / Journal of Functional Analysis 289 (2025) 111078 17

then w ∈ W β,q(BR) whenever 0 < β < γ. Moreover, we have

¨

BR×BR

|w(x) − w(y)|q
|x− y|N+βq

dxdy ≤ C

[
d(γ−β)q

γ − β 
Mq + 1 

βdβq
‖w‖qLq(BR)

]
.

In the following we will introduce two lemmata that will help us to deal with second 
order differences in the fractional context. The results can essentially be retrieved from 
[63, Chapter 5]; see also [13, Proposition 2.4]. The proof is based on the thermic extension 
characterization of Besov spaces. A different proof of Lemma 2.17 can be found in [28, 
Lemma 2.2.1] (see also [29, Theorem 1.1]) in the context of the local p-Laplace equation 
on the Heisenberg group and where it serves to handle the horizontal derivative of weak 
solutions.

Lemma 2.17. Let q ∈ [1,∞), γ > 0, M ≥ 0, 0 < r < R, and 0 < d ≤ 1
2 (R − r). Then, 

there exists a constant C = C(q) such that whenever w ∈ Lq(BR) satisfies
ˆ

Br

|τh(τhw)|q dx ≤ Mq|h|γq, for any h ∈ RN \ {0} with |h| ≤ d, (2.4)

then in the case γ ∈ (0, 1) we have for any 0 < |h| ≤ 1
2d that

ˆ

Br

|τhw|q dx ≤ C(q)|h|qγ
[( M

1 − γ

)q
+ 1 

dqγ

ˆ

BR

|w|q dx
]
, (2.5)

while in the case γ > 1 there holds

ˆ

Br

|τhw|q dx ≤ C(q)|h|q
[( M

γ − 1

)q
d(γ−1)q + 1 

dq

ˆ

BR

|w|q dx
]
. (2.6)

In the limiting case γ = 1 we have for any 0 < β < 1 that

ˆ

Br

|τhw|q dx ≤ C(q)|h|qβ
[( M

1 − β

)q
d(1−β)q + 1 

dβq

ˆ

BR

|w|q dx
]
. (2.7)

Lemma 2.17 guarantees in the case γ > 1 that functions w satisfying (2.4) are indeed 
weakly differentiable. However, from the assumption on the second differences we loose 
an amount of the order |h|γ−1; roughly speaking, we pass from second order differences 
that are measured in terms of |h|γ to first order differences that are quantified in terms 
of |h|, which means that we control ∇w. The loss is of order |h|γ−1. The |h|γ−1-part 
controls the oscillations of ∇w in certain respects. Therefore, this part can be used to 
show that the gradient ∇w is fractionally differentiable. This is basically the contend of 
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the next lemma. The version presented here can be inferred from [24, Lemma 2.9] using 
the quasi-minimality of the mean value for the mapping ξ �→

´
BR

|w − ξ|q dx; see also 
[13, Proposition 2.4] and [14, Lemma 2.6].

Lemma 2.18. Let q ∈ [1,∞), γ ∈ (0, 1), M > 0, R > 0, and d ∈ (0, R). Then, for any 
w ∈ W 1,q(BR+6d) that satisfies

ˆ

BR+4d

∣∣τh(τhw)
∣∣q dx ≤ Mq|h|q(1+γ) ∀ 0 < |h| ∈ (0, d], (2.8)

we have

∇w ∈ W β,q(BR) for any β ∈ (0, γ).

Moreover, there exists a constant C depending only on N and q, such that

[∇w]q
Wβ,q(BR) ≤

Cdq(γ−β)

(γ − β)γq(1 − γ)q

[
Mq + (R + 4d)q

βdq(1+γ)

ˆ

BR+4d

|∇w|q dx
]
.

For γq > N we recall from [25, Theorem 8.2] the Morrey-type embedding

W γ,q(BR) ↪→ C0,γ−N
q (BR).

Applying the Morrey embedding on B1 to the rescaled function ũR = uR − (uR)B1 , 
where uR(x) = u(Rx + xo) and BR(xo) ⊂ RN and subsequently the fractional Poincaré 
inequality leads to the following Lemma; cf. [54, Proposition 2.2].

Lemma 2.19. Let q ≥ 1 and γ ∈ (0, 1) such that γq > N . Then there exists a constant 
C = C(N, q, γ) such that for any w ∈ W γ,q(BR) we have

[w]
C

0,γ−N
q (BR)

≤ C[w]Wγ,q(BR).

Finally, we state the well known Morrey embedding for Sobolev functions [53].

Lemma 2.20. Let q ≥ 1 such that q > N . Then there exists a constant C = C(N, q) such 
that for any w ∈ W 1,q(BR) we have

[w]
C

0,1−N
q (BR)

≤ C‖∇w‖Lq(BR).

3. Energy inequalities

The aim of this section is to derive energy estimates for finite differences on balls 
BR(xo) ⋐ Ω. In the course of the proof we have to control terms involving integrals 
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outside BR(xo), the so-called tail terms. These estimates will be derived in the following 
subsections.

3.1. Tail estimate for finite differences

In regularity theory, it is crucial for the proof of almost optimal statements to have 
the best possible energy inequalities at hand. For non-local fractional problems such as 
the fractional p-Laplace operator, unavoidable non-local terms, the so-called tail terms, 
occur after testing the equation. In our case, we test the equation with ϕ := Vδ(τhu)ηp, 
where δ ≥ 1, h ∈ RN \ {0} and η is a suitable cut-off function. This leads to a non-local 
term in which, among other things, the difference

Vp−1
(
u(x + h) − u(y + h)

)
− Vp−1

(
u(x) − u(y)

)
appears. Even if u is neither differentiable nor fractionally differentiable outside the 
domain Ω, this difference can be quantifiably exploited in terms of the step size |h| and 
the finite difference τhu. This is precisely the point where we succeed in extending the 
validity of the previously known regularity statements to the range s ∈ (p−2

p , 1) instead 

of s ∈ (p−1
p , 1). Since all our results are stable in the limit p ↓ 2 (actually we prove them 

directly for p ∈ [2,∞)), we obtain in the case p = 2 that all statements are valid for the 
whole range s ∈ (0, 1).

Lemma 3.1. Let p ∈ [2,∞) and s ∈ (0, 1). There exists a constant C = C(N, p, s) such 
that whenever u ∈ Lp−1

sp (RN ), xo ∈ RN , R > 0, r ∈ (0, R), and d ∈ (0, 1
4(R − r)], we 

have for any x ∈ B 1
2 (R+r)(xo) and any h ∈ RN \ {0} with 0 < |h| ≤ d that

∣∣∣∣ ˆ

RN\BR(xo)

Vp−1(uh(x) − uh(y)) − Vp−1(u(x) − u(y))
|x− y|N+sp

dy
∣∣∣∣

≤ C
|τhu(x)|

Rsp

( R

R− r

)N+sp

T p−2 + C
|h| 

Rsp+1

( R

R− r

)N+sp+1
T p−1, (3.1)

where we abbreviated uh(x) := u(x + h) and

T := ‖u‖L∞(BR+d(xo)) + Tail(u;xo, R + d).

In addition, the constant C has the form C = C̃(N, p)/s.

Proof. Instead of the center xo we consider balls centered at 0, and prove the inequality 
for the translated function x �→ u(x− xo). However, we still write u for simplicity, while 
keeping in mind that u is the translated function. Split the integral on the left side of 
(3.1) into two terms, and transform the first one using the transformation z = y + h to 
obtain
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ˆ

RN\BR(h)

Vp−1(uh(x) − u(y))
|x + h− y|N+sp

dy −
ˆ

RN\BR

Vp−1(u(x) − u(y))
|x− y|N+sp

dy

=
ˆ

RN\(BR(h)∪BR)

[
Vp−1(uh(x) − u(y))
|x + h− y|N+sp

− Vp−1(u(x) − u(y))
|x− y|N+sp

]
dy

+
ˆ

BR\BR(h)

Vp−1(uh(x) − u(y))
|x + h− y|N+sp

dy −
ˆ

BR(h)\BR

Vp−1(u(x) − u(y))
|x− y|N+sp

dy.

Applying absolute values on both sides and then the triangle inequality, it is clear that 
we end up with three integrals Ij , j = 1, 2, 3 on the right-hand side. To proceed, we treat 
the first of them. Indeed, observe that since |y| > R and |x| < 1

2 (R+ r), for any ξ ∈ B|h|
with 0 < |h| ≤ d ≤ 1

4 (R− r), we have

|x + ξ − y|
|y| ≥ 1 − |x|

|y| −
|ξ| 
|y| ≥ 1 − R + r

2R 
− d 

R
≥ R− r

4R 
. (3.2)

We apply the mean value theorem to the function [0, 1] � t �→ |x+ th− y|−N−sp to find 
some t ∈ [0, 1], such that∣∣∣∣ 1 

|x + h− y|N+sp
− 1 

|x− y|N+sp

∣∣∣∣ ≤ (N + sp)|h| 
|x + th− y|N+sp+1

≤ |h|
( 4R 
R− r

)N+sp+1 N + p 
|y|N+sp+1 .

Here, we used (3.2), which is possible since th ∈ B|h|. Now, we use the above observation 
together with Lemma 2.2 (choosing b = uh(x) − u(y), a = u(x) − u(y), γ = p − 1 ≥ 1, 
C2 = p− 1) to estimate the integrand of the first integral by

Vh :=
∣∣∣∣Vp−1(uh(x) − u(y))

|x + h− y|N+sp
− Vp−1(u(x) − u(y))

|x− y|N+sp

∣∣∣∣
≤
∣∣Vp−1(uh(x) − u(y))

∣∣∣∣∣∣ 1 
|x + h− y|N+sp

− 1 
|x− y|N+sp

∣∣∣∣
+ 1 

|x− y|N+sp

∣∣Vp−1(uh(x) − u(y)) − Vp−1(u(x) − u(y))
∣∣

≤ C|h|
( R

R− r

)N+sp+1 |uh(x) − u(y)|p−1

|y|N+sp+1

+ C
|τhu(x)| 

|x− y|N+sp

(
|uh(x) − u(y)| + |u(x) − u(y)|

)p−2

for a constant C = C(N, p). The second term on the right-hand side is straightforward 
to estimate. Indeed,
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Vh ≤ C|h|
( R

R− r

)N+sp+1 |uh(x)|p−1 + |u(y)|p−1

|y|N+sp+1

+ C
( R

R− r

)N+sp |τhu(x)|
|y|N+sp

(
|uh(x)| + |u(x)| + 2|u(y)|

)p−2
.

For the last inequality we used that |x− y| ≥ R−r
2R |y| for any |x| ≤ 1

2 (R+ r) and |y| > R. 
The constant C depends only on N and p. Consequently, the first integral is estimated 
by

I1 ≤ C|h|
( R

R− r

)N+sp+1 ˆ

RN\(BR(h)∪BR)

|uh(x)|p−1 + |u(y)|p−1

|y|N+sp+1 dy

+ C
( R

R− r

)N+sp

|τhu(x)|
ˆ

RN\(BR(h)∪BR)

(
|uh(x)| + |u(x)| + 2|u(y)|

)p−2

|y|N+sp
dy

≤ C|h|
( R

R− r

)N+sp+1 ˆ

RN\BR

‖u‖p−1
L∞(BR) + |u(y)|p−1

|y|N+sp+1 dy

+ C
( R

R− r

)N+sp

|τhu(x)|
ˆ

RN\BR

‖u‖p−2
L∞(BR) + |u(y)|p−2

|y|N+sp
dy

≤ C
|h| 

Rsp+1

( R

R− r

)N+sp+1
[

1 
sp+1‖u‖

p−1
L∞(BR) + Rsp

ˆ

RN\BR

|u(y)|p−1

|y|N+sp
dy
]

+ C
|τhu(x)|

Rsp

( R

R− r

)N+sp
[

1 
sp‖u‖

p−2
L∞(BR) + Rsp

ˆ

RN\BR

|u(y)|p−2

|y|N+sp
dy
]

≤ C
|h| 

Rsp+1

( R

R− r

)N+sp+1
T p−1 + C

s 
|τhu(x)|

Rsp

( R

R− r

)N+sp

T p−2.

Here, to obtain the last line, we used the definition of T , Hölder’s inequality and 
Lemma 2.7 (to estimate Tail(u;R) in terms of T ) as

ˆ

RN\BR

|u(y)|p−2

|y|N+sp
dy =

ˆ

RN\BR

|u(y)|p−2

|y|(N+sp) p−2
p−1

1 

|y|
N+sp
p−1 

dy

≤
[ ˆ

RN\BR

|u(y)|p−1

|y|N+sp
dy
] p−2

p−1
[ ˆ

RN\BR

1 
|y|N+sp

dy
] 1 

p−1

= C

(sp)
1 

p−1Rsp

[
Rsp

ˆ

RN\BR

|u(y)|p−1

|y|N+sp
dy
] p−2

p−1
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= C

(sp)
1 

p−1Rsp
Tail(u;R)p−2

≤ C

(sp)
1 

p−1Rsp

(R + d

R

) p−2
p−1NT p−2

≤ C

(sp)
1 

p−1Rsp
T p−2,

for a constant C = C(N, p), and (sp)1−
1 

p−1 = (sp)
p−2
p−1 ≤ p. To obtain the last line we 

used R+d
R ≤ 2.

To deal with the integral I2, we use the fact that |x| < 1
2 (R + r), |y − h| > R, and 

hence |x + h− y| ≥ |y − h| − |x| ≥ 1
2 (R− r). Consequently,

I2 =
ˆ

BR\BR(h)

∣∣Vp−1(uh(x) − u(y))
∣∣

|x + h− y|N+sp
dy

≤ C

(R− r)N+sp

ˆ

BR\BR(h)

(
|uh(x)|p−1 + |u(y)|p−1) dy

≤ C|h|RN−1

(R− r)N+sp
‖u‖p−1

L∞(BR).

Here, in the last line we also used that |BR \ BR(h)| ≤ C(N)|h|RN−1. Similarly, to 
deal with the integral I3, we use the fact that |x| < 1

2(R + r) and |y| > R, and hence 
|x− y| ≥ |y| − |x| ≥ 1

2 (R− r). Consequently,

I3 =
ˆ

BR(h)\BR

∣∣Vp−1(u(x) − u(y))
∣∣

|x− y|N+sp
dy

≤ C

(R− r)N+sp

ˆ

BR(h)\BR

(
|u(x)|p−1 + |u(y)|p−1)dy

≤ C|h|RN−1

(R− r)N+sp
‖u‖p−1

L∞(BR+d).

Note that the constants in the inequalities for I2 and I3 depend only on N and p. 
Collecting all these estimates concludes the proof. �
3.2. Energy inequalities for finite differences

As we will see, the tail estimate from Lemma 3.1 for finite differences plays an im
portant role in proving the energy inequality. In a certain sense, the exponents of the 
increment |h| and the finite difference |τhu| determine the gain in fractional differentia
bility of V p+δ−1

p (τhu), where δ ≥ 1. In order to derive local energy inequalities, we need a 
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localized version of this expression, i.e. instead of V p+δ−1
p (τhu), we consider ηV p+δ−1

p (τhu)
with some cut-off function η. To avoid constantly explaining the choice of the cut-off 
function η, we fix the class of cut-off functions in advance.

Definition 3.2 (The class of cut-off functions). Given xo ∈ RN and radii 0 < r < R, by 
Zr,R(xo) we denote the class of functions η ∈ C1

0
(
B 1

2 (R+r)(xo), [0, 1]
)

that satisfy η = 1
in Br(xo) and ‖∇η‖L∞(B 1

2 (R+r)(xo)) ≤ 4 
R−r . �

The first energy estimate is stated for any order s ∈ (0, 1). However, it will only be 
used in the regime s ∈ (p−2

p , 1), which is considered in §5.

Proposition 3.3 (First energy inequality). Let p ∈ [2,∞), s ∈ (0, 1), and δ ∈ [1,∞). 
There exists a constant C = C(N, p, s, δ) such that whenever u ∈ W s,p

loc (Ω)∩Lp−1
sp (RN ) is 

a locally bounded, local weak solution of (1.1) in the sense of Definition 2.1 that satisfies

u ∈ W
sp+δ−1
p+δ−1 ,p+δ−1

loc (Ω),

then for any 0 < r < R, d ∈ (0, 1
4 (R − r)], BR+d ≡ BR+d(xo) ⋐ Ω, η ∈ Zr,R(xo), and 

any step size 0 < |h| ≤ d we have the energy inequality

¨

KR

∣∣V p+δ−1
p (τhu(x))η(x) − V p+δ−1

p (τhu(y))η(y)
∣∣p

|x− y|N+sp
dxdy

≤ C

(R− r)2

[ ¨

KR+d

|u(x) − u(y)|p+δ−1

|x− y|N+sp+δ−1 dxdy
] p−2 

p+δ−1

·
[
R(1−s)p

1 − s 

ˆ

BR

|τhu|p+δ−1 dx
] δ+1 

p+δ−1

+ C

(1 − s)Rsp

( R

R− r

)N+sp

T p−2
ˆ

BR

|τhu|δ+1 dx

+ C|h| 
Rsp+1

( R

R− r

)N+sp+1
T p−1

ˆ

BR

|τhu|δ dx,

where

T := ‖u‖L∞(BR+d) + Tail(u;R + d).

The dependence of the constant C on δ is of the form C = C̃(N, p)s−18δδp.
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Proof. Consider xo ∈ Ω, 0 < r < R and d ∈ (0, 1
4 (R−r)] such that BR+d(xo) ⋐ Ω. Since 

xo is fixed we omit the reference to the center xo and write B� and K� instead of B�(xo)
and K�(xo). Let h ∈ RN \ {0} with |h| < d. Testing (2.2) with ϕ−h := ϕ(· − h) instead 
of ϕ, where ϕ ∈ W s,p(BR) with sptϕ ∈ B 1

2 (R+r), we conclude by discrete integration by 
parts that also uh := u(·+h) satisfies (2.2). Subtracting (2.2) with u from (2.2) with uh, 
we obtain

¨

RN×RN

(
Vp−1(uh(x) − uh(y)) − Vp−1(u(x) − u(y))

)
(ϕ(x) − ϕ(y))

|x− y|N+sp
dxdy = 0 (3.3)

for any ϕ ∈ W s,p(BR) with sptϕ ∈ B 1
2 (R+r). In (3.3) we now choose

ϕ := Vδ(τhu)ηp with δ ≥ 1 and η ∈ Zr,R(xo).

Since u is locally bounded, one can verify that ϕ ∈ W s,p(BR). Decomposing RN into 
BR and its complement RN \BR we obtain

0 =
¨

KR

(
Vp−1(Uh(x, y)) − Vp−1(U(x, y))

)(
Vδ(τhu)ηp(x) − Vδ(τhu)ηp(y)

)
|x− y|N+sp

dxdy

+
¨

B 1
2 (R+r)×(RN\BR)

(
Vp−1(Uh(x, y)) − Vp−1(U(x, y))

)
Vδ(τhu)ηp(x)

|x− y|N+sp
dxdy

−
¨

(RN\BR)×B 1
2 (R+r)

(
Vp−1(Uh(x, y)) − Vp−1(U(x, y))

)
Vδ(τhu)ηp(y)

|x− y|N+sp
dxdy.

Here, we abbreviated Uh(x, y) := uh(x) − uh(y) = −Uh(y, x) and U(x, y) := Uo(x, y). 
Furthermore, the term Vδ(τhu)ηp(x) is to be understood in such a way that the argument 
x appears in both factors, i.e. Vδ(τhu)ηp(x) = (Vδ(τhu)ηp)(x). Analogously, the same 
applies to Vδ(τhu)ηp(y). By interchanging the roles of x and y in the second integral, it 
can be seen that the second integral coincides with the last integral except for the sign. 
Therefore, we get

I = −2T, (3.4)

where

I :=
¨

KR

(
Vp−1(Uh(x, y)) − Vp−1(U(x, y))

)(
Vδ(τhu)ηp(x) − Vδ(τhu)ηp(y)

)
|x− y|N+sp

dxdy,

T :=
¨

B 1
2 (R+r)×(RN\BR)

(
Vp−1(Uh(x, y)) − Vp−1(U(x, y))

)
Vδ(τhu)ηp(x)

|x− y|N+sp
dxdy.
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Now, we turn our attention to the estimation of the local term I. Applying Lemma 2.3
with a = uh(x), b = uh(y), c = u(x), d = u(y), e = η

p
2 (x), and f = η

p
2 (y) we have

I ≥ 1 
C I1 − CI2

for a constant C = C̃(p)2δ. Here, we abbreviated

I1 :=
¨

KR

(|Uh(x, y)| + |U(x, y)|)p−2(|τhu(x)| + |τhu(y)|)δ−1

|x− y|N+sp

· |τhu(x) − τhu(y)|2
(
ηp(x) + ηp(y)︸ ︷︷ ︸

=: Θ(x,y) 

)
dxdy

and

I2 :=
¨

KR

(|Uh(x, y)| + |U(x, y)|)p−2(|τhu(x)| + |τhu(y)|)δ+1

|x− y|N+sp

·
∣∣η p

2 (x) − η
p
2 (y)
∣∣2 dxdy.

Since I = −2T as in (3.4), we obtain

I1 ≤ C̃(p)22δ[I2 + |T|
]
. (3.5)

Using the elementary inequality

(
|Uh(x, y)| + |U(x, y)|

)p−2 ≥
∣∣Uh(x, y) − U(x, y)

∣∣p−2 =
∣∣τhu(x) − τhu(y)

∣∣p−2
,

we can further estimate I1 from below. Using in turn also Lemma 2.2 with γ = δ−1
p + 1, 

a = τhu(x), and b = τhu(y), afterwards Lemma 2.4 with γ = p, A = V p+δ−1
p (τhu(x)), 

B = V p+δ−1
p (τhu(y)), e = η(x), and f = η(y), and finally the convexity of t �→ tp (note 

that we are dealing with the case p ≥ 2) we have

I1 ≥
¨

KR

(|τhu(x)| + |τhu(y)|)δ−1|τhu(x) − τhu(y)|pΘ(x, y)
|x− y|N+sp

dxdy

≥ 1 
δp

¨

KR

∣∣V p+δ−1
p (τhu(x)) − V p+δ−1

p (τhu(y))
∣∣p(ηp(x) + ηp(y)

)
|x− y|N+sp

dxdy

≥ 22−p

δp

¨

KR

∣∣V p+δ−1
p (τhu(x))η(x) − V p+δ−1

p (τhu(y))η(y)
∣∣p

|x− y|N+sp
dxdy
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− 21−p

δp

¨

KR

(
|τhu(x)|

p+δ−1
p + |τhu(y)|

p+δ−1
p 
)p|η(x) − η(y)|p

|x− y|N+sp
dxdy

≥ 22−p

δp

¨

KR

∣∣V p+δ−1
p (τhu(x))η(x) − V p+δ−1

p (τhu(y))η(y)
∣∣p

|x− y|N+sp
dxdy

− 1 
δp

¨

KR

(
|τhu(x)|p+δ−1 + |τhu(y)|p+δ−1)|η(x) − η(y)|p

|x− y|N+sp
dxdy

= I1,1 − I1,2,

with the obvious meaning of I1,1 and I1,2. In combination with (3.5) this yields

I1,1 ≤ C̃(p)22δ[I2 + |T|
]
+ I1,2. (3.6)

The integral I1,2 can be further estimated from above using the Lipschitz bound |η(x)−
η(y)| ≤ ‖∇η‖L∞ |x − y| ≤ 4 

R−r |x − y|, the symmetry of the resulting integral, and 
Lemma 2.5. This leads to

I1,2 ≤ 4p

δp(R− r)p

¨

KR

|τhu(x)|p+δ−1 + |τhu(y)|p+δ−1

|x− y|N+(s−1)p dxdy

= 22p+1

δp(R− r)p

¨

KR

|τhu(x)|p+δ−1

|x− y|N+(s−1)p dxdy

= 22p+1

δp(R− r)p

ˆ

BR

[ ˆ
BR

1 
|x− y|N+(s−1)p dy

︸ ︷︷ ︸
≤ ωN

(1−s)pR
(1−s)p

]
|τhu(x)|p+δ−1 dx

≤ ωN22p+1

δp(1 − s)p
R(1−s)p

(R− r)p

ˆ

BR

|τhu(x)|p+δ−1 dx

≤ ωN23p−1

δp(1 − s)p
R(1−s)p

(R− r)p ‖u‖
p−2
L∞(BR)

ˆ

BR

|τhu(x)|δ+1 dx.

In the following, we consider the integral I2. To the difference of the cut-off functions we 
apply Lemma 2.2 with γ = 1

2p and obtain

∣∣η p
2 (x) − η

p
2 (y)
∣∣2 ≤ C(p)

(
η(x) + η(y)

)p−2|η(x) − η(y)|2

≤ C(p) 
(R− r)2 |x− y|2.
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In the last line we used the assumption ‖∇η‖L∞ ≤ 4 
R−r . This reduces in I2 the exponent 

of |x − y| from N + sp to N + sp − 2 and hence allows for an application of Hölder’s 
inequality with exponents p+δ−1

δ+1 and p+δ−1
p−2 (which is necessary only if p > 2). For the 

application we decompose the exponent N + sp− 2 in the form

N + sp− 2 =
(
N − (1 − s)p

) δ + 1 
p + δ − 1 +

(
N + sp + δ − 1

) p− 2 
p + δ − 1 .

This leads to

I2 ≤ C(p) 
(R− r)2

¨

KR

(|Uh(x, y)| + |U(x, y)|)p−2(|τhu(x)| + |τhu(y)|)δ+1

|x− y|N+sp−2 dxdy

≤ C(p) 
(R− r)2

[¨
KR

(|τhu(x)| + |τhu(y)|)p+δ−1

|x− y|N−(1−s)p dxdy
] δ+1 

p+δ−1

·
[¨
KR

(|uh(x) − uh(y)| + |u(x) − u(y)|)p+δ−1

|x− y|N+sp+δ−1 dxdy
] p−2 

p+δ−1

. (3.7)

We estimate the integrand of the first integral using the convexity of t �→ tp+δ−1. Af
terwards we use the symmetry of the resulting integrand in the arguments x, y and 
Lemma 2.5 with exponent β = (1 − s)p. In the second integral, we eliminate the de
pendence on h in the integrand by enlarging the domain of integration. In this way we 
get

I2 ≤ 2δC(p) 
(R− r)2

[ ˆ
BR

[ ˆ
BR

1 
|x− y|N−(1−s)p dy

︸ ︷︷ ︸
≤ ωN

(1−s)pR
(1−s)p

]
|τhu(x)|p+δ−1dx

] δ+1 
p+δ−1

·
[ ¨

KR+d

|u(x) − u(y)|p+δ−1

|x− y|N+sp+δ−1 dxdy
] p−2 

p+δ−1

≤ 2δC(p,N)
(R− r)2

[
R(1−s)p

1 − s 

ˆ

BR

|τhu(x)|p+δ−1dx
] δ+1 

p+δ−1

·
[ ¨

KR+d

|u(x) − u(y)|p+δ−1

|x− y|N+sp+δ−1 dxdy
] p−2 

p+δ−1

.

In the case p = 2 a similar estimate holds true. Indeed, the second integral on the right
hand side in the last displayed estimate is to be interpreted as 1 in this case, whereas 
the constant in the front takes the form 2δC(N)

1−s 
R2

(R−r)2 , so that



28 V. Bögelein et al. / Journal of Functional Analysis 289 (2025) 111078 

I2 ≤ 2δC(N)
1 − s 

R2(1−s)

(R− r)2

ˆ

BR

|τhu(x)|δ+1dx.

Next, we deal with the nonlocal term T. First of all, from Lemma 3.1 there exists some 
positive constant C of the form C̃(N, p)/s, such that for any x ∈ B 1

2 (R+r) we have

∣∣∣∣ ˆ

RN\BR

Vp−1(Uh(x, y)) − Vp−1(U(x, y))
|x− y|N+sp

dy
∣∣∣∣

≤ C
|τhu(x)|

Rsp

( R

R− r

)N+sp

T p−2 + C
|h| 

Rsp+1

( R

R− r

)N+sp+1
T p−1.

As a result of this estimate, we obtain

|T| ≤ C

Rsp

( R

R− r

)N+sp

T p−2
ˆ

BR+r
2 

|Vδ(τhu(x))||τhu(x)|ηp(x) dx

+ C|h| 
Rsp+1

( R

R− r

)N+sp+1
T p−1

ˆ

BR+r
2 

|Vδ(τhu(x))|ηp(x) dx

≤ C

Rsp

( R

R− r

)N+sp

T p−2
ˆ

BR

|τhu(x)|δ+1 dx

+ C|h| 
Rsp+1

( R

R− r

)N+sp+1
T p−1

ˆ

BR

|τhu(x)|δ dx.

Upon inserting the corresponding estimates for the individual terms into inequality (3.6), 
the assertion is obtained. In the final estimate, two terms admit a dependence on 1/(1−s). 
These result from the estimates of I2 and I1,2. The 1/s-dependence of the final constant 
C is a result of the tail estimate. �

The second energy estimate is used in the regime s ∈ (0, p−2
p ], which is considered in 

§4.

Proposition 3.4 (Second energy inequality). Let p ∈ (2,∞), s ∈ (0, p−2
p ], δ ∈ [1,∞), and

σ ∈
(

max
{sp− 2

p− 2 
, 0
}
, 

sp 
p− 2

)
.

There exists a constant C = C(N, p, s, δ) such that whenever u ∈ W s,p
loc (Ω)∩Lp−1

sp (RN ) is 
a locally bounded, local weak solution of (1.1) in the sense of Definition 2.1 that satisfies

u ∈ W σ,p+δ−1
loc (Ω),
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then for any 0 < r < R, d ∈ (0, 1
4 (R − r)], BR+d ≡ BR+d(xo) ⋐ Ω, η ∈ Zr,R(xo), and 

any step size 0 < |h| ≤ d we have the energy inequality

¨

BR×BR

∣∣V p+δ−1
p (τhu(x))η(x) − V p+δ−1

p (τhu(y))η(y)
∣∣p

|x− y|N+sp
dxdy

≤ CRε

(R− r)2 [u]p−2
Wσ,p+δ−1(BR+d)

[
1
ε 

ˆ

BR

|τhu|p+δ−1 dx
] δ+1 

p+δ−1

+ C

(1 − s)Rsp

( R

R− r

)N+sp

T p−2
ˆ

BR

|τhu|δ+1 dx

+ C|h| 
Rsp+1

( R

R− r

)N+sp+1
T p−1

ˆ

BR

|τhu|δ dx, (3.8)

where we abbreviated

T := ‖u‖L∞(BR+d) + Tail(u;R + d),

and

ε := σ(p− 2) − (sp− 2) ∈
(
max{0, 2 − sp}, 2

)
.

The dependence of the constant C on δ is of the form C = C̃(N, p)s−18δδp.

Proof. The argument is similar to the proof of Proposition 3.3. The only difference is 
the estimate of I2. For this term we proceed as follows. We start from the first line 
of (3.7) and apply Hölder’s inequality with exponents p+δ−1

δ+1 and p+δ−1
p−2 . However, we 

now decompose the exponent N + sp− 2 of the numerator into the form

N + sp− 2 =
(
N + σ(p + δ − 1)

) p− 2 
p + δ − 1 +

(
N − ε 

p + δ − 1
δ + 1 

)
δ + 1 

p + δ − 1 .

This leads to

I2 ≤ C(p) 
(R− r)2

¨

KR

(|Uh(x, y)| + |U(x, y)|)p−2(|τhu(x)| + |τhu(y)|)δ+1

|x− y|N+sp−2 dxdy

≤ C(p) 
(R− r)2

[¨
KR

(|uh(x) − uh(y)| + |u(x) − u(y)|)p+δ−1

|x− y|N+σ(p+δ−1) dxdy
] p−2 

p+δ−1

·
[¨
KR

(|τhu(x)| + |τhu(y)|)p+δ−1

|x− y|N−ε p+δ−1
δ+1 

dxdy
] δ+1 

p+δ−1

.
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In the first integral, we eliminate the dependence on h in the integrand by enlarging 
the domain of integration. We estimate the integrand of the second integral using the 
convexity of t �→ tp+δ−1. Afterwards we use the symmetry of the resulting integrand in 
the arguments x, y and Lemma 2.5, respectively Remark 2.6 with exponent β = εp+δ−1

δ+1 . 
In this way we get

I2 ≤ 2δC(p) 
(R− r)2 [u]p−2

Wσ,p+δ−1(BR+d)

·
[ ˆ
BR

[ ˆ
BR

1 

|x− y|N−ε p+δ−1
δ+1 

dy

︸ ︷︷ ︸
≤ωN

ε δ+1 
p+δ−1 (2R)ε

p+δ−1
δ+1 

]
|τhu(x)|p+δ−1dx

] δ+1 
p+δ−1

≤ 2δC(p,N)
(R− r)2 [u]p−2

Wσ,p+δ−1(BR+d)

[
Rε p+δ−1

δ+1 

ε 

ˆ

BR

|τhu(x)|p+δ−1dx
] δ+1 

p+δ−1

.

This essentially gives the first term on the right-hand side of (3.8), whereas the other 
terms are exactly as in the proof of Proposition 3.3 �
4. The case s ∈ (0, p−2

p ]

In this section we consider the range s ∈ (0, p−2
p ], which can happen only if p > 2. We 

establish the statement of Theorem 1.1 in §4.1 and that of Theorem 1.2 in §4.2.

4.1. Fractional differentiability

As already mentioned, the aim of this subsection is to prove the almost W
sp 

p−2 ,q

loc
regularity for local weak solutions of the fractional p-Laplace equation as stated in 
Theorem 1.1 for arbitrary q ≥ p. The argument consists of two steps: We first fix the 
integrability order q ≥ p and set up an iteration scheme to raise the differentiability 
order to any number less than sp 

p−2 ; then, we set up another iteration scheme to raise the 
integrability order from p to any q ≥ p.

Lemma 4.1 sets out the first step; it guarantees a small but quantifiable gain of frac
tional differentiability. The idea is, roughly speaking, to use the energy inequality in 
Proposition 3.4 and obtain estimates for ‖τh(τhu)‖Lq in terms of a power of the incre
ment |h|. Such estimates, in view of the inequality (2.5) from Lemma 2.17, result in a 
similar bound of ‖τhu‖Lq by the same power of |h|. As a consequence, this ensures bet
ter quantifiable fractional differentiability due to the embedding properties of Nikol’skii 
spaces into fractional Sobolev spaces. Subsequently, the improvement of the fractional 
differentiability achieved in Lemma 4.1 is iterated in Lemma 4.2 to approach the order 
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sp 
p−2 . The second step is to use what has been proven in the first step and iteratively 
raise the integrability order from p to q; see Theorem 4.3.

Lemma 4.1. Let p ∈ (2,∞), s ∈ (0, p−2
p ], and q ∈ [p,∞). Further, let

σ ∈
(

max
{sp− 2

p− 2 
, 0
}
, 

sp 
p− 2

)
and β :=

(
1 − p− 2

q

)
σ + sp

q
. (4.1)

Then, whenever u ∈ W s,p
loc (Ω)∩Lp−1

sp (RN ) is a locally bounded, local weak solution of (1.1)
in the sense of Definition 2.1 that satisfies

u ∈ W σ,q
loc (Ω),

we have

u ∈ Wα,q
loc (Ω) for any α ∈ (σ, β).

Furthermore, there exists a constant C = C(N, p, s, q, σ, α), so that for any ball BR ≡
BR(xo) ⋐ Ω and for any r ∈ (0, R) we have the quantitative estimate

[u]qWα,q(Br) ≤
C

Rαq

( R

R− r

)N+2q+2
Kq

σ.

Here, we used the short-hand notation

Kq
σ := Rσq[u]qWσ,q(BR) + RN

(
‖u‖L∞(BR) + Tail(u;R)

)q
. (4.2)

Proof. We apply the energy inequality from Proposition 3.4 with

ε := σ(p− 2) − (sp− 2) ∈
(
max{0, 2 − sp}, 2

)
and δ = q− p+ 1. Furthermore, in the application we replace r,R, d by r̃ = 1

7 (5r + 2R), 
R̃ = 1

7 (r + 6R), and d = 1
4 (R̃− r̃) = 1

7 (R− r). For later use we note that R̃ + d = R,

1 

R̃
= 7 

r + 6R ≤ 7 
6R (4.3)

and

R̃

R̃− r̃
= r + 6R 

r + 6R− (5r + 2R) = r + 6R 
4(R− r) ≤ 7

4
R

R− r
. (4.4)

This allows us to replace R̃

R̃−r̃
by R

R−r and 1 
R̃

by 1 
R when applying Proposition 3.4

apart from a multiplicative constant depending only on N and p. By η ∈ C1
0 (B 1

2 (R̃+r̃))
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we denote a cut-off function in Zr̃,R̃, cf. Definition 3.2, satisfying η = 1 on Br̃ and 
|∇η| ≤ 4 

R̃−r̃
= 7 

R−r . Noting that u ∈ W σ,q(BR) by assumption, the application of 
Proposition 3.4 yields that

I :=
[
ηV q

p
(τhu)
]p
W s,p(B

R̃
) ≤ I1 + I2 + I3,

where

I1 := C

Rsp−σ(p−2)

( R

R− r

)2
[u]p−2

Wσ,q(BR)

[ ˆ
B

R̃

|τhu|q
ε 

dx
] q−(p−2)

q

,

I2 := C

(1 − s)Rsp

( R

R− r

)N+sp

T p−2
ˆ

B
R̃

|τhu|q−(p−2) dx,

I3 := C|h| 
Rsp+1

( R

R− r

)N+sp+1
T p−1

ˆ

B
R̃

|τhu|q−(p−1) dx

and

T := ‖u‖L∞(BR) + Tail(u;R),

and the constant C is of the form

C = C̃(N, p)8qqp

s 
. (4.5)

In view of Lemma 2.15 and noting again that u ∈ W σ,q(BR), we obtain
ˆ

B
R̃

|τhu|q dx ≤ C |h|σq
[
(1 − σ)[u]qWσ,q(BR) + 1 

σRσq

( R

R− r

)q ˆ
BR

|u|q dx
]

≤ C

σ

( R

R− r

)q |h|σq
Rσq

[
Rσq[u]qWσ,q(BR) +

ˆ

BR

|u|q dx
]

≤ C

σ

( R

R− r

)q |h|σq
Rσq

Kq
σ,

where C = C(N, q). To obtain the last line we used the fact that u is bounded and the 
definition of Kσ. This allows us to estimate I1 by

I1 ≤ C Rσ(p−2)−sp

(σε)
q−(p−2)

q

( R

R− r

)2
[u]p−2

Wσ,q(BR)

[( R

R− r

)q |h|σq
Rσq

Kq
σ

] q−(p−2)
q

≤ C

Rsp

|h|σ(q−(p−2))

Rσ(q−(p−2))

( R

R− r

)q−p+4
Kq

σ,
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where, in view of (4.5), the constant C is of the form

C = C̃(N, p, q) 

s(σε)
q−(p−2)

q

.

Similarly, using Hölder’s inequality to raise the power of |τhu| from q − (p− 2) to q, we 
have

I2 ≤ C

(1 − s)Rsp

( R

R− r

)N+sp

R
N(p−2)

q T p−2
[ ˆ
B

R̃

|τhu|q dx
] q−(p−2)

q

≤ C

(1 − s)Rsp

( R

R− r

)N+sp

Kp−2
σ

[
1 
σ

( R

R− r

)q |h|σq
Rσq

Kq
σ

] q−(p−2)
q

≤ C

(1 − s)σ
q−(p−2)

q Rsp

|h|σ(q−(p−2))

Rσ(q−(p−2))

( R

R− r

)N+q+2
Kq

σ.

The argument that led to the estimate of I2 can also be applied to I3. In fact, we obtain

I3 ≤ C

Rsp

|h|
R

( R

R− r

)N+sp+1
R

N(p−1)
q T p−1

[ ˆ
B

R̃

|τhu|q dx
] q−(p−1)

q

≤ C

Rsp

|h|
R

( R

R− r

)N+sp+1
Kp−1

σ

[
1 
σ

( R

R− r

)q |h|σq
Rσq

Kq
σ

] q−(p−1)
q

≤ C

(1 − s)σ
q−(p−1)

q Rsp

|h|σ(q−(p−2))

Rσ(q−(p−2))

( R

R− r

)N+q+2
Kq

σ.

Collecting the estimates above, we obtain that

I ≤ C

Rsp

|h|σ(q−(p−2))

Rσ(q−(p−2))

( R

R− r

)N+q+2
Kq

σ,

for a constant C that has a similar structure as the one from the estimate for I1, which 
means that

C = C̃(N, p, q) 

s(1 − s)(σε)1−
(p−2)

q

.

To bound I from below, we apply Lemma 2.15 to v = ηV q
p
(τhu) on BR̃ with (q, γ, d)

replaced by (p, s, d = 1
7 (R− r)). Taking into account that d ≤ R, η ≤ 1, we have

ˆ

B
R̃−d

∣∣ητλ

(
V q

p
(τhu)
)∣∣p dx
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≤ C|λ|sp
[
(1 − s)I +

(
R̃(1−s)p

dp
+ 1 

sdsp

) ˆ
B

R̃

∣∣ηV q
p
(τhu)
∣∣p dx
]

≤ C|λ|sp
[
(1 − s)I + R(1−s)p

sdp

ˆ

B
R̃

|τhu|q dx
]

≤ C|λ|sp
[
(1 − s)I + R(1−s)p

sdp
1 
σ

( R

R− r

)q |h|σq
Rσq

Kq
σ

]
≤ C

|λ|sp
Rsp

|h|σ(q−(p−2))

Rσ(q−(p−2))

( R

R− r

)N+q+2
Kq

σ (4.6)

for any |λ| ≤ d. Since the constant from the estimate of I is in turn multiplied by 1− s, 
the (1 − s)−1 dependency cancels out in the final constant. Thus, C takes the form

C = C̃(N, p, q) 
s(σε)1−

p−2
q

.

We choose λ = h in (4.6). Next we observe that∣∣τh

(
V q

p
(τhu)η

)∣∣ = ∣∣τh

(
V q

p
(τhu)
)∣∣ ≥ |τh(τhu)|

q
p in Br.

Here, we used η ≡ 1 in Br̃ = Br+2d and q ≥ p. Hence the left-hand side of (4.6) is 
bounded from below by 

´
Br

|τh(τhu)|q dx. Therefore, collecting these estimates in (4.6)
we conclude

ˆ

Br

∣∣τh(τhu)
∣∣q dx ≤ C

|h|sp+σ(q−(p−2))

Rsp+σ(q−(p−2))

( R

R− r

)N+q+2
Kq

σ

for any 0 < |h| ≤ d. At this point, we apply (2.5) from Lemma 2.17 with γ replaced by 
β defined in (4.1) and

Mq = C

Rsp+σ(q−(p−2))

( R

R− r

)N+q+2
Kq

σ.

Note that β < 1, since

β = sp + σ(q − (p− 2))
q

<
sp + sp 

p−2 (q − (p− 2))
q

= sp 
p− 2 ≤ 1.

The application of Lemma 2.17 yields

ˆ

Br

|τhu|q dx ≤ C(q)|h|βq
[( M

1 − β

)q
+ 1 

dqβ

ˆ

BR

|u|q dx
]
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≤ C

(1 − β)q
|h|sp+σ(q−(p−2))

Rsp+σ(q−(p−2))

( R

R− r

)N+q+2
Kq

σ

≤ C
|h|sp+σ(q−(p−2))

Rsp+σ(q−(p−2))

( R

R− r

)N+q+2
Kq

σ

for any 0 < |h| ≤ 1
2d, where C takes the form

C = C̃(N, p, q) 
s(1 − β)q(σε)1−

p−2
q

.

To obtain the last line we used the L∞-bound for u and the definition of Kσ. Moreover, 
we replaced the exponent βq by sp + σ(q − (p− 2)). This could also have been done for 
the denominator (1−β)q. However, we kept using β in the expression of C for simplicity. 
Next, we apply Lemma 2.16 with

Mq = C

Rsp+σ(q−(p−2))

( R

R− r

)N+q+2
Kq

σ

and β as defined in (4.1). As a result, for any σ < α < β, we have

[u]qWα,q(Br) ≤ C(N, q)
[
d(β−α)q

β − α 
Mq + 1 

αdαq

ˆ

BR

|u|q dx
]

≤ C

Rαq

( R

R− r

)N+2q+2
Kq

σ,

where the constant C takes the form

C = C̃(N, p, q) 
s(β − α)(1 − β)qσ(σε)1−

p−2
q

. (4.7)

This proves the claim. �
In the following lemma we iterate the improvement in fractional differentiability ob

tained in Lemma 4.1.

Lemma 4.2. Let p ∈ (2,∞), s ∈ (0, p−2
p ], and q ∈ [p,∞). Further, let

σ ∈
(

max
{sp− 2

p− 2 
, 0
}
, 

sp 
p− 2

)
.

Then for any locally bounded, local weak solution u of (1.1) in the sense of Definition 2.1
that satisfies

u ∈ W σ,q
loc (Ω),
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we have

u ∈ W γ,q
loc (Ω) for any γ ∈

(
σ,

sp 
p− 2

)
.

Moreover, there exist constants C = C(N, p, s, q, σ, γ) and κ = κ(N, p, s, q, γ) ≥ 1 such 
that for any ball BR ≡ BR(xo) ⋐ Ω and any r ∈ (0, R), we have

[u]qWγ,q(Br) ≤
C

Rγq

( R

R− r

)κ
Kq

σ,

where Kσ is defined in (4.2).

Proof. Let γ̃ = 1
2 (γ + sp 

p−2 ) ∈ (γ, sp 
p−2 ). For i ∈ N0 we define the recursive sequence

σ0 = σ, σi+1 =
(
1 − p− 2

q

)
σi + γ̃

p− 2
q

.

For the σi we have the explicit representation

σi = γ̃ −
(
1 − p− 2

q

)i
(γ̃ − σ),

so that σi ↑ γ̃ > γ as i → ∞. Moreover, for i ∈ N0 we define the sequence of radii

�i := r + 1 
2i (R− r). (4.8)

First, we observe that

R ≥ �i−1 = R

2i−1 + r
(
1 − 1 

2i−1

)
>

R

2i−1 , (4.9)

and

�i−1

�i−1 − �i
= 2ir + 2(R− r)

R− r 
< 2i R

R− r
. (4.10)

In order to express the following estimates in a more compact form, we define

Ti := ‖u‖L∞(B	i
) + Tail(u; �i), T0 ≡ T .

As a consequence of Lemma 2.7 and (4.9) we obtain

Tail(u; �i−1)p−1 ≤ C(N)
( R

�i−1

)N
T p−1 ≤ C(N)2iNT p−1. (4.11)

Now we apply Lemma 4.1 with (α, β, σ, r, R) replaced by 
(
σi, βi, σi−1, �i, �i−1

)
, where
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βi :=
(
1 − p− 2

q

)
σi−1 + sp

q
> σi

and obtain

�σiq
i−1[u]qWσi,q(B	i

) ≤ Ci

( �i−1

�i−1 − �i

)N+2q+2[
�
σi−1q
i−1 [u]q

Wσi−1,q(B	i−1 ) + �Ni−1T q
i−1

]
.

The application is permitted if [u]Wσi−1,q(B	i−1 ) < ∞ is fulfilled. Next, we use (4.8), 
(4.9), and (4.11) to estimate the corresponding terms in the right-hand side, whereas for 
the left-hand side we use �i < �i−1. In this way we get

�σiq
i [u]qWσi,q(B	i

) ≤ Ci2[(N+2)q+2]i
( R

R− r

)N+2q+2[
�
σi−1q
i−1 [u]q

Wσi−1,q(B	i−1 ) + RNT q
]
.

Prior to an iteration based on the above estimate, we examine the dependencies of the 
constant Ci from Lemma 4.1, which is presented in (4.7). To do this, we have to calculate 
and estimate the corresponding factors of the denominator. Let us start with βi−σi which 
plays the role of β − α. In fact, we have

βi − σi =
(
1 − p− 2

q

)
σi−1 + sp

q
−
[(

1 − p− 2
q

)
σi−1 + γ̃

p− 2
q

]
= sp

q
− γ̃

p− 2
q

= p− 2
q

( sp 
p− 2 − γ̃

)
= p− 2

2q 

( sp 
p− 2 − γ

)
.

Next we have to estimate 1− βi, playing the role of 1− β. Using the explicit expression 
for σi−1, the definition of γ̃, the assumption on s, i.e. sp 

p−2 ≤ 1, we have

1 − βi = 1 −
[(

1 − p− 2
q

)
σi−1 + sp

q

]
> 1 − sp

q
−
(
1 − p− 2

q

)
γ̃

= 1 − sp 
p− 2 + 1

2

( sp 
p− 2 − γ

)(
1 − p− 2

q

)
≥ 1

q

( sp 
p− 2 − γ

)
.

Finally, using that σi ≥ σ we obtain the estimate for εi, which takes over the role of ε. 
In fact, we have

εi = σi(p− 2) − (sp− 2) ≥ (p− 2)
(
σ − sp− 2

p− 2 

)
.

Therefore, the constant Ci from (4.7) can be estimated by
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C∗ = C̃(N, p, q) 
s
(

sp 
p−2 − γ

)q+1
σ2
(
σ − sp−2

p−2 
) .

Iterating the above inequality for [u]Wσi,q(B	i
) we obtain

[u]qWσi,q(B	i
) ≤

iCi
∗ 2[(N+2)q+2]i!

�σiq
i

( R

R− r

)(N+2q+2)i
Kq

σ

≤ iCi
∗ 2[(N+3)q+2]i!

Rσiq

( R

R− r

)(N+2q+2)i
Kq

σ

for any i ∈ N. By io ∈ N we denote the smallest integer such that σio ≥ γ. More 
explicitly, we have

io :=
⌈

ln γ̃−σ
γ̃−γ 

ln q
q−(p−2)

⌉
≤

ln 1 
γ̃−γ

ln q
2

+ 1 ≤
ln 2 

sp 
p−2−γ

ln q
2

+ 1 =
ln q

sp 
p−2−γ

ln q
2

.

This fixes the dependencies of io = io(s, p, q, γ). Note that io blows up as γ ↑ sp 
p−2 . For 

the fractional W γ,q-norm of u on Br the last inequality with i = io implies

[u]qWγ,q(Br) ≤ (2R)(σio−γ)q[u]q
Wσio

,q(B	io
)

≤ ioC
io∗ 2[(N+3)q+2]io!

Rγq

( R

R− r

)(N+2q+2)io
Kq

σ.

Letting C = ioC
io∗ 2[(N+3)q+2]io! and κ := (N + 2q + 2)io the claim follows. �

Now we are able to prove Theorem 1.1, i.e. the almost W
sp 

p−2 ,q

loc -regularity for any 
q ≥ p of locally bounded, local weak solutions to the fractional p-Laplace. In fact, the 
following Theorem 4.3 implies the Theorem 1.1 as a special case when choosing r = 1

2R. 
In the proof of Theorem 4.3 we use the fact that u ∈ W γ,θ implies u ∈ W

γθ
q ,q for 

q > θ ≥ p provided u is bounded. This observation allows us to increase the integrability 
exponent after decreasing the order of fractional differentiability. This is the point where 
Lemma 4.2 comes into play, which in turn allows us to increase the order of fractional 
differentiability with the larger integrability exponent. In the case s ∈ (0, 2 

p ] we can 

achieve the final result in one step, while in the case s ∈ ( 2 
p ,

p−2
p ] the previously described 

argument must be iterated in order to obtain the result.

Theorem 4.3. Let p ∈ (2,∞), s ∈ (0, p−2
p ]. Then, whenever u ∈ W s,p

loc (Ω) ∩ Lp−1
sp (RN ) is 

a locally bounded, local weak solution of (1.1) in the sense of Definition 2.1, we have

u ∈ W γ,q
loc (Ω) for any q ∈ [p,∞), and γ ∈

[
s,

sp 
p− 2

)
.
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Moreover, there exist constants C = C(N, p, s, q, γ) and κ = κ(N, p, s, q, γ) such that for 
any ball BR ≡ BR(xo) ⋐ Ω and any r ∈ (0, R), we have

[u]qWγ,q(Br) ≤
C

Rγq

( R

R− r

)κ
Kq.

Here, we used the short-hand notation

Kq := R[s−N( 1 
p− 1 

q )]q[u]qW s,p(BR) + RN
(
‖u‖L∞(BR) + Tail(u;R)

)q
.

Note that C blows up as γ ↑ sp 
p−2 .

Proof. We consider some fixed ball BR ≡ BR(xo) ⋐ Ω and abbreviate

T := ‖u‖L∞(BR) + Tail(u;R).

Let us first consider the case s ∈ (0, 2 
p ]. Since u ∈ L∞

loc(Ω), we have u ∈ W
sp
q ,q

loc (Ω) with 
the trivial estimate

Rsp[u]q
W

sp
q

,q(BR)
≤ 2q−pRsp‖u‖q−p

L∞(BR)[u]pW s,p(BR)

≤ 2q−p
[
Rsq−N( q

p−1)[u]qW s,p(BR) + RN‖u‖qL∞(BR)

]
.

Next, we apply Lemma 4.2 with σ = sp
q . This particular choice of σ is admissible, since 

sp − 2 ≤ 0 implies max{ sp−2
p−2 , 0} = 0. The application of the lemma yields (note that 

σ < s if q > p, while for q = p the subsequent assertion with γ = s is trivial)

u ∈ W γ,q
loc (Ω) for any γ ∈

[
s,

sp 
p− 2

)
.

Moreover, there exist C = C(N, p, s, γ, q) and κ = κ(N, p, s, γ, q) ≥ 1, such that for any 
r ∈ (0, R) we have

[u]qWγ,q(Br) ≤
C

Rγq

( R

R− r

)κ[
Rsp[u]q

W
sp
q

,q(BR)
+ RNT q

]
≤ C

Rγq

( R

R− r

)κ[
Rsq−N( q

p−1)[u]qW s,p(BR) + RNT q
]
.

Next, we consider the case s ∈ ( 2 
p ,

p−2
p ] (which can happen only if p > 4). Note that 

now max{ sp−2
p−2 , 0} = sp−2

p−2 . For i ∈ N0 we define the sequence of radii

�i := r + 1 
2i (R− r),

and
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Ti := ‖u‖L∞(B	i
) + Tail(u; �i)

and the sequence of exponents

qi := αip, for some α ∈
(

1, s(p− 2)
sp− 2 

)
.

The exact choice of α will be made later. Note that qi = αqi−1 for i ∈ N and qi → ∞ as 
i → ∞ and that T0 = T . Now, we prove by an induction argument that

[u]qiWγ,qi (B	i
) ≤

C̃i

�γqii

( R

R− r

)κ̃i

Kqi
i , for any i ∈ N0, (4.12)

where

Kqi
i := Rsqi−N( qi

p −1)[u]qiW s,p(BR) + RNT qi

and the constants C̃i, κ̃i ≥ 1 depend on N, p, s, γ, q, and i and will be specified at the 
end of the induction argument.

First we consider the case i = 0. Observing that s > sp−2
p−2 , we can apply Lemma 4.2

with (s, p, �o, R) instead of (σ, q, r, R). With constants C̃0 and κ̃0 ≥ 1 both depending 
only on N , p, s, γ, and q, we obtain that

[u]q0Wγ,q0 (B	0 ) ≤
C̃0

Rγq0

( R

R− r

)κ̃0
Kq0

0 .

For the induction step we assume that (4.12)i is satisfied. In particular, this means 
that [u]Wγ,qi (B	i

) is finite. Since u is locally bounded, this implies u ∈ W
γ

qi
qi+1

,qi+1(B�i
). 

In fact, we have

�γqii [u]qi+1

W
γ

qi
qi+1

,qi+1 (B	i
)
≤ �γqii

(
2‖u‖L∞(B	i

)
)qi+1−qi [u]qiWγ,qi (B	i

)

≤ �
γqi+1−N( qi+1

qi
−1)

i [u]qi+1
Wγ,qi (B	i

) + 2qi+1RN‖u‖qi+1
L∞(BR). (4.13)

Next, observe that by the ranges of α and γ, we have γ qi
qi+1

∈ ( sp−2
p−2 ,

sp 
p−2 ), since

γ
qi

qi+1
= γ

α
≥ s 

α
>

sp− 2
p− 2 

, and γ
qi

qi+1
= γ

α
<

sp 
p− 2 .

Therefore, we can apply Lemma 4.2 with (σ, q, r, R) replaced by (γ qi
qi+1

, qi+1, �i+1, �i). 
As a result, we obtain

�
γqi+1
i [u]qi+1

Wγ,qi+1 (B	i+1 ) ≤ Ci+1

( �i
�i − �i−1

)κi+1
[
�γqii [u]qi+1

W
γ

qi
qi+1

,qi+1 (B	i
)
+ �Ni T qi+1

i

]
,
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where Ci+1 and κi+1 denote the corresponding constants from Lemma 4.2. We now use 
�i+1 < �i, inequalities (4.9), (4.10), and (4.11) from the proof of Lemma 4.2 and (4.13)
to find that

�
γqi+1
i+1 [u]qi+1

Wγ,qi+1 (B	i+1 )

≤ 2Ci+12(i+1)κi+1
( R

R− r

)κi+1

·
[
�
γqi+1−N( qi+1

qi
−1)

i [u]qi+1
Wγ,qi (B	i

) + 2(i+1)Nqi+1RNT qi+1

]
≤ Ĉi+1

( R

R− r

)κi+1
[
�
γqi+1−N( qi+1

qi
−1)

i [u]qi+1
Wγ,qi (B	i

) + RNT qi+1

]
.

To obtain the last line we abbreviated Ĉi+1 = 2Ci+12(i+1)(κi+1+Nqi+1). Inserting the 
induction assumption (4.12)i and using the definition of Ki we further estimate

�
γqi+1
i+1 [u]qi+1

Wγ,qi+1 (B	i+1 )

≤ Ĉi+1

( R

R− r

)κi+1
[
�
−N( qi+1

qi
−1)

i C̃i

( R

R− r

)κ̃i

Kqi+1
i + RNT qi+1

]
≤ Ĉi+1C̃i

( R

R− r

)κi+1+κ̃i
[
�
−N( qi+1

qi
−1)

i Kqi+1
i + RNT qi+1

]
= Ĉi+1C̃i

( R

R− r

)κi+1+κ̃i

·
[
‖u‖qi+1−p

L∞(BR)R
sqi+1−N( qi+1

p −1)[u]qi+1
W s,p(BR) + 2RNT qi+1

]
≤ C̃i+1

( R

R− r

)κ̃i+1
Kqi+1

i+1 ,

where we have abbreviated C̃i+1 = 2Ĉi+1C̃i and κ̃i+1 = κi+1 + κ̃i. This proves (4.12)i+1
and finishes the induction argument.

If q = p, the claim is implied by (4.12)0, since the choice of α does not play any role 
in this case. Therefore, it remains to consider the case q > p. We choose io ∈ N to be 
the smallest integer such that

(
s(p− 2)
sp− 2 

)io
>

q

p
,

which means

io =
⌊

ln q
p

ln s(p−2)
sp−2 

⌋
+ 1.
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Having fixed io in this way, i.e. in dependence on s, p, and q, we define α > 1 by

α :=
(q
p

) 1 
io ∈
(

1, s(p− 2)
sp− 2 

)
.

In this way, we have qio = αiop = q. At this point the claim follows from (4.12)io . �
4.2. Higher Hölder regularity

In this subsection we prove the higher Hölder regularity result stated in Theorem 1.2. 
It is a straightforward consequence of the higher fractional differentiability from Theo
rem 4.3 and Morrey’s embedding for fractional Sobolev spaces from Lemma 2.19.

Proof of Theorem 1.2. Let γ̃ = 1
2 (γ + sp 

p−2 ) and q = N
γ̃−γ . The Morrey type embedding 

Lemma 2.19 applied with γ̃ instead of γ and subsequently Theorem 4.3 yields

[w]C0,γ(B 1
2R

) = [w]
C

0,γ̃−N
q (B 1

2R
)
≤ C[w]W γ̃,q(B 1

2R
)

≤ C

Rγ̃

[
Rs−N( 1 

p− 1 
q )[u]W s,p(BR) + R

N
q
(
‖u‖L∞(BR) + Tail(u;R)

)]
= C

Rγ

[
Rs−N

p [u]W s,p(BR) + ‖u‖L∞(BR) + Tail(u;R)
]
,

which proves the claim. �
5. The case s ∈ (p−2

p , 1)

In this section we deal with the range s ∈ (p−2
p , 1). First we prove in §5.1 that 

weak solutions admit a gradient ∇u in Lp
loc and thus establish Theorem 1.3. In §5.2 the 

integrability of the gradient is improved. Indeed, we show that the gradient ∇u belongs 
to Lq

loc for every q ≥ p, which is exactly the claim of Theorem 1.4. Finally, §5.3 deals 
with the almost Lipschitz regularity result from Theorem 1.5 and the improved fractional 
differentiability from Theorem 1.6. The role of s is traced throughout this section; all 
estimates are stable as s ↑ 1.

5.1. W 1,p-regularity

In this section, we improve the regularity of a locally bounded, local weak solution 
of the fractional (s, p)-Laplacian from the initial fractional W s,p

loc (Ω)-regularity to the 
Sobolev regularity W 1,p

loc (Ω). This is achieved by establishing the difference quotient 
τhu/|h| is uniformly bounded in Lp; see Lemma 5.3 below. We realize it via an iter
ation scheme. The starting point is the basic estimate for finite differences of second 
order τh(τhu) from Lemma 5.1, which follows by applying the energy inequality from 
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Proposition 3.3 with the choice δ = 1. In view of Lemma 2.17 in the case γ < 1, such an 
estimate can be recast into the mnemonic relation

Ai ≈ |h|sp
[
|h|2 + A

2 
p

i−1
]

where Ai = ‖τh(τhu)‖pLp(Bi).

Then, we can start with A0 = 1 and iterate to obtain A1 ≈ |h|sp, A2 = |h|sp+2s, etc. 
Heuristically, we have A∞ ≈ |h|p

sp 
p−2 . This argument can be repeated finitely many 

times until the power of |h| exceeds p, which occurs only if s ∈ (p−2
p , 1). Then, we 

apply Lemma 2.17 in the case γ > 1 and conclude that τhu/|h| is uniformly bounded in 
Lp, from which the weak differentiability of u follows in Theorem 5.5 below. Note that 
Theorem 1.3 follows as a special case of Theorem 5.5 by choosing r = 1

2R.

Lemma 5.1. Let p ∈ [2,∞) and s ∈ (p−2
p , 1). Then, there exists a constant C ≥ 1 of the 

form C̃(N, p)/s such that whenever u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) is a locally bounded, local 
weak solution of (1.1) in the sense of Definition 2.1, BR ≡ BR(xo) ⋐ Ω, r ∈ (0, R) and 
d = 1

7 (R− r) we have

ˆ

Br

|τh(τhu)|p dx ≤ C
|h|sp
Rsp

( R

R− r

)N+sp+1
Kp−2

[
|h|2
R2 K2 +

[ ˆ

BR−d

|τhu|p dx
] 2 

p

]

for any h ∈ RN \ {0} with |h| ≤ d, where

Kp := Rsp(1 − s)[u]pW s,p(BR) + RN
(
‖u‖L∞(BR) + Tail(u;R)

)p
.

Remark 5.2. The statement of Lemma 5.1 continues to hold for s ∈ (0, p−2
p ] with the 

larger exponent N + p + 1 of R
R−r instead of N + sp + 1. However, we do not use the 

inequality in this range.

Proof. Apply the energy inequality from Proposition 3.3 with δ = 1 and r̃ = 1
7 (5r+2R), 

R̃ = 1
7 (r + 6R) instead of R, r. Then, d = 1

4 (R̃− r̃) = 1
7(R− r). Using inequalities (4.3)

and (4.4) from the proof of Lemma 4.1 allows us to replace R̃

R̃−r̃
by R

R−r and 1 
R̃

by 1 
R

when applying Proposition 3.3 apart from a multiplicative constant depending only on 
N and p. Such an application yields

I := [ητhu]pW s,p(B
R̃

) ≡
¨

K
R̃

∣∣τhu(x)η(x) − τhu(y)η(y)
∣∣p

|x− y|N+sp
dxdy

≤ C

R2s

( R

R− r

)2
[u]p−2

W s,p(BR)

[ ˆ
B

R̃

|τhu|p
1 − s 

dx
] 2 

p

+ C

Rsp

( R

R− r

)N+sp

T p−2
ˆ

B
R̃

|τhu|2
1 − s 

dx
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+ C|h| 
Rsp+1

( R

R− r

)N+sp+1
T p−1

ˆ

B
R̃

|τhu|
1 − s 

dx

=: I1 + I2 + I3

with a constant C = C̃(N, p)/s and the abbreviation

T := ‖u‖L∞(BR) + Tail(u;R).

Here, η ∈ C1
0 (B 1

2 (R̃+r̃)) denotes the usual cut-off function in Zr̃,R̃, cf. Definition 3.2, 
satisfying η = 1 on Br̃ and |∇η| ≤ 4 

R̃−r̃
= 7 

R−r .
The first term is estimated by observing that N +sp+1 > N +1 ≥ 2 holds true, such 

that one can enlarge the power of R
R−r from 2 to N + sp + 1. As a result, we have

I1 ≤ C

(1 − s)Rsp

( R

R− r

)N+sp+1
[ ˆ
B

R̃

|τhu|p dx
] 2 

p (
Rsp(1 − s)[u]pW s,p(BR)

) p−2
p .

To the integral in the second term we apply Hölder’s inequality, and enlarge the power 
of R

R−r from N + sp to N + sp + 1. Then,

I2 ≤ C

Rsp

( R

R− r

)N+sp+1
T p−2R

N(1− 2 
p )

1 − s 

[ ˆ
B

R̃

|τhu|p dx
] 2 

p

.

The third term is treated similarly as

I3 ≤ C|h| 
(1 − s)Rsp+1

( R

R− r

)N+sp+1
T p−1
[ ˆ
B

R̃

|τhu|p dx
] 1 

p

RN(1− 1 
p ).

Combining these estimates we obtain that

I ≤ C

(1 − s)Rsp

( R

R− r

)N+sp+1
[ ˆ
B

R̃

|τhu|p dx
] 2 

p

·
[(
Rsp(1 − s)[u]pW s,p(BR)

) p−2
p + RN(1− 2 

p )T p−2
]

+ C|h| 
(1 − s)Rsp+1

( R

R− r

)N+sp+1
[ ˆ
B

R̃

|τhu|p dx
] 1 

p

RN(1− 1 
p )T p−1

≤ C

(1 − s)Rsp

( R

R− r

)N+sp+1
Kp−2
[ ˆ
B

R̃

|τhu|p dx
] 2 

p
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+ C

(1 − s)Rsp

( R

R− r

)N+sp+1
Kp−2 K|h|

R

[ ˆ
B

R̃

|τhu|p dx
] 1 

p

≤ C

(1 − s)Rsp

( R

R− r

)N+sp+1
Kp−2

[
|h|2
R2 K2 +

[ ˆ
B

R̃

|τhu|p dx
] 2 

p

]
,

with C = C̃(N, p)/s. In turn we applied Young’s inequality to get the last line.
The above estimate of I allows us to bound the Lp-norm of τλ(ητhu). In fact, we 

apply Lemma 2.15 with v, q, γ, R, d replaced by ητhu, p, s, R̃ − d, d = 1
7 (R − r). The 

application yields for any |h| ≤ d and any |λ| ≤ d with a constant C = C(N, p) that

ˆ

B
R̃−d

∣∣τλ

(
ητhu
)∣∣p dx

≤ C|λ|sp
[
(1 − s)[ητhu]pW s,p(B

R̃
) + R̃(1−s)p + h

(1−s)p
o

hp
o

‖ητhu‖pLp(B
R̃

)

]
.

To proceed, observe that

R̃(1−s)p + d(1−s)p

dp
≤ C(p)

Rsp

( R

R− r

)p
,

and the elementary inequality

ˆ

B
R̃

|τhu|p dx ≤ C(N, p)RN(1− 2 
p )‖u‖p−2

L∞(BR)

[ ˆ
B

R̃

|τhu|p dx
] 2 

p

.

We use these observations together with the above bound of I to estimate

ˆ

B
R̃−d

∣∣τλ

(
ητhu
)∣∣p dx

≤ C
|λ|sp
Rsp

[
(1 − s)RspI +

( R

R− r

)p ˆ
B

R̃

|τhu|p dx
]

≤ C
|λ|sp
Rsp

[
(1 − s)RspI +

( R

R− r

)p
RN(1− 2 

p )‖u‖p−2
L∞(BR)

[ ˆ
B

R̃

|τhu|pdx
] 2 

p

]

≤ C
|λ|sp
Rsp

( R

R− r

)N+sp+1
Kp−2

[
|h|2
R2 K2 +

[ ˆ
B

R̃

|τhu|p dx
] 2 

p

]
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for any 0 < |λ| ≤ d. The constant C has the form C = C̃(N, p)/s. Note that R̃ − d =
R− 2d. Choosing λ = h we arrive at

ˆ

BR−2d

∣∣τh

(
ητhu
)∣∣p dx ≤ C

|h|sp
Rsp

( R

R− r

)N+sp+1
Kp−2

[
|h|2
R2 K2 +

[ ˆ
B

R̃

|τhu|p dx
] 2 

p

]

for a constant C = C̃(N, p)/s. Due to the choice of η ∈ C1
0 (B 1

2 (R̃+r̃)), precisely η = 1 in 
Br̃ = Br+2d, we have τh(ητhu) = τh(τhu) in Br+2d. From the preceding inequality we 
therefore get

ˆ

Br

|τh(τhu)|p dx =
ˆ

Br

|τh(ητhu)|p dx ≤
ˆ

BR−2d

|τh(ητhu)|p dx

≤ C
|h|sp
Rsp

( R

R− r

)N+sp+1
Kp−2

[
|h|2
R2 K2 +

[ ˆ
B

R̃

|τhu|p dx
] 2 

p

]
.

This is the desired estimate for the second order finite differences. �
In the next lemma, we iterate the estimates obtained in Lemma 5.1 to increase the 

power of the increment |h|.

Lemma 5.3. Let p ∈ [2,∞), s ∈ (p−2
p , 1). Then, there exists a constant C ≥ 1 depending 

on N , p, and s such that whenever u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) is a locally bounded, local 
weak solution of (1.1) in the sense of Definition 2.1, BR ≡ BR(xo) ⋐ Ω, and r ∈ (0, R)
we have

ˆ

Br

|τhu|p dx ≤ C
|h|p
Rp

( R

R− r

) 3
s (N+sp+1)

Kp (5.1)

for any h ∈ RN \ {0} with |h| ≤ R− r, where

Kp := Rsp(1 − s)[u]pW s,p(BR) + RN
(
‖u‖L∞(BR) + Tail(u;R)

)p
. (5.2)

Moreover, the constant C remains stable as s ↑ 1.

Proof. For i ∈ N0 we define sequences

�i := r + 1 
2i+1 (R− r) and si := s

i ∑
j=0 

(2 
p

)j
= sp 

p− 2

[
1 −
(2 
p

)i+1
]
. (5.3)

Note that so = s and si ↑ sp 
p−2 as i → ∞. If p = 2, the definition of si reduces to 

si = (i + 1)s and the term sp 
p−2 must be interpreted as ∞. Moreover, we have
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si = si−1 + ( 2 
p )is and si = s + 2 

psi−1. (5.4)

Fix i ∈ N0. Applying Lemma 5.1 with r, R, and d replaced by �i, �i−1, and di =
1
7(�i−1 − �i) = 1 

7·2i+1 (R− r), we obtain
ˆ

B	i

|τh(τhu)|p dx

≤ C

�spi−1

( �i−1

�i−1 − �i

)N+sp+1
|h|spKp−2

i−1

[
|h|2
�2
i−1

K2
i−1 +
[ ˆ

B	i−1−di

|τhu|p dx
] 2 

p

]

for any h ∈ RN \ {0} with |h| ≤ di, where

Kp
i−1 := �spi−1(1 − s)[u]pW s,p(B	i−1 ) + �Ni−1

(
‖u‖L∞(B	i−1 ) + Tail(u; �i−1)

)p
and C = C̃(N, p)/s. Similarly to (4.9), (4.10), and (4.11) from the proof of Lemma 4.2
we have

R ≥ �i−1 >
R

2i , 
�i−1

�i−1 − �i
< 2i+1 R

R− r
,

and

Tail(u; �i−1) ≤ C(N, p)2
iN 
p−1
(
Tail(u;R) + ‖u‖L∞(BR)

)
.

From this we derive that Ki−1 ≤ C(N, p)2iNK, where K is the quantity from (5.2). 
Moreover, we enlarge the domain of integration in the integral on the right-hand side from 
B�i−1−di

to B�i−1 . With these remarks, the above inequality for second finite differences 
becomes ˆ

B	i

|τh(τhu)|p dx

≤ C̃i
|h|sp
Rsp

( R

R− r

)N+sp+1
Kp−2

[
|h|2
R2 K2 +

[ ˆ

B	i−1

|τhu|p dx
] 2 

p

]
(5.5)

for any h ∈ RN \ {0} with |h| ≤ di, where C̃i = 2(Np+N+2p+3)iC̃(N, p)/s.
To proceed further we consider α ∈ (0, 1] and io ∈ N0 (both to be fixed later), such 

that αsio < 1. See Remark 5.4 for the reason of introducing the parameter α. Now, we 
show by induction that for any i ∈ {0, 1, . . . , io} (then αsi ≤ αsio < 1) there holds

ˆ

B	i

|τhu|p dx ≤ Ci
|h|αsip
Rαsip

( R

R− r

)(N+sp+1) si
s Kp, ∀ 0 < |h| ≤ di, (5.6)
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for a constant Ci = 2(Np+N+2p+3) 1
2 (i+1)i [C(p)C̃(N,p)]i

[s(1−αsio )p]i .
First consider the case i = 0. In this case we have �o = r + 1

2(R − r) = 1
2 (R + r). 

Applying Lemma 2.15 with (v, q, γ, d,R) replaced by (u, p, s, 1
2(R − r), �o), and noting 

that this implies �o + 1
2 (R− r) = R, we have

ˆ

B	o

|τhu|p dx ≤ C |h|sp
[
(1 − s)[u]pW s,p(BR) +

(
R(1−s)p

(R− r)p + 1 
s(R− r)sp

)
‖u‖pLp(BR)

]

≤ C
|h|sp
Rsp

[
Rsp(1 − s)[u]pW s,p(BR) +

(
Rp

(R− r)p + Rsp

(R− r)sp

)
‖u‖pLp(BR)

]
≤ C

|h|sp
Rsp

|h|sp
( R

R− r

)p[
Rsp(1 − s)[u]pW s,p(BR) +

(
R

N
p ‖u‖L∞(BR)

)p]
≤ C

|h|sop
Rsop

( R

R− r

)N+sp+1
Kp

≤ C
|h|αsop
Rαsop

( R

R− r

)N+sp+1
Kp

for any 0 < |h| ≤ 1
2 (R − r). In turn we used the L∞-bound for u, the definition of K, 

so = s, and |h|/R ≤ 1
2 . The constant C has the form C̃(N, p)/s.

For the induction step we assume that (5.6)i−1 holds true. Using in (5.5) the as
sumption (5.6)i−1 in order to bound the Lp-norm of τhu on B�i−1 we obtain for any 
0 < |h| ≤ di−1 that

ˆ

B	i

|τh(τhu)|p dx ≤ C̃i
|h|sp
Rsp

( R

R− r

)N+sp+1
Kp−2

·
[
|h|2
R2 K2 +

[
Ci−1

Rαsi−1p

( R

R− r

)(N+sp+1) si−1
s |h|αsi−1pKp

] 2 
p

]

≤ 2C̃iC
2 
p

i−1
|h|p(s+ 2 

pαsi−1)

Rp(s+ 2 
pαsi−1)

( R

R− r

)(N+sp+1)(1+ 2 
p

si−1
s )

Kp

≤ 2C̃iCi−1
|h|αpsi
Rαpsi

( R

R− r

)(N+sp+1) si
s Kp. (5.7)

Here, to obtain the last line we used (5.4)1, αsi = α(s + 2 
psi−1) < s + 2 

pαsi−1, and 

αsi−1 < 1. This allows us to replace the power p(s + 2 
pαsi−1) of |h|

R and the power 
(N + sp+ 1)(1 + 2 

p
si−1
s ) of R

R−r in the second-to-last line by αpsi and by (N + sp+ 1) sis 
respectively, as shown in the last line. The estimate (5.7) plays the role of the assumption 
(2.4)σ<1 in Lemma 2.17 and permits us to apply (2.5) with 

(
p, αsi, �i, �i−1, di

)
instead 

of 
(
q, γ, r, R, d

)
and with

Mp := C̃iCi−1

Rαpsi

( R

R− r

)(N+sp+1) si
s Kp.
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Using again the L∞-bound for u, the definition of di, the fact �i−1 ≤ R, the definition 
of K from (5.2), and the fact that 1 − αsi ≥ 1 − αsio , we have

ˆ

B	i

|τhu|p dx

≤ C |h|αpsi
[

1 
(1 − αsi)p

C̃iCi−1

Rαpsi

( R

R− r

)(N+sp+1) si
s Kp︸ ︷︷ ︸

≡ Mp

+ 1 
dαpsii

ˆ

B	i−1

|u|p dx
]

≤ C C̃iCi−1

(1 − αsio)p
|h|αpsi
[

1 
Rαpsi

( R

R− r

)(N+sp+1) si
s Kp +

�Ni−1
dαpsii

‖u‖pL∞(BR)

]
≤ Ci

|h|αpsi
Rαpsi

[( R

R− r

)(N+sp+1) si
s Kp +

( R

R− r

)αpsi
RN‖u‖pL∞(BR)︸ ︷︷ ︸

≤ Kp

]

≤ Ci
|h|αpsi
Rαpsi

( R

R− r

)(N+sp+1) si
s Kp

for any 0 < |h| ≤ di and with

Ci = C(p) C̃iCi−1

(1 − αsi)p

= C(p) 
(1 − αsi)p

2(Np+N+2p+3)i C̃(N, p)
s 

2(Np+N+2p+3) 1
2 i(i−1) [C(p)C̃(N, p)]i−1

[s(1 − αsio)p]i−1

= 2(Np+N+2p+3) 1
2 (i+1)i [C(p)C̃(N, p)]i

[s(1 − αsio)p]i

as claimed in (5.6). This finishes the induction step and proves (5.6) for any i ∈
{0, 1, . . . , io}.

Now, we come to the proof of inequality (5.1). To this aim we choose io ∈ N such 
that sio ≥ 1 and sio−1 < 1. Note that io depends only on p and s and can be determined 
explicitly, i.e.

io =
⌈ ln(1 − p−2

sp 

)
ln 2 

p

− 1
⌉
.

Recall, in the case p = 2, the definition of si reduces to si = (i + 1)s, and meanwhile 
io = �1

s − 1�. Note also that in all cases io → 1 as s ↑ 1. To proceed further we let

α := p(2 − s) 
(p + 2)sio

(5.8)
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and note that α ∈ ( p 
2(p+2) , 1), since on the one hand sio ≥ 1 and p(2−s)

p+2 < 1, and on the 

other hand sio = sio−1 + ( 2 
p )ios < 2. Moreover, α is chosen in such a way that

αsio = p(2 − s)
p + 2 

< 1. (5.9)

Observe that

1 − αsio = sp− (p− 2)
p + 2 

> 0

holds true, because s > p−2
p by assumption. (See Remark 5.4 for the reason of introducing 

the parameter α.) We now apply inequality (5.6) with i = io. As a result, we have

ˆ

B	io

|τhu|p dx ≤ Cio

|h|αsiop
Rαsiop

( R

R− r

) sio
s (N+sp+1)

Kp, ∀ 0 < |h| ≤ dio ,

where Cio = 2(Np+N+2p+3)io!

[s(1−αsio )p]io C(N, p). Since αsio < 1 we still have to improve the exponent 
of |h|. To this end, we first apply (5.5) on B�io+1 and subsequently use the preceding 
inequality to estimate the integral on the right. For the appearing exponents we recall 
(5.4) and (5.9). The latter implies that

sp + 2αsio = σp > p, where σ := sp + 4
p + 2 

> 1. (5.10)

Here, we used again the lower bound s > p−2
p . Note that

σ − 1 = sp− (p− 2)
p + 2 

= 1 − αsio .

In this way we acquire similarly as in (5.7) that

ˆ

B	io+1

|τh(τhu)|p dx ≤ C̃io+1
|h|sp
Rsp

( R

R− r

)N+sp+1
Kp−2

[
|h|2
R2 K2 +

[ ˆ

B	io

|τhu|p dx
] 2 

p

]

≤ C̃io+1
|h|sp
Rsp

( R

R− r

)N+sp+1
Kp−2

·
[
|h|2
R2 K2 +

[
Cio

Rαsiop

( R

R− r

)(N+sp+1) sio
s |h|αsiopKp

] 2 
p

]

≤ C C̃io+1Cio

|h|sp+2αsio

Rsp+2αsio

( R

R− r

)(N+sp+1) sio+1
s Kp

= C C̃io+1Cio

|h|σp
Rσp

( R

R− r

)(N+sp+1) sio+1
s Kp
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for any 0 < |h| ≤ dio+1 and where C̃io+1 can be written in the form C̃io+1 =
2io(Np+N+2p+3)C̃(N, p)/s. The above estimate plays the role of the assumption (2.4)σ>1
in Lemma 2.17, and we are now in the position to apply (2.6) with (p, �io+1, �io , dio+1, σ =
sp+4
p+2 ) instead of (q, r, R, d, γ), and with

Mp := C C̃io+1Cio

Rσp

( R

R− r

)(N+sp+1) sio+1
s Kp.

The application of (2.6) gives for any h ∈ RN \ {0} with |h| ≤ dio+1 that
ˆ

B	io+1

|τhu|p dx

≤ C|h|p
[
C̃io+1Ciod

(σ−1)p
io+1

(σ − 1)pRσp

( R

R− r

)(N+sp+1) sio+1
s Kp + 1 

dpio+1

ˆ

B	io

|u|pdx
]

= C
|h|p
Rp

[
C̃io+1Ciod

(σ−1)p
io+1

(1 − αsio)pR(σ−1)p

( R

R− r

)(N+sp+1) sio+1
s Kp + Rp

dpio+1

ˆ

B	io

|u|pdx
]

≤ C C̃io+1Cio

(1 − αsio)p
|h|p
Rp

[
C̃p
( R

R− r

)(N+sp+1) sio+1
s Kp +

( R

R− r

)p
RN‖u‖pL∞(BR)︸ ︷︷ ︸

≤ Kp

]

≤ C C̃io+1Cio

(1 − αsio)p
|h|p
Rp

( R

R− r

)(N+sp+1) sio+1
s Kp

≤ C C̃io+1Cio

(1 − αsio)p
|h|p
Rp

( R

R− r

) 3
s (N+sp+1)

Kp,

where C = C(p) and to obtain the second-to-last line we used (N + sp + 1) sio+1
s > p to 

combine the two terms with R
R−r . In the last line we used

(N + sp + 1)sio+1

s 
= (N + sp + 1)

(
1 + 2 

p
+
(2 
p

)2 sio−1

s 

)
≤ 3

s 
(N + sp + 1).

Finally, we discuss the dependence of the constants with respect to s. In view of the 
definitions of C̃io+1, Cio , and α, in particular that

1 − αsio ≥ 1 − p(2 − s)
p + 2 

= sp− (p− 2)
p + 2 

> 0

holds true (cf. (5.9)), we have

C̃io+1Cio

(1 − αsio)p
≤ 22(Np+N+2p+3)io!

[s(1 − αsio)p]io+1 C(N, p)
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≤ 22(Np+N+2p+3)io!

sio+1[(sp− (p− 2)]io+1 C(N, p).

Hence, in principle, the constant depends on N , p and io, but since io depends only on 
s and p, the dependence is on N , p and s. Recall that io → 1 as s ↑ 1 and io → ∞
as s ↓ p−2

p . Hence, the constant C̃ is stable as s ↑ 1 while it blows up in the limit 
s ↓ p−2

p . More precisely, the s-dependence of the constant has three components: one is 
the dependence on s via io in the exponent; the second is a contribution that behaves 
as 1/s; and the third one behaves as (sp− (p− 2))−1. This is exactly the part in which 
the condition on s is embodied. At this point, we emphasize that αsio is fixed in such 
a way that its distance to 1 is precisely sp−(p−2)

p+2 ; see Remark 5.4. Since �io+1 > r, the 
claim (5.1) follows from the preceding estimate for 0 < |h| ≤ dio+1.

For |h| ∈ (dio+1, R−r] the L∞-bound for u, the lower bound for |h|, and the fact that 
p < N + sp + 1 easily imply

ˆ

B	io+1

|τhu|p dx ≤ C(N, p)RN‖u‖L∞(BR) ≤ C(N, p)Kp |h|p
dpio+1

≤ C(N, p, io)
|h|p
Rp

( R

R− r

)p
Kp

≤ C(N, p, io)
|h|p
Rp

( R

R− r

) 3
s (N+sp+1)

Kp.

This proves (5.1) also in this case. �
Remark 5.4. The purpose of introducing α in (5.8) is to stabilize our estimates as s ↑ 1. 
Indeed, if we had applied Lemma 2.17 with γ = si at each step, we would have ended 
up with a constant depending on (1− sio−1)−1 at step io − 1 and on (sio − 1)−1 at step 
io. This would have resulted in a discontinuous dependence of the constants on s; see 
Fig. 1.

In order to stabilize the constants, each si is multiplied by α so that the last step 
prior to reaching weak differentiability of u can be quantified as in (5.9). Note that, as 
long as i ≤ io, we apply Lemma 2.17 with σ = αsi. This process increases the fractional 
differentiability of u. In the final iteration step from io to io +1 we jump over the critical 
value of 1 in Lemma 2.17 obtaining the weak differentiability of u in W 1,p. More precisely, 
we reach σ = s + 2 

pαsio = sp+4
p+2 = 2 − αsio > 1 in the estimate for the second order 

finite differences of u; see (5.10). The particular choice of α ensures on the one hand 
that 1 − αsi ≥ 1 − αsio = sp−(p−2)

p+2 for any i ≤ io, and on the other hand that also 

σ − 1 = 1 − αsio = sp−(p−2)
p+2 ; see Fig. 2. This strategy leads to quantitative constants 

which are continuous and stable as s ↑ 1 and which only blow up as s ↓ p−2
p . 

Combination of Lemma 5.3 with the standard estimate for difference quotients from 
Lemma 2.13 immediately yields that locally bounded, local weak solutions of the frac
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Fig. 1. Behaviour of the constants without stabilization. 

Fig. 2. Behaviour of the constants with stabilization. 

tional p-Laplace equation are of class W 1,p
loc (Ω). As already mentioned, Theorem 1.3

follows from Corollary 5.5 by choosing r = 1
2R.

Corollary 5.5. Let p ≥ 2 and s ∈ (p−2
p , 1). Then, for any locally bounded, local weak 

solution u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) of (1.1) in the sense of Definition 2.1 we have

u ∈ W 1,p
loc (Ω).

Moreover, there exists a constant C = C(N, p, s) such that for any BR ≡ BR(xo) ⋐ Ω
and r ∈ (0, R) the quantitative W 1,p-estimate

ˆ

Br

|∇u|p dx ≤ C

Rp

( R

R− r

) 3
s (N+sp+1)

Kp
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holds true, where

Kp := Rsp(1 − s)[u]pW s,p(BR) + RN
(
‖u‖L∞(BR) + Tail(u;R)

)p
.

Moreover, the constant C is stable as s ↑ 1.

Remark 5.6. In the case p > 2, Corollary 5.5 improves [13, Corollary 2.8] in the sense 
that the condition on s can be weakened from s ∈ (p−1

p , 1) to s ∈ (p−2
p , 1). This fits 

perfectly with the case p = 2 in the limit p ↓ 2. Indeed, for p = 2 we have for any 
s ∈ (0, 1) that u ∈ W 1,2

loc (Ω). For linear equations with more general kernels we refer to 
[24,18]; see also [13]. �
5.2. Higher integrability of the gradient

The iteration scheme we set up in the previous section improves the regularity from 
W s,p

loc to W 1,p
loc , while the iteration argument in this section will improve the W 1,p

loc
regularity to W 1,q

loc . The starting point is an improved estimate for the second-order 
finite differences under the assumption that u ∈ W 1,q(BR) for some q ≥ p. This assump
tion allows us to apply the energy estimate from Proposition 3.3 with δ = q + p − 1. 
This in turn leads to an estimate of [ηV q

p
(τhu)]pW s,p(BR) in the terms of |h|q−(p−2). With 

Lemma 2.15, i.e. the embedding of the fractional Sobolev space into a certain Nikol’skii 
space, we deduce that the integral of the first-order finite difference |τλ(ηV q

p
(τhu))|p is 

estimated in terms of the product |λ|sp|h|q−(p−2), which leads directly to the assertion.

Lemma 5.7. Let p ∈ [2,∞), s ∈ (p−2
p , 1), and q ≥ p. There exists a constant C that 

depends on N , p, and q, so that whenever u ∈ W s,p
loc (Ω)∩Lp−1

sp (RN ) is a locally bounded, 
local weak solution of (1.1) in the sense of Definition 2.1 that satisfies

u ∈ W 1,q(BR)

on some ball BR ≡ BR(xo) ⋐ Ω, then for any r ∈ (0, R) and any h ∈ RN \ {0} with 
|h| ≤ d = 1

7 (R− r), we have

ˆ

Br

∣∣τh(τhu)
∣∣q dx ≤ C

s 
|h|q+sp−(p−2)

Rq+sp−(p−2)

( R

R− r

)N+sp+1
Kq. (5.11)

Here, we used the short-hand notation

Kq := Rq

ˆ

BR

|∇u|q dx + RN
(
‖u‖L∞(BR) + Tail(u;R)

)q
. (5.12)

Proof. Let δ := 1− p+ q ≥ 1. Note that sp+ δ − 1 = q − (1− s)p. We apply the energy 
inequality from Proposition 3.3 with r,R, d replaced by r̃ = 1

7 (5r+ 2R), R̃ = 1
7 (r+ 6R), 
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and d = 1
4 (R̃ − r̃) = 1

7 (R − r). Using inequalities (4.3) and (4.4) from the proof of 
Lemma 4.1 allows us to replace R̃

R̃−r̃
by R

R−r and 1 
R̃

by 1 
R when applying Proposition 3.3

apart from a multiplicative constant depending only on N and p. With the abbreviations

I :=
¨

K
R̃

∣∣V q
p
(τhu(x))η(x) − V q

p
(τhu(y))η(y)

∣∣p
|x− y|N+sp

dxdy =
[
ηV q

p
(τhu)
]p
W s,p(B

R̃
)

and

T = ‖u‖L∞(BR) + Tail(u;R)

the application of Proposition 3.3 yields

I ≤ C

(R− r)2

[¨
KR

|u(x) − u(y)|q
|x− y|N+q−(1−s)p dxdy

] p−2
q
[
R(1−s)p

1 − s 

ˆ

B
R̃

|τhu|q dx
] q−(p−2)

q

+ C

Rsp

( R

R− r

)N+sp

T p−2
ˆ

B
R̃

|τhu|q−(p−2)

1 − s 
dx

+ C|h| 
Rsp+1

( R

R− r

)N+sp+1
T p−1

ˆ

B
R̃

|τhu|q−(p−1) dx

=: I1 + I2 + I3

for any 0 < |h| ≤ d = 1
7 (R−r). Here, η ∈ C1

0 (B 1
2 (R̃+r̃)) denotes the usual cut-off function 

in Zr̃,R̃, cf. Definition 3.2, satisfying η = 1 on Br̃ and |∇η| ≤ 4 
R̃−r̃

= 7 
R−r . Note that C

has the structure C̃(N, p)8δδps−1 ≡ C̃(N, p, q)s−1. In the preceding inequality we can 
replace R̃ and r̃ by the corresponding quantities R and r apart from a multiplicative 
constant, since R > R̃ > 6

7R, and R̃ − r̃ ≥ 4
7 (R − r). Let us estimate I1 using the 

assumption u ∈ W 1,q(BR). In fact, applying the embedding Lemma 2.8 with exponent 
q, and with γ replaced by 1 − (1−s)p

q we obtain

¨

KR

|u(x) − u(y)|q
|x− y|N+q−(1−s)p dxdy ≤ CR(1−s)p

1 − s 

ˆ

BR

|∇u|q dx

for a constant C = C(N, p, q), whereas the integral of |τhu| is bounded by the corre
sponding integral of |∇u| according to Lemma 2.14. That is,

ˆ

B
R̃

|τhu|q dx ≤ |h|q
ˆ

BR

|∇u|q dx.



56 V. Bögelein et al. / Journal of Functional Analysis 289 (2025) 111078 

Hence, we have

I1 ≤ C

s(1 − s)Rsp

( R

R− r

)2
|h|q−(p−2)Rp−2

ˆ

BR

|∇u|q dx

= C

s(1 − s)Rsp

( R

R− r

)2 |h|q−(p−2)

Rq−(p−2) R
q

ˆ

BR

|∇u|q dx

≤ C

s(1 − s)Rsp

( R

R− r

)2 |h|q−(p−2)

Rq−(p−2) Kq,

where C = C(N, p, q). For I2 we first apply Hölder’s inequality in order to raise the 
exponent of |τhu| from q − (p − 2) to q, then Lemma 2.14 and finally the definition of 
K. This amounts to

I2 ≤ C

s(1 − s)Rsp

( R

R− r

)N+sp

R
N(p−2)

q T p−2
[ ˆ
B

R̃

|τhu|q dx
] q−(p−2)

q

≤ C

s(1 − s)Rsp

( R

R− r

)N+sp |h|q−(p−2)

Rq−(p−2)

[
RNT q
] p−2

q

[
Rq

ˆ

BR

|∇u|q dx
] q−(p−2)

q

≤ C

s(1 − s)Rsp

( R

R− r

)N+sp |h|q−(p−2)

Rq−(p−2) Kq,

again with a constant C depending only on N , p, and q. Here, to obtain the last line we 
also used the definition of K. The last integral I3 is treated similarly. Firstly, we apply 
Hölder’s inequality in order to raise the exponent of |τhu| from q − (p − 1) to q, then 
Lemma 2.14 and finally the definition of K. This leads to

I3 ≤ C

sRsp

( R

R− r

)N+sp+1 |h|
R

[
RNT q
] p−1

q

[ ˆ
B

R̃

|τhu|q dx
] q−(p−1)

q

≤ C

sRsp

( R

R− r

)N+sp+1 |h|q−(p−2)

Rq−(p−2)

[
RNT q
] p−1

q

[
Rq

ˆ

BR

|∇u|q dx
] q−(p−1)

q

≤ C

sRsp

( R

R− r

)N+sp |h|q−(p−2)

Rq−(p−2) Kq,

where C = C(N, p, q). Inserting these estimates above, we have shown that

I ≤ C(N, p, q) 
s(1 − s)Rsp

( R

R− r

)N+sp+1 |h|q−(p−2)

Rq−(p−2) Kq ∀ 0 < |h| ≤ d. (5.13)
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Now, we apply Lemma 2.15 to v = ηV q
p
(τhu) on BR̃ with (p, s, d = 1

7 (R − r)) instead 

of (q, γ, d). Note that in the application R̃ plays the role of R + d. Taking into account 
that d ≤ R, η ≤ 1, Lemma 2.14, and (5.13) we find that

ˆ

B
R̃−d

∣∣τλ

(
V q

p
(τhu)η

)∣∣p dx

≤ C|λ|sp
[
(1 − s)I +

(
R̃(1−s)p

dp
+ 1 

sdsp

) ˆ
B

R̃

∣∣V q
p
(τhu)η

∣∣p dx
]

≤ C|λ|sp
[
(1 − s)I + R(1−s)p

sdp

ˆ

B
R̃

∣∣V q
p
(τhu)η

∣∣p dx
]

≤ C|λ|sp
[
(1 − s)I + R(1−s)p

sdp

ˆ

B
R̃

|τhu|q dx
]

≤ C|λ|sp
[
(1 − s)I + |h|q

sRsp

( R

R− r

)p ˆ
BR

|∇u|q dx
]

≤ C|λ|sp
[

C

sRsp

( R

R− r

)N+sp+1 |h|q−(p−2)

Rq−(p−2) Kq + 1 
sRsp

( R

R− r

)p( |h|
R

)q
Kq

]
≤ C

s 
|λ|sp
Rsp

( R

R− r

)N+sp+1 |h|q−(p−2)

Rq−(p−2) Kq

for any |λ| ≤ d and with a constant C = C(N, p, q). Now we choose λ = h, and observe 
that, since η ≡ 1 in Br̃ = Br+2d and qp ≥ 1, there holds

∣∣τh

(
V q

p
(τhu)η

)∣∣ = ∣∣τh

(
V q

p
(τhu)
)∣∣ ≥ |τh(τhu)|

q
p in Br.

Therefore, with a constant C = C(N, p, q) we get

ˆ

Br

∣∣τh(τhu)
∣∣q dx ≤ C

s 
|h|q+sp−(p−2)

Rq+sp−(p−2)

( R

R− r

)N+sp+1
Kq,

for any 0 < |h| ≤ d. This proves (5.11). �
At this point it is worthwhile to note that the exponent of the increment |h|

in Lemma 5.7 is larger than the integrability exponent q. This allows us to apply 
Lemma 2.18 to conclude that the gradient admits a certain fractional differentiability.

Proposition 5.8. Let p ∈ [2,∞), s ∈ (p−2
p , 1), and q ∈ [p,∞). Then, for any locally 

bounded, local weak solution u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) of (1.1) in the sense of Defini
tion 2.1, satisfying
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u ∈ W 1,q
loc (Ω),

we have

∇u ∈ Wα,q
loc (Ω) for any α ∈ (0, β), where β := sp−(p−2)

q .

Moreover, there exists a constant C = C(N, p, s, q, α) such that for any ball BR ≡
BR(xo) ⋐ Ω and for any r ∈ (0, R), we have

[∇u]qWα,q(Br) ≤
C

R(1+α)q

( R

R− r

)N+q+1
Kq,

where K is defined in (5.12) and the constant is of the form C = C̃(N,p,q) 
sαβq(β−α)(1−α)q .

Proof. We apply Lemma 5.7 with r replaced by r̃ = 1 
11 (7r + 4R) and leave the larger 

radius R unchanged in the application. Taking into account that R− r̃ = 7 
11 (R− r), we 

obtain

ˆ

Br̃

∣∣τh(τhu)
∣∣q dx ≤ C

s 
|h|q+sp−(p−2)

Rq+sp−(p−2)

( R

R− r̃

)N+sp+1
Kq

≤ C

s 
|h|q(1+β)

Rq(1+β)

( R

R− r

)N+sp+1
Kq,

for any h ∈ RN with 0 < |h| ≤ d = 1
7 (R − r̃) = 1 

11 (R − r) and where K is defined 
in (5.12) and the constant C depends only on N, p, q. We now fix some α ∈ (0, β). In the 
preceding inequality we take advantage of the inequality |h| ≤ R in order to reduce the 
power of |h| from q(1 + β) to q(1 + β̃), where β̃ = 1

2 (α + β). We thus obtain

ˆ

Br̃

∣∣τh(τhu)
∣∣q dx ≤ C

s 
|h|q(1+β̃)

Rq(1+β̃)

( R

R− r

)N+sp+1
Kq,

for any h ∈ RN with 0 < |h| ≤ d = 1
7 (R− r̃) = 1 

11 (R− r). The above estimate plays the 
role of assumption (2.8) in Lemma 2.18, which we apply on Br̃ with d = 1 

11 (R− r); note 
that r̃ = r + 4d. The quantity

C

sRq(1+β̃)

( R

R− r

)N+sp+1
Kq

plays the role of Mq in (2.8). The application is allowed, since u ∈ W 1,q(Br+6d) by 
assumption. Note that d = 1 

11 (R − r), and r̃ = r + 4d. In particular, we have ∇u ∈
Wα,q(Br) with the quantitative estimate



V. Bögelein et al. / Journal of Functional Analysis 289 (2025) 111078 59

[∇u]qWα,q(Br)

≤ C dq(β̃−α)

(β̃ − α)β̃q(1 − β̃)q

[
C

sRq(1+β̃)

( R

R− r

)N+sp+1
Kq + r̃q

αdq(1+β̃)

ˆ

Br̃

|∇u|q dx
]

≤ C

s(β − α)βq(1 − α)q

[
dq(β̃−α)

Rq(1+β̃)

( R

R− r

)N+sp+1
Kq + r̃q

αdq(1+α)

ˆ

BR

|∇u|q dx
]

≤ C

s(β − α)βq(1 − α)q

[
1 

Rq(1+α)

( R

R− r

)N+sp+1
Kq + Rq

αdq(1+α)

ˆ

BR

|∇u|q dx
]

≤ C

sα(β − α)βq(1 − α)qRq(1+α)

[( R

R− r

)N+sp+1
+
( R

R− r

)q(1+α)
]
Kq

≤ C

sα(β − α)βq(1 − α)qRq(1+α)

( R

R− r

)N+q+1
Kq,

where C = C(N, p, q). From the second to third line we used β̃ − α = 1
2 (β − α) and 

1 − β̃ ≥ 1
2(1 − α). To obtain the last line we estimated the exponents of R/(R− r) by

N + sp + 1 < N + q + 1,

and

q(1 + α) < q + qβ = q + sp− (p− 2) ≤ q + 2 < N + q + 1.

This proves the claim. �
The gain in fractional differentiability from the preceding proposition can be exploited 

via the Sobolev embedding for fractional Sobolev spaces to increase the integrability 
exponent of the gradient.

Lemma 5.9. Let p ∈ [2,∞), s ∈ (p−2
p , 1), and q ≥ p. There exists a constant C depending 

on N , p, s and q, such that whenever u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) is a local weak solution 
of (1.1) in the sense of Definition 2.1, satisfying

u ∈ W 1,q
loc (Ω),

we have

∇u ∈ L
Nq 

N−αq

loc (Ω), where α = sp− (p− 2)
2q .

Moreover, there exists a constant C = C(N, p, s, q), so that for any ball BR ≡ BR(xo) ⋐
Ω and for any r ∈ (0, R) we have
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[
−
ˆ

Br

|∇u|
Nq 

N−αq dx
]N−αq

N

≤ C
(R
r

)N( R

R− r

)N+q+1
Mq,

where

M :=
[
−
ˆ

BR

|∇u|q dx
] 1 

q

+ 1 
R

(
‖u‖L∞(BR) + Tail(u;R)

)
.

Moreover, the constant C is stable as s ↑ 1 and blows up as s ↓ p−2
p .

Proof. We first observe that α = sp−(p−2)
2q ∈ (0, β), where β = sp−(p−2)

q . Therefore, 
Proposition 5.8 ensures that ∇u ∈ Wα,q

loc (Ω) together with the quantitative estimate 
(note that for the quantity K defined in (5.12) we have K ≤ C(N)RN+qM)

[∇u]qWα,q(Br) ≤
C

R(1+α)q

( R

R− r

)N+q+1
Kq

≤ C1R
N

Rαq

( R

R− r

)N+q+1
Mq,

for a constant C1 of the form

C1 = C(N, p, q) 
sαβq(β − α)(1 − α)q = C(N, p, q) 

s(sp− (p− 2))q+2 .

In order to specify the dependency of C1 we used the fact that α ≤ 1
2s < 1

2 and hence 
1 − α > 1

2 . By the Sobolev embedding for fractional Sobolev spaces from Lemma 2.10
we conclude that ∇u ∈ L

Nq 
N−αq (Br) together with the quantitative estimate

[
−
ˆ

Br

|∇u|
Nq 

N−αq dx
]N−αq

N

≤ 2q−1
[
Cq

2r
αq−N [∇u]qWα,q(Br) + −

ˆ

Br

|∇u|q dx
]

≤ 2q−1
[
Cq

2C1

(R
r

)N( R

R− r

)N+q+1
+
(R
r

)N
−
ˆ

BR

|∇u|q dx
]

≤ 2q−1(Cq
2C1 + 1

)(R
r

)N( R

R− r

)N+q+1
Mq,

where C2 = C2(N, q, α) denotes the constant from Lemma 2.10. The application is 
allowed since αq = 1 − 1

2p(1 − s) < N . This proves the claimed inequality. �
Remark 5.10. A few words concerning stability of the constants C1 and C2 are in order. 
For C2, Lemma 2.10 and the subsequent remark, in conjunction with the specific choice 
of β, show that
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Cq
2 = C(N)(1 − α)

(N − αq)q−1 = C(N)
1 − 1 

2q (sp− (p− 2)) 
(N − 1

2 (sp− (p− 2)))q−1

= C(N)
q

q − 1 + 1
2 (1 − s)p 

(N − 1 + 1
2(1 − s)p)q−1 ,

which implies

lim
s↑1 

Cq
2 = C(N)(q − 1)

q(N − 1)q−1 .

Moreover, we have (recall the definition of C1)

lim
s↑1 

C1 = C(N, p, q)
2q+2 .

This proves that the constant remains stable as s ↑ 1. Finally, the definition of C1 implies 
that C1 blows up as s ↓ p−2

p . �
Lemma 5.9 allows us to set up a Moser-type iteration scheme that improves for any 

given q ∈ [p,∞) the regularity of a locally bounded, weak solution of the fractional 
p-Laplacian from W 1,p

loc (Ω) to W 1,q
loc (Ω).

Proposition 5.11 (W 1,q-gradient regularity). Let p ∈ [2,∞) and s ∈ (p−2
p , 1). Then, for 

any locally bounded, local weak solution u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) of (1.1) in the sense 
of Definition 2.1 we have

u ∈ W 1,q
loc (Ω) for any q ∈ [p,∞).

Moreover, there exists a constant C = C(N, p, s, q), such that on any ball BR ≡ BR(xo) ⋐
Ω the quantitative Lq-gradient estimate

[
−
ˆ

BR/2

|∇u|q dx
] 1 

q

≤ C

[[
−
ˆ

BR

|∇u|p dx
] 1 

p

+ 1 
R

(
‖u‖L∞(BR) + Tail(u;R)

)]

holds true. Moreover, the constant C is stable in the limit s ↑ 1 and blows up as s ↓ p−2
p .

Proof. Based on the quantitative higher integrability lemma we set up an iteration ar
gument. To this end, we define a sequence (qi)i∈N0 of exponents, a sequence (�i)i∈N0 of 
radii, and a sequence of shrinking concentric balls (Bi)i∈N0 by⎧⎪⎪⎪⎨⎪⎪⎪⎩

qo := p, qi = Nqi−1

N − 1
2 [sp− (p− 2)]

=
(

N

N − 1
2 [sp− (p− 2)]

)i
p,

�i := 1
2

(
R + R

2i
)
, Bi = B�i

.

(5.14)
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Clearly qi → ∞ as i → ∞. For i ∈ N we apply Lemma 5.9 with r = �i, R = �i−1, 
q = qi−1, and β = βi−1 = 1

2
sp−(p−2)

qi−1
. Note that βi−1qi−1 = 1 − 1

2p(1 − s) < N . This 
amounts to

[
−
ˆ

Bi

|∇u|qi dx
] 1 

qi

≤ Ci

(�i−1

�i

) N
qi−1
( �i−1

�i−1 − �i

) N
qi−1

+1
Mi−1, (5.15)

for a constant Ci = Ci(N, p, βi−1, qi−1). Concerning the stability of Ci we refer to Re
mark 5.12. To obtain (5.15)i we abbreviated

Mi−1 :=
[

−
ˆ

Bi−1

|∇u|qi−1 dx
] 1 

qi−1
+ 1 

�i−1
Ti−1,

where

Ti := ‖u‖L∞(B	i
) + Tail(u; �i), T0 ≡ T .

To proceed further, we estimate the numerical factors and the tail term. In fact, we have

�i−1

�i
=

R + 1 
2i−1R

R + 1 
2iR 

< 2, R

�i−1
= 2R 

R + 1 
2i−1R

≤ 2,

and

�i−1

�i−1 − �i
=

R + 1 
2i−1R 

1 
2i−1R− 1 

2iR
= 2i
(
1 + 1 

2i−1

)
≤ 2i+1.

Moreover, by Lemma 2.7 we have

Tail(u, �i−1)p−1 ≤
( R

�i−1

)N(
Tail(u,R)p−1 + ‖u‖L∞(BR)

)p−1 ≤ C(N)T p−1.

Using this in (5.15)i we obtain for any i ∈ N that

[
−
ˆ

Bi

|∇u|qi dx
] 1 

qi

≤ C(N, p)2
iN
p Ci︸ ︷︷ ︸

=:C̃i

[[
−
ˆ

Bi−1

|∇u|qi−1 dx
] 1 

qi−1
+ 1 

R
T
]
.

Iterating this inequality results in

[
−
ˆ

Bi

|∇u|qi dx
] 1 

qi

≤ C

[[
−
ˆ

BR

|∇u|p dx
] 1 

p

+ 1 
R
T
]
,
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where the constant C is given by C = i
∏i

j=1 C̃j . Since qi → ∞ as i → ∞ there exists 
io ∈ N, such that qio ≥ q and qio−1 < q. This defines io ∈ N as a function of N , p, s and 
q. More precisely, we have

io =
⌈

ln p
q

ln N
N− 1

2 (sp−(p−2))
− 1
⌉
,

so that the number io of iterations to reach the Lq-integrability is bounded by

ln p
q

ln N
N− 1

2 (sp−(p−2))
→

ln p
q

ln N
N−1

as s ↑ 1.

Enlarging the domain of integration from B 1
2R

to Bio and using Hölder’s inequality, we 
finally get

[
−
ˆ

B 1
2R

|∇u|q dx
] 1 

q

≤ 2
N
q

[
−
ˆ

Bio

|∇u|qio dx
] 1 

qio ≤ C

[[
−
ˆ

BR

|∇u|p dx
] 1 

p

+ 1 
R
T
]
,

where C = C(N, p, s, q). This proves the claim. �
Remark 5.12. The precise value of Ci is given by Ci = 2qi−1

(
C

qi−1
2 C1 + 1

)
, where

C1 = C(N, p, qi−1) 
s(sp− (p− 2))qi−1+2 ,

and

C
qi−1
2 = C(N)

qi−1

qi−1 − 1 + 1
2 (1 − s)p 

(N − 1 + 1
2(1 − s)p)qi−1−1

≤ C(N) 
(N − 1 + 1

2p(1 − s))qi−1−1 ≤ C(N) 
(N − 1)qi−1−1 .

Moreover, we have

lim
s↑1 

qi−1 = lim
s↑1 

(
N

N − 1
2 [sp− (p− 2)]

)i−1

p =
( N

N − 1

)i−1
p

Hence, both constants C1 and Cqi−1
2 remain stable at s ↑ 1. Therefore also Ci is stable 

as s ↑ 1. As already pointed out, io stabilizes as s ↑ 1, so that also the factor 2
iN
p ≤ 2

ioN
p 

in the constant C̃i remains stable. �
At this point Theorem 1.4 can be achieved by combining Theorem 5.5 and Proposi

tion 5.11.
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Proof of Theorem 1.4. First we apply Theorem 5.5 on the balls B 1
2R

and B 3
4R

, which is 
possible after slightly changing the radii. Subsequently we use Theorem 5.5 to estimate 
the Lp norm of ∇u and Lemma 2.7 to increase 3

4R in the tail-term to R. In this way, we 
obtain

‖∇u‖Lq(BR/2) ≤ CR
N
q

[
R−N

p ‖∇u‖Lp(B 3
4R

) + 1 
R

(
‖u‖L∞(BR) + Tail(u; 3

4R)
)]

≤ CR
N
q −1
[
Rs−N

p (1 − s)
1 
p [u]W s,p(BR) + ‖u‖L∞(BR) + Tail(u;R)

]
.

This finishes the proof of Theorem 1.4. �
5.3. Almost Lipschitz continuity and improved fractional differentiability

By Morrey’s embedding the W 1,q-regularity result obtained in Theorem 1.4 immedi
ately implies that solutions are Hölder continuous for any Hölder exponent γ ∈ (0, 1). 
This is exactly the content of Theorem 1.5.

Proof of Theorem 1.5. From Theorem 5.11 we know u ∈ W 1,q
loc (Ω) for any q ≥ p. There

fore, by Morrey’s embedding, Lemma 2.20, we conclude that u ∈ C0,γ(Ω) for any 
γ ∈ (0, 1). Now, fix some γ ∈ (0, 1) and consider a ball BR ≡ BR(xo) ⋐ Ω. Apply
ing in turn Lemma 2.20 with the choice q = N

1−γ and Theorem 5.11, we obtain the 
quantitative estimate

[u]C0,γ(B 1
2R

) = [u]
C

0,1−N
q (B 1

2R
)
≤ C‖∇u‖Lq(B 1

2R
)

≤ CR
N
q −1
[
Rs−N

p (1 − s)
1 
p [u]W s,p(BR) + ‖u‖L∞(BR) + Tail(u;R)

]
.

Recalling the choice of q, we conclude the claimed inequality. �
Theorem 1.4 ensures that weak solutions admit a gradient in Lq for any q ≥ p. This 

result can still be improved, in the sense that the gradient is fractional differentiable to 
a certain power.

Proposition 5.13 (W β,q-gradient regularity). Let p ∈ [2,∞) and s ∈ (p−2
p , 1). Then, for 

any locally bounded, local weak solution u ∈ W s,p
loc (Ω) ∩ Lp−1

sp (RN ) of (1.1) in the sense 
of Definition 2.1 we have

∇u ∈ Wα,q
loc (Ω) for any q ∈ [p,∞) and α ∈

(
0, sp− (p− 2)

q

)
.

Moreover, there exists a constant C = C(N, p, s, q, α) such that for any ball BR ≡
BR(xo) ⋐ Ω and any r ∈ (0, R), we have
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[∇u]qWα,q(Br) ≤
C

R(1+α)q

( R

R− r

)N+q+1
Kq,

where K is defined in (5.12) and the constant is of the form C = C(N,p,q) 
sαβq(β−α)(1−α)q .

Proof. Throughout the proof we abbreviate β := sp−(p−2)
q and fix some α ∈ (0, β). 

By Theorem 1.4 we know that u ∈ W 1,q
loc (Ω) for any q ≥ p. This allows us to apply 

Proposition 5.8 on any pair of concentric balls Br ⋐ BR ⋐ Ω to conclude that ∇u ∈
Wα,q(Br) with the quantitative estimate

[∇u]qWα,q(Br) ≤
C(N, p, q) 

sαβq(β − α)(1 − α)qRq(1+β)

( R

R− r

)N+q+1
Kq.

This proves the claim. �
Remark 5.14. At this point, it is certainly appropriate to compare the Wα,q-estimate 
with known results from the local case in order to better understand the significance of 
the statement. We start with the special case q = p. In this case the constraint on α
reduces to 0 < α < β := s− p−2

p . For the limit we get

lim
s↑1 

(
s− p− 2

p 

)
= 2 

p
.

This implies that the constant in the Wα,p-estimate remains stable in the limit s ↑ 1. 
Indeed, we have

lim
s↑1 

1 
αβp(β − α)(1 − α)p =

(2 
p

)p 1 
α( 2 

p − α)(1 − α)p
,

and the formal limiting condition for the order of fractional differentiability is 0 < α < 2 
p . 

This, however, is exactly the condition that appears in the context of weak solu
tions to the local p-Laplacian for p ≥ 2. In fact, a classical result for p-harmonic 
functions [10,64,65] ensures that |∇u| p−2

2 ∇u ∈ W 1,2
loc (Ω,RN ). This higher differentia

bility can be converted into fractional differentiability by a standard argument, namely, 
∇u ∈ Wα,p

loc (Ω,RN ) for every 0 < α < 2 
p . This is exactly the outcome that is formally 

obtained from Theorem 5.13 in the limit s ↑ 1.
Next, we consider the case q > p. Here, Theorem 5.13 ensures that ∇u ∈ Wα,q

loc (Ω,RN )
for any 0 < α < p

q

(
s− p−2

p 
)
. In the limit s ↑ 1 we have

lim
s↑1 

p

q

(
s− p− 2

p 

)
= 2

q
,

so that the constant in the Wα,p-estimate remains stable in the limit s ↑ 1. In fact, we 
have
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lim
s↑1 

1 
αβq(β − α)(1 − α)q =

(2
q

)q 1 
α(2

q − α)(1 − α)q
.

The formal limiting condition for the order of fractional differentiability is 0 < α < 2
q . 

This exactly coincides with the condition that appears in the context of weak solu
tions to the local p-Laplacian equation [30,58]. There it was shown that |∇u| q−2

2 ∇u ∈
W 1,2

loc (Ω,RN ) for any q ≥ p. More precisely, the result from [58] ensures for N ≥ 2, 
p > 1, and σ > −1 − p−1 

N−1 that for any local weak p-harmonic function u ∈ W 1,p(Ω)
we have |∇u| p−2+σ

2 ∇u ∈ W 1,2
loc (Ω,RN ). This weak differentiability can be converted into 

fractional differentiability, that is, ∇u ∈ Wα,q
loc (Ω,RN ) for every 0 < α < 2

q . Observe that 
this is again the outcome that is formally obtained from Theorem 5.13 in the limit s ↑ 1.

In the local case the assertions concerning the fractional differentiability are a conse
quence of the weak differentiability of |∇u| q−2

2 ∇u and the elementary inequality∣∣|A| q−2
2 A− |B| q−2

2 B
∣∣2 ≥ 1 

C(q) |A−B|q, for q ≥ 2, A,B ∈ RN ,

which itself follows from Lemma 2.2. In fact, we have

[u]qWα,q(BR) ≤ C(q)
¨

BR×BR

∣∣|∇u(x)| q−2
2 ∇u(x) − |∇u(y)| q−2

2 ∇u(y)
∣∣2

|x− y|N+2 qα
2 

dxdy.

The right-hand side is finite provided we have 0 < 1
2qα < 1. This follows by using 

Lemma 2.8 and |∇u| q−2
2 ∇u ∈ W 1,2

loc (Ω). But this means that α has to satisfy 0 < α < 2
q .

At this point Theorem 1.6 is obtained by joining the quantitative estimates from 
Theorem 1.4 and Proposition 5.13.

Proof of Theorem 1.6. The qualitative statement asserting that ∇u ∈ Wα,q
loc (Ω) for any 

q ∈ [p,∞) and α ∈ (0, β) with β = sp−(p−2)
q has already been established in Proposi

tion 5.13. The quantitative estimate follows by joining the ones from Proposition 5.13
and Theorem 1.4 and using Lemma 2.7 to increase 3

4R in the tail-term to R. Namely,

[∇u]qWα,q(B 1
2R

) ≤
C1

R(1+α)q

[
Rq

ˆ

B 3
4R

|∇u|q dx + RN
(
‖u‖L∞(BR) + Tail(u; 3

4R)
)q]

≤ C1C2R
N

R(1+α)q

[
Rsq−Nq

p (1 − s)
q
p [u]qW s,p(BR) +

(
‖u‖L∞(BR) + Tail(u;R)

)q]
,

where C1 denotes the constant from Theorem 1.4, while C2 denotes the one from Propo
sition 5.13. Tracing back the dependency of the constants, we observe that C2 is stable 
in the limit s ↑ 1 and blows up as s ↓ p−2

p and C1 is of the form

C1 = C(N, p, q) 
sαβq(β − α)(1 − α)q .
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Hence, the resulting constant is stable as s ↑ 1 and blows up as s ↓ p−2
p and α ↑ β. This 

finishes the proof of Theorem 1.6. �
Data availability
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