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Modeling the Impact of Climate Variables on
Agriculture through the F-Transform

Benedetta Amicizia ∗, Luca Vincenzo Ballestra†,

Maria Letizia Guerra‡, Laerte Sorini§, Luciano Stefanini¶

March 17, 2026

Abstract

The paper investigates the relationship between climatic variables and
agricultural production in the United States, focusing on the reciprocal
interactions among precipitation data, temperature data, and annual agri-
cultural output (specifically Corn, Soybean, and Wheat) in the most pro-
ductive counties of Illinois. The aim is to assess the impact that weather
conditions may have on agricultural productivity. The study is performed
using F-transform in modeling time series. Graphical examples and pic-
tures accompany the presentation.

Keywords: Climate variables, Crop production, Latent variable, Cluster-
ing, F-transform, Time series, Local trends.

1 Introduction
Scientific research has played a fundamental role in improving understanding of
the complex relationship between agricultural production and weather variabil-
ity, particularly with regard to rainfall and temperature patterns. Long-term
climate datasets and statistical analyses have enabled researchers to identify
critical thresholds for crop stress, including the impacts of drought, heatwaves,
and extreme rainfall events on phenology stages such as germination, flowering,
and grain filling.

Advances in agro-climatology, remote sensing, and crop modeling have fur-
ther strengthened this field by allowing the integration of meteorological data
with soil properties and management practices to forecast yields and assess risk
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under changing climate conditions. However, it is confirmed as an interdisci-
plinary research field connecting agriculture and weather and providing practi-
cal solutions to enhance agricultural sustainability and resilience in the face of
increasing climate variability.

The scientific literature on this subject is extensive. Part of the scientific
literature is dedicated to the extreme events that climate change generates,
in fact several studies have demonstrated an increase in both the frequency
and magnitude of flood events ([2] and [47]), and hydro-meteorological disasters
related to these events have significantly impacted agricultural activities over the
past two decades ([43], [48] and [51]). In addition to floods, drought represents
another critical risk factor for agriculture, as it influences water availability
and soil moisture due to insufficient precipitation ([23] and [27]). Moreover,
climate variability is anticipated to intensify under future warmer conditions,
leading to more frequent, severe, and prolonged extreme climate events such as
heatwaves, droughts, and floods ([11] and [30]). These phenomena are expected
to substantially affect crop yields in the future ([3] and [19]), thereby posing
significant challenges to global food security ([9], [24] and [40]).

In particular, various forecasting methods confirm that global climate change
will have a detrimental impact on the yields of major cereals, such as maize,
wheat, soybeans, and rice ([1], [13] and [49]). Consequently, in recent years, the
manner in which agriculture responds to climate change has become an increas-
ingly prominent and sought-after area of research. While weather variables such
as temperature and precipitation have traditionally been employed extensively
in the literature to price weather derivatives (see [5] and [52]) through the de-
velopment of various models (as in [42]), recent studies have combined these
variables with crop models to investigate the effects of climate change on crops
and to evaluate adaptation strategies ([8], [31], [35], [45] and [50]).

Among the most recent contributions, some have specifically quantified the
impact of climate change on the income of maize farms (see [25]), while oth-
ers have assessed different adaptation measures, including the optimization of
planting dates, implementation of supplemental irrigation, and modification of
fertilizer application rates ([20]). Additionally, a few studies have adopted a
holistic approach to evaluate the combined risks associated with drought and
flood hazards for farming communities in the United States (see [46]).

Furthermore, previous research has demonstrated that approximately one-
third of the variability in agricultural production can be attributed to climate
variability at the global scale ([28]). For example, in the United States, roughly
39% of the variability in maize yields and 35% in soybean yields have been
explained by climate fluctuations ([39]). Specifically, since one of the world’s
largest agricultural production regions, the U.S. Midwest, produces approxi-
mately 85% of the United States’ corn and soybeans (Dataset USDA, 2020),
with most of this production derived from non-irrigated farmland, there exists
an urgent need to accurately assess the impact of climate-induced crop produc-
tion risks in this area, both under current and future climatic conditions. Such
an assessment is crucial to ensuring global food security, particularly within the
non-irrigated agricultural landscape. The analysis of historical crop record data
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represents the most direct method to obtain meaningful insights into produc-
tion risks ([34], [14] and [41]). However, obtaining sufficiently long records of
historical climate and production observations remains challenging, especially
for assessing risks under extreme conditions, even in data-rich countries such as
the United States.

Quantitative crop production models, combined with climate observation-
based approaches, still cannot fully capture the variability of crop yields under
current and projected future climate scenarios. Indeed, it is well established
that, in the United States, corn yields have increased by approximately fivefold,
while soybeans, initially a relatively minor crop in 1907, with production statis-
tics first reported in 1924 (USDA-NASS), have experienced a fourfold increase.

However, emerging evidence suggests that the rate of production growth may
be plateauing in certain contexts, particularly for wheat (as in [6]), rice ([38]
and [7]), and soybeans ([32]) in some countries. Promising endeavor to identify
optimal strategies for achieving higher yields, often depends on understanding
the factors underlying past increases in productivity. While it is inherently
challenging to isolate and quantify individual parameters responsible for yield
enhancements, comparing yield growth across different crops, each with distinct
characteristics and production requirements can aid in identifying key drivers of
change. Therefore, it is valuable to evaluate the historical increases in the yields
of crops such as corn and soybeans (see [12]), also considering recent efforts
to assess their yield risks under both historical and future climate scenarios
in the U.S. Midwest (as in [53]). In addition to corn and soybeans, wheat
should also be included in this analysis, as these crops are often inter-cropped
or grown in proximity within many agricultural regions of the United States.
This allows for a comparative assessment of productivity trends among these
three crops without confounding the results due to significant differences in
above- and below-ground environmental conditions or economic factors. For this
investigation, it is essential -consistent with previous studies- to focus on regions
characterized by relatively high yields, such as Illinois ([29]), potentially utilizing
data related to the agricultural production of its most productive counties.

In this paper, we investigate the relationship between climate variables and
agricultural production. Understanding this relationship is crucial, as research
can play a pivotal role in establishing best practices that facilitate coordinated
actions among policymakers and farmers.

We consider the annual production of the three most significant crops in
the United States (Corn, Soybeans and Wheat) over a period of approximately
100 years. The research investigated the relationship between crop yields and
two climate variables: rainfall and average temperature, both recorded during
the months that most significantly impact the entire annual production cycle.
In accordance with the findings reported in [29], this period, spanning from
September to April, also includes the months preceding sowing. Indeed, farmers
must pay close attention to local weather conditions and the last frost date of
winter to ensure successful planting.

In particular, we focused on the well-known US Corn Belt, which corresponds
to a region in the Midwest of the United States. This area encompasses roughly
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western Indiana, Illinois, Iowa, Missouri, eastern Nebraska, and eastern Kansas.
In this region, corn and soybeans are the dominant crops; the soils are deep,
fertile, and rich in organic material and nitrogen, and the terrain is relatively
level. Crop production areas for corn, soybean, and wheat are particularly ex-
tensive in central Illinois, with the highest concentrations located in Livingston,
La Salle, and McLean counties.

As one of the most significant and productive agricultural States in the re-
gion, with 80% of its territory dedicated to farming and producing one-fifth of
the nation’s corn, Illinois has proven to be the ideal candidate for this research.
In fact, local farmers produced 688 million bushels of soybeans in 2024, surpass-
ing the previous state record of 666.75 million bushels set in 2018. Specifically,
Illinois ranks first in soybean production nationwide, second in corn (after Iowa),
and third in wheat.

To further strengthen our research, the counties of Livingston, McLean and
La Salle were examined, the locations of which are shown on the right side of
Figure 1. In fact, these counties, all belonging to the same geographical area
and with rather similar geo-morphological and climatic characteristics, are the
three most productive in the state with respect to the crops considered.

Corn, soybean, and wheat production data, as well as harvest area, were
obtained from the National Agricultural Statistics Service of the United States,
Department of Agriculture (USDA-NASS, 2024).

Specifically, estimates for corn were available from 1925 to the present, those
for soybeans from 1927 to the present, and those for wheat from 1925 to 2007.
All crops yields examined were measured in bushels (BU) per acre. Instead, for
the average monthly temperatures and the corresponding rainfall, we relied on
data provided by the PRISM Climate Group at Oregon State University. The
data were available from 1895 but, for the purposes of this research, only values
corresponding to the years of measurement of production of the various crops
(from 1925 onward) were considered.

Specifically, we investigate the relationships between crop production and
climate variables in selected counties, with the dual aims of analyzing climato-
logical aspects and providing stakeholders and decision-makers with information
to support the management of future climate impacts on agricultural produc-
tion.

The relationship between climate variables and agricultural production is
identified by an approximation methodology based on the Fuzzy-transform (F-
transform, for short), that is well suited to our purpose; the technique was
introduced by Perfilieva in [36] (see also [33] and [37]) and now recognized as
an effective methodology with crucial properties useful for various applications.

Compared to other approaches for modeling and quantification (see [21]), it
has proven to be very efficient and flexible ([26], [33]). As a universal approxi-
mation tool, valid for discrete data or continuous functions on an interval [a, b],
the Fuzzy Transform is based on two steps: (1) first, the direct F-transform
identifies a vector of components (real numbers or real-valued functions) which
represent ’local’ approximations on the sub-intervals of a predefined decompo-
sition of [a, b], acting as a high-frequency noise removal; (2) then, the inverse
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F-transform recombines the direct components to obtain the final approxima-
tion on the whole interval. The parameters of the F-transform can be adapted
in such a way that the approximating function has desired properties, which
opens the door to important applications in statistics (e.g., quantile and expec-
tile regression [16], [17]), in analysis and forecasting of time series (see [33]) or
in image processing, data mining, signal processing, and else were.

The paper is organized into four sections. Following the introduction, Sec-
tion 2 describes the data used, explains the rationale behind the selection cri-
teria, and presents the models adopted in the methodology together with their
theoretical foundations. Section 3 reports the main results, detailing the data
processing procedures employed to investigate the relationships among the vari-
ables and supporting the analysis with illustrative graphs and figures. Section 4
concludes the paper by outlining directions for future research. The Appendix
succinctly describes the direct and inverse F-Transforms.

2 Model description and construction
Preliminary analyses of meteorological data from the three counties of Liv-
ingston, McLean, and La Salle revealed broadly similar patterns. For this rea-
son, the methodology is illustrated using Livingston County only. Specifically,
rainfall and temperature data refer to the eight months that are critical for
planting and harvesting, and therefore represent the periods with the greatest
impact on annual production.

In particular, for each month, the following climatic variables were consid-
ered: the total amount of rainfall (measured in mm) and the average tempera-
ture (computed as the mean of daily temperatures). Unlike other recent studies,
we did not include soil-related variables (as done, for example, in [29]) or per-
form an inter-comparison of multiple global gridded crop models (as in [40]),
which could be considered in future research.

Initially, we also attempted to analyze data series (not reported here) con-
cerning total production rather than production per acre. However, the results
demonstrated a lower dependence on rainfall and temperature. This is likely
due to the fact that, over the years, the total number of acres dedicated to each
crop can vary significantly.

In summary, over a span of almost 100 years, we considered three types
of annual production (corn, soybeans, and wheat) in relation to two types of
monthly meteorological variables (rainfall and average temperature) during the
eight months from September to April before each year harvest.

In general, the analysis of (multiple) time series that link crop production
and meteorological data is a well-established field within numerous (interdisci-
plinary) research areas. It has been extensively demonstrated that the extreme
variability of monthly temperature and precipitation profiles significantly influ-
ences (or determines) the annual yield of crops (such as corn, rice, soybeans,
wheat, etc.), thereby increasing the physical, economic, and social vulnerability
of many agricultural regions worldwide.
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Figure 1: Livingston County, Illinois USA. Time series for corn, soybean and wheat
production from 1925 to 2023.

As previously mentioned, the aim here was to identify, for each year within
the considered time series, the relationship between production and certain
weather variables, therefore not according to a temporal structure; in fact,
although the production, i.e. the output variable Y, depends linearly on the
values of previous outputs, however, this auto regressive structure will not be
taken into account.

Furthermore, the data show that one of the major problems related to the
evaluation of the impact of meteorological variables on annual production con-
sists precisely in the different nature of these variables and in the ineffectiveness
of their overall annual measurement: in fact, those that most influence produc-
tion, detected every year, are extreme meteorological events that are significant
only if recorded monthly or in any case in the short term.

So, if on the one hand, agricultural production is measured at the time of
harvest (once a year), on the other hand temperatures or precipitations can have
effects on monthly (sometimes weekly) time scales and are not visible when con-
sidering annual average temperatures or total precipitations. For example, very
(relatively) low temperatures in October and February, and/or low precipita-
tions in the three months preceding the harvest period, significantly reduce the
quantities produced.

Thus, quantitative data analysis for the identification of meteorological im-
pacts on agricultural yields presents some methodological difficulties, related to
the management of the multiscale nature of the impact. For this reason, we
considered a simplified model consisting of two sub-periods of the entire annual
production arc, for two different types of data (rain and average temperature,
both recorded monthly) to be aggregated into a single (latent) variable X, an
impact variable, estimated for each year as a combination of its two climatic
components (rainfall and temperature).

The available data are denoted as follows:

• ylt: production-per-acre for year t and crop l, where l ∈ {1, 2, 3}, 1= Corn,
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2= Soybean, 3= Wheat;

• Rm
t : total rainfall for eight months m ∈ { Sep, Oct, Nov, Dec, Jan, Feb,

Mar, Apr} relative to production year t;

• Tm
t : average temperature for eight months m ∈ { Sep, Oct, Nov, Dec,

Jan, Feb, Mar, Apr} relative to production year t;

Actually, not all the 16 monthly rain and temperature variables are signifi-
cant in the estimation and are thus reduced in number; more precisely, after a
preliminary correlation analysis, we have considered the following aggregations,
for each year:

• X1a = sum of rainfall Rm
t during four months from September to Decem-

ber;

• X1b = sum of rainfall Rm
t for the months from January to April;

• X2a = average of temperature Tm
t during four months from September to

December;

• X2b = average of temperature Tm
t for the months from January to April.

The obtained four time series are referred as first part Rain-Temperature
(labels X1a, X2a) and second part Rain-Temperature (labels X1b, X2b), respec-
tively; they are our basic climate data, available for each year t.

The objective of our elaboration is to find a functional relationship between
the crop production variable yl for l ∈ {1, 2, 3} and the four basic climate
variables X1a, X1b, X2a, X2b.

More precisely, the overall procedure can be decomposed as follows, for each
crop production ylt, l ∈ {1, 2, 3}:

• Phase 1. For the current variable crop production y, determine a (latent)
variable X, as an aggregation function of variables X1a, X1b, X2a, X2b,
which reflects the impact of climate on y; an example is a linear combina-
tion X = β1aX1a + β1bX1b + β2aX2a + β2bX2b. Using the values for each
year t, we then generate the impact time series Xt.

• Phase 2. Considering that a possible functional relationship between y
and X is in general hard to estimate, we first partition the yearly data
pairs (Xt, yt) into a fixed number K of disjoint clusters, in such a way
that for each cluster a semantic interpretation is possible in terms of the
pairs belonging to it, e.g., Xt is small, yt is medium-high, with predefined
semantic subdivision of X ′s and y′s into, say, five sub-ranges identified as
Low, Low-Medium, Medium, Medium-High or High.

• Phase 3. For the pairs (X, y) of each cluster k we estimate an approxima-
tion function fk(X) by inverse F-transform methodology. Finally, for the
years t associated to each cluster, we obtain the approximation ŷt = fk(Xt)
and we finally compare the reconstructed ŷt with the observed yt.
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In general, as reported in [4], there are several methods available for esti-
mating the latent variable, such as factor analysis. However, we have opted
to employ a simpler model, as described herein, since it better aligns with our
objectives.

Regarding the first phase, we adopted the ARMAX model which accounts
for the dependence between an observation and a specified number of lagged
observations. The model captures the dependence between the values of a time
series and a number of given exogenous variables.

This approach effectively eliminates the random fluctuations in the time
series by isolating the variations of the variable of interest, which are modeled
by considering also its Moving Average component.

Specifically, for our unmeasured variable X, we employed the exogenous com-
ponent of the ARMAX model. These are predictors or external factors that are
not part of the primary time series but can exert a significant influence on it.

It is well known that the ARMAX model can be mathematically represented
as

yt −
pX

j=1

ϕjyt−j =

qX
k=1

θkεt−k +

nX
i=1

βixit + εt, (1)

where the left side includes yt itself plus (if p > 0) the Auto Regressive (AR)
component of the model; the right side expresses the Moving Average (MA)
component (if q > 0) and the exogenous (X) component, given by the expression

Xt =

nX
i=1

βixit

assuming that xit are the measured values of the n exogenous prediction vari-
ables, that in our case correspond to rainfall and average temperature, both
detected for each of the 8 months relating to the annual production of the crop
considered, (a total of 16 variables) and βi are the coefficients (to be estimated)
for the exogenous variables.

By estimating the ARMAX model above (in particular the βi coefficients)
we are able to compute the exogenous component Xt for each time t, i.e., the
unobserved (latent) variable X that represents the impact of the observed vari-
ables x1, ..., xn; it is obtained in an optimal way and represents the best possible
estimate through a linear combination of the observed data, specifically, rainfall
and average temperatures.

On the other hand, to consider the direct impact of rainfall and temperature
on the crop production series yt, we have restricted the ARMAX model to p = 0
(without the AR component) and we have chosen the best model for different
numbers of MA components, using the well known AIC and BIC criteria.

For all estimations, we will see (next section) that the best model includes
a single moving average component (i.e., q = 1).

In short, in our case, the ARMAX model was used solely to estimate the
unmeasured (latent) variable Xt as a linear combination of the variables X1a,t,
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X1b,t, X2a,t, X2b,t, for all years t with available data.
Once the Xt were estimated, the second phase of our procedure involved ap-

proximating the relationship (though not necessarily functionally explainable)
between the production y and the ’latent’ variable X. This process resulted in
a scatter of points that could be used to infer the relationship between the vari-
ables involved. More specifically, we were searching for a nonlinear relationship,
say

y = f(X),

that represented the impact of atmospheric variables

Xt = β1aX1a,t + β2aX2a,t + β1bX1b,t + β2bX2b,t

on measured production yt; the β parameters are estimated by the described
ARMAX model.

The meaning of our model is then the following: the estimated (latent)
variable Xt was intended as a weighting of (measured) indicators of rainfall and
temperature in certain significant months of the year that have a particular
impact on crop growth and, consequently, on the final quantity of production
per hectare yt; the functional relationship between X and y is then identified
in terms of the available time pairs (Xt, yt): for each year t, the pairs were
analyzed, or rather the points of the plane corresponding to them (each point
representing a year) were examined to highlight a possible relationship.

Remark 1 While the variable yt was directly observed, the variable Xt was
referred to as latent precisely because it was not directly measured but was esti-
mated; in practice, it was as if, ultimately, observations had been obtained some
of which were latent (the Xt), i.e., reconstructed by the model, while others (the
yt) were explicitly measured.

Then, for each t, these pairs (Xt, yt) represented exactly the observations to
estimate a possible relationship between the variables. At this stage, we aimed
to identify a potential relationship between the impact variables X and the
corresponding y for each recorded production cycle, conducting a classification
based on the years considered. Since it was not possible to establish a valid
functional relationship across the entire data-set, we proceeded with clustering
on both variables using well-known techniques. The results revealed the exis-
tence of groups of years with very similar values, allowing us to associate the
same semantic interpretation with each group. Subsequently, we were able to
identify the functional relationships within each cluster.

In short, we ’clusterize’ points (Xt, yt), where {(Xt, yt)|t = 1, 2, ..., T} are all
the data, into a number K of clusters (labelled as C1, C2, ..., CK) and determine
"local" forms of function y = f(X) such that, correspondingly to the pairs
(X, y) of each cluster Ck, k = 1, 2, ...,K, a specific function fk is estimated
from the data-set Sk = {(Xt, yt)| pair of year t is assigned to cluster Ck}; this
implies that each cluster Ck will have its own associated function fk which is
exactly the form of the relationship for the data of that cluster.
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Remark 2 Note that only the data (Xt, yt) belonging to cluster Sk are utilized
to derive the function fk; that is, these functions are not constructed using all
data within a certain range, but solely from those pairs that form the (cloud
of the) respective cluster. It is important to recall that clusters, or rather their
associated data, do not overlap, even if their projections onto the axes may
intersect. More precisely, each function fk(x) is defined for all values of variable
X in the interval [ak, bk] ’covered’ by the pairs in Sk, i.e., with

ak = min {Xt|(Xt, yt) ∈ Sk}

and
bk = max {Xt|(Xt, yt) ∈ Sk}

What is more, each cluster embodies a specific semantics for the pairs of data
it contains. For instance, in the case of X, as well as for y, one can consider a
"granularity" of values (such as small, medium-small, medium, medium-high, or
high) implying a representation of the data in terms of these semantic levels. For
example, consider a cluster associated with the following semantics: "X assumes
medium or medium-high values, while y assumes medium-small values"; one
might then inquire what is the functional relation between X and y for pairs
(X, y) belonging to that cluster.

As soon as the functions y = fk(X) are determined for all clusters (hence
for the pair (Xt, yt) at each year t), we associate an year to its cluster by the
rule

t ∈ Ck ⇐⇒ (Xt, yt) ∈ Sk

and we proceed to reconstruct the production values yt for each (Xt, yt) ∈ Sk:
we have yt ∼ fk(xt) and the reconstructed yt follows from

yt ∼ fk(Xt) ⇐⇒ t ∈ Ck. (2)

Remark 3 According to previous remark and assuming that a pair (X, y) of
possible values belongs to a cluster Ck if X ∈ [ak, bk], we can estimate the corre-
sponding y by fk(X) so that the estimated fk is an interpolating function for y
in k-th cluster. If we are able to estimate (or assume) the probability pk(X, y)
that a possible (X, y) (not necessarily observed) belongs to a cluster Ck, then we
can estimate an expected y by assuming that its value is fk(X) with probability
pk, i.e., by E[y] =

PK
k=1 pk(X, y)fk(X). Indeed, since each data point is asso-

ciated with a specific cluster, we assign a label k to the pair (Xt, yt) whenever
it belongs to cluster Ck. Consequently, just as observations are allocated to a
particular cluster, the corresponding years are also assigned to the same cluster,
thereby enabling the analysis of their temporal evolution, as illustrated in Figure
6 (see next section).

Remark 4 It is typically observed that, within clusters, there exist points that
remain distant from the core of the cluster itself, thus making their reconstruc-
tion challenging; in such instances, additional clusters can be introduced that
"traverse" these distant points, thereby enabling a more accurate reconstruction.
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However, in such cases, the corresponding semantics would become excessively
detailed, rendering their interpretation difficult. Indeed, the greater the number
of clusters, the more granular the interpretation becomes, ultimately leading to
a loss of significance at the aggregate level.

In terms of the values examined in our study, it must be acknowledged
that the concept of function is somewhat marginal in this context: what is
of primary importance is the relationship between X and y. Specifically, we
consider functions of sets (or data), wherein the elements X within a certain
data set correspond to specific elements y in another set. For example, one might
observe that when X is medium-low, and y is medium, then their relationship
is well modeled by the function associated to the corresponding cluster.

This reasoning is essentially qualitative, yet it remains nonetheless very
meaningful; for each t, the final reconstruction of y is obtained by collecting
all the pairs (yt, fk(Xt)) for t ∈ Ck, k = 1, 2, ...,K. Since each observation be-
longs to a cluster, we are able to reconstruct all yt in terms of fk(Xt) with the
fk corresponding to that cluster.

3 Empirical results
As we have described, our data set to be analyzed contains (a) the time series
of the productions ylt for the given crop (l = 1 for Corn, l = 2 for Soybean and
l = 3 for Wheat) at year t; (b) after the described preliminary aggregations
of rainfall and temperature data, the four time series X1a,t, X1b,t (rainfalls at
the given 4-months sub-periods) and X2a,t, X2b,t (average temperatures for two
given 4-months sub-periods) of the cultivation year t; for year t, the total rainfall
is X1,t = X1a,t+X1b,t and the total average daily temperature X2,t =

1
2 (X2a,t+

X2b,t).

Remark 5 (Available Data) The availability of data did not cover the same
time periods for all crop productions; in particular and for the Livingston county,
the data for Corn covered completely the years from 1925 to 2022 (98 yearly
observations), the data for Soybean were available for years from 1927 to 2022
(96 years), while the data for Wheat started in 1925 but stopped in 2007 (83
years).

To allow comparison between the different crops, all time series are first
normalized to make all values in the interval range [0, 100].

The normalized data of corn production yt, rainfall X1a,t, X1b,t and temper-
ature X2a,t, X2b,t are pictured in Figure 2. Hence, in the upper three graphs the
normalized corn production yt is plotted (blue lines) in relation to total rainfall
X1,t (red line, first graph), to first period rainfall X1a,t (red line, second graph)
and to second period rainfall X1b,t (red line, third graph); similarly, the lower
three graphs give the same yt with the temperatures X2,t (first graph), with first
period temperature X2a,t (second graph) and second period temperature X2b,t
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Figure 2: Livingston County, IL. Top: Corn production related to rainfall during
the total period (upper graph), the first sub-period (middle graph) and the second
sub-period (lower graph). Bottom: Corn production related to temperature during
the total period (upper graph), the first sub-period (middle graph) and the second
sub-period (lower graph).

(third graph). The production data (represented in blue) exhibit an increasing

ACCEPTED MANUSCRIPT

ARTIC
LE

 IN
 PR

ES
S

ARTICLE IN PRESS



trend, whereas the rainfall data (depicted in red) display oscillations during cer-
tain time intervals. These observations reveal notable local trends in production
series yt, e.g., corresponding to the three periods 1930-1960 (increasing, weakly
oscillating), 1960-1990 (increasing, highly and regularly oscillating), 1990-2020
(less regularly increasing, irregularly oscillating).

The overall procedure, as described in the previous section, can be decom-
posed, for each crop production ylt, l ∈ {1, 2, 3}, into the following three phases
that we will follow for the presentation of the results:

• Step 1. Determination of Xt for the current crop yt; we detect and es-
timate the best ARMAX model of equation (1), according to the lowest
value of AIC and BIC information-based criteria (MATLAB routine ari-
max) and estimated β parameters with p-value less than 0.01 significant.

• Step 2. Clustering of data pairs (Xt, yt) into a number K of clusters, with
K chosen according to appropriate selection criteria; we use the MATLAB
routine kmeans (k-means clustering with euclidean distances) to parti-
tion data into K mutually exclusive clusters, while K is determined to be
the best from 5 to 10 (bigger values tend to produce too small clusters,
while smaller values are not able to identify an interpretable semantics)
according to the cluster evaluation criteria based on a combination of
Calinski-Harabasz and Silhouette test values, computed by routine eval-
clusters. The time-evolution of the clusters is then obtained, i.e., the
pairs (t, kt) where kt is the cluster index corresponding to time t.

• Step 3. F-transform (local) approximation of yt as a function of Xt for
each cluster k, i.e., the K inverse F-transform functions x → fk(x), k =
1, 2, ...,K are computed on the corresponding domain-intervals [ak, bk] ob-
tained in the clustering phase. Finally, the K (local, cluster-based) ap-
proximation functions fk are recomposed according to equation (2); the
obtained values ŷt are then compared with the observed yt and the role of
clustering is evidenced and analyzed.

As explained above, we discuss only the Livingston county; the other two
counties have very similar results and their comparison seems not relevant.

We preliminarily analyzed the linear rho and the rank tau correlations be-
tween the available time series. Between the annual crop productions and the
amount of rainfall in the eight months associated with the production year, the
higher and statistically significant correlations (p-value not greater than 0.10)
between the three crops ylt and the monthly rainfalls were only with months
November and March for Corn, November for Soybean (and with a less sig-
nificant p-value of 0.15 in March), February and April for Wheat (but less
significant). By considering the monthly temperatures, the significant correla-
tions where with November, December and March for Corn and Soybean while
December, March and April for Wheat. Overall, the cited monthly tempera-
tures seem to more influence the three productions, but the contribute of each
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individual month is not explicitly clear as it may depend on particular factors
of agronomic nature.

The correlations between productions and rainfall/temperature values seems
better expressed by considering the aggregated series X1a,t, X1b,t, X2a,t, X2b,t;
in this case, the correlations seem more stable and significant, in particular
with the aggregated first four or second four months. In particular, in the cases
where some monthly rainfalls or temperatures are significantly correlated with
productions, then at least one of X1a, X1b and X2a, X2b have some importance.

In the subsequent computations, we have considered the production series
ylt, l = 1, 2, 3 and only the four series X1a,t,X1b,t,X2a,t,X2b,t, as described above.

3.1 Determination of Xt by ARMAX modeling
As explained in the previous section, a possible way to determine an impact
variable Xt is to estimate the ARMAX model in equation (1) for the time series
yt and the series, among X1a,t, X1b,t, X2a,t, X2b,t, to be taken as the exogenous
ones; this requires to specify the number p ≥ 0 of auto-regression parameters,
the number q ≥ 0 of moving-average delays and the exogenous components xi,t.

In our computations, it is convenient to chose p = 0, so that (1) is simplified
to

yt =

qX
k=1

θkεt−k +

nX
i=1

βixit + εt,

where the estimated random terms εt have zero average, E[εt] = 0. It follows
that, after unbiased estimation of the parameters θk and βi, the value of Xt is
well estimated by the (expectation) term

Xt =

nX
i=1

βixit

with the inserted exogenous predictor series xit.
It remains to determine the best model, among the possible ones with dif-

ferent values of q, 0 ≤ q ≤ 2 and n, 1 ≤ n ≤ 4 with various choices for the
exogenous series x1t, ..., xnt from our X1a,t, X1b,t, X2a,t, X2b,t.

The validity of each choice has been tested by first requiring a significance
p-value less than 0.01 for all the estimated parameters θk and βi; then, the best
model has been chosen among the ones in that first group with the minimum
value of the Akaike Information Criterion (AIC) and the Bayesian Information
Criterion (BIC).

The models with q = 0 have been worse than the ones with q > 0 and more
than one model resulted to be (equivalently) good for each of the three cases;
in particular, only one model was best with q = 2 for Corn and Wheat, but the
quality of the ones with q = 1 resulted to be essentially equivalent to them.
For this reason, we definitely choose a single MA parameter with q = 1.

The best models for the three time series y
(l)
t , l = 1, 2, 3, resulted to be the

following:
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• Corn y
(1)
t : The best estimated model is

yt = εt + θ1εt−1 + β1X1a,t + β2X2a,t

giving the unobserved time series

Xt = β1X1a,t + β2X2a,t

with parameters in Table 1; the Effective Sample Size is 98 and the Infor-
mation Criterion values are AIC = 915.109, BIC = 925.449.

Table 1: Estimation of best model for Corn production series
Parameter Value StandardError TStatistic PValue
θ1 0.6799 0.080128 8.4851 2.1549e-17
β1 0.22501 0.059824 3.7612 0.00016908
β2 0.37958 0.074996 5.0613 4.1638e-07
Variance 612.98 91.899 6.6702 2.5551e-11

• Soybean y
(2)
t : In this case, the estimated model is

yt = εt + θ1εt−1 + β1X1a,t + β2X2b,t

giving the unobserved time series

Xt = β1X1a,t + β2X2b,t

with parameters in Table 2; sample Size is 96 and AIC = 886.12, BIC =
896.378.

Table 2: Estimation of best model for Soybean production series
Parameter Value Standard Error T Statistic P Value
θ1 0.56042 0.10123 5.5363 3.0894e-08
β1 0.2801 0.077064 3.6347 0.00027833
β2 0.43413 0.10137 4.2826 1.847e-05
Variance 549.61 86.119 6.382 1.7477e-10

• Wheat y
(3)
t :

The estimation of the model for Wheat production is (again)

yt = εt + θ1εt−1 + β1X1a,t + β2X2b,t

giving the unobserved time series

Xt = β1X1a,t + β2X2b,t

with parameters in Table 3; the Effective Sample Size is 83 and AIC =
751.817, BIC : 761.493.
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Table 3: Estimation of best model for Wheat production series
Parameter Value Standard Error T Statistic P Value
θ1 0.65165 0.09464 6.8856 5.7558× 10−12

β1 0.19215 0.081526 2.3569 0.018429
β2 0.42335 0.094136 4.4972 6.8861× 10−6

Variance 456.59 55.396 8.2422 1.6913× 10−16

Finally, in Figure 3, the plot on top reports the time series of Corn produc-
tion (left scale and green color), this time compared with the evolution of the
estimated latent variable (right scale and red color); the median graph refers to
Soybean and the bottom to Wheat.

Remark that the resulting series Xt is not the same for the three crops as
it depends on the ARMAX estimated models. Indeed, Corn production is best
estimated with (X1a) and (X2a) while Soybean and Wheat by (X1a) and (X2b),
but in any case the estimated β parameters differ significantly.

3.2 Clustering of yearly data (Xt, yt)

For each year t, the first step of our procedure provided a pair (Xt, yt), so we
proceeded to the second step by constructing clusters composed of a certain
subsets of these pairs. The aim was to assign to these clusters a specific seman-
tics solely based on the values of Xt and yt, which were defined in metric terms,
specifically in terms of "proximity" considered as the (euclidean) distance from
the centroid of each cluster.

We have used the well known k-means method, implemented in the MAT-
LAB routine kmeans.

For this, the clustering works with the points (Xt, yt) in the plane, consider-
ing both variables simultaneously. As we have shortly described in the previous
section (step 2 of the overall procedure), we have selected the ’best clustering’,
among six possible values of the number K of clusters between K = 3 and
K = 10. To determine the appropriate number of clusters for subsequent analy-
sis, the Silhouette score (SIL, to be maximizad) and the Calinski-Harabasz test
score (CHT, to be maximized) were evaluated.

The resulting score values of CHT and SIL for different values of K are
reported in Table 4. Remark that, in general, the best values of the scores
correspond to small values of K (first two columns) and all other values are
very similar. In some sense, this is expected from the low correlation between
y and X, which is indeed one of the motivations for clustering the data. On
the other hand, a high number of clusters (last two columns) tends to produce
some small clusters (on the total of less than 100 years), so creating difficulties
in the (local) reconstruction. For these reasons, we have considered K either 6
or 7, to be decided according to the interpretation of the resulting semantical
subdivision of the ranges of Xt and yt.
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Figure 3: Livingston County, IL. Time evolution of crop productions (blue color and
scale on left side of pictures) compared to the estimated latent variable X (red color
and scale on right side): Corn is in top picture, Soybean in medium picture, Wheat in
bottom picture. For comparison, the left scale is normalized to [1,100] and the right
scale corresponds to the value of the parameters as in Tables 1-3.

We then proceed with with K = 7 for Corn, K = 7 for Soybean and K = 6
for Wheat (considering that this crop has less available yearly observations).

In Figures 4 and 5 we observe the compositions of the clusters (scatterplots of
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Table 4: SIL and CHT clustering scores for K ∈ {3, 4, 5, 6, 7, 8, 9, 10}.
3 4 5 6 7 8 9 10

CHT-Corn 199 187 167 159 162 160 161 162
SIL-Corn 0.69 0.59 0.55 0.57 0.51 0.58 0.54 0.54

CHT-Soybean 141 139 135 130 132 129 121 131
SIL-Soybean 0.59 0.56 0.57 0.57 0.55 0.53 0.54 0.56

CHT-Wheat 158 130 122 118 112 118 110 107
SIL-Wheat 0.67 0.57 0.54 0.52 0.55 0.53 0.49 0.53

Figure 4: Livingston County (Corn production). Scatter diagrams of points (Xt, yt)

corresponding to the 7 clusters; each diagram represents a different cluster, its elements
are highlighted by blue dots and its centroid is marked with a colored big symbol (dots
or squares).

(Xt, yt)), numbered from 1 to K and marked by a colored big dot or square point
representing the corresponding centroid; the data in each cluster are identified
by blue dots and are distinguishable relative to the remaining data (green dots).

Figure 5: Livingston County: Soybean (left) and Wheat (right) productions.
Scatter diagrams of points (Xt, yt) corresponding to the 7 (Soybean) and 6 (Wheat)
clusters, with highlighted elements (blue dots) and marked centroid (colored big dot
or square.

It is important to note that the method used to derive the clusters determines
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the interpretative framework for analyzing the results. Each cluster possesses
a specific semantic interpretation: although there may not be a general global
relationship between the variables, within each individual cluster it is possible
to identify distinctive relationships. In other words, each cluster has a semantics
that sets it apart, based on certain ranges of values (for example: small, medium-
small, medium, medium-large, large) of the identifying variables.

We discuss the details only for the Corn production, by referring to Figure
4.

Recall that, after normalization of the series, the ranges of yt and X1a,
X1b (for rainfall), X2a, X2b (for temperatures are all between 1 and 100; after
the ARMAX computations, the range of Xt, depending on the values of the
β parameters, is given by the interval [8.4, 48.8] (minimum and maximum of
obtained values, approximated to the first decimal). Similarly, it is easy to
compute the intervals containing, for the X and y variables, the elements of
each cluster and the coordinates of its centroid and given numerically in Table
5.

Table 5: Characterization of the clusters for Corn production: for each cluster k
we give NumEl (number of its elements), the interval containing its X values (third
column), the interval of its y values (fourth column) and the

Cluster NumEl X interval y interval (X, y) Centroid

1 7 [12.0, 28.3] [1.0, 12.7] (21.6,8.6)
2 26 [29.6, 48.8] [3.5, 25.8] (37.5,15.2)
3 18 [15.2, 41.1] [24.7, 41.5] (26.8,32.1)
4 15 [8.4, 31.3] [48.5, 70.4] (21.9,59.0)
5 13 [29.7, 45.5] [42.9, 64.8] (37.4,53.4)
6 13 [18.3, 48.3] [70.2, 97.6] (33.0,81.4)
7 5 [10.6, 32.1] [85.4, 100.0] (20.4,96.1)

By subdividing the ranges of X and y into, e.g., five sub-ranges correspond-
ing to the qualitative (semantic) interpretation Low, Low-Medium, Medium,
Medium-High, High, we can finally associate to each cluster its semantical in-
terpretation, as given in Table 6.

For example, in the first cluster the data (Xt, yt) exhibit production values yt
in interval [1.0, 12.7] corresponding to Low production, while the weather impact
variable Xt values in interval [12.0, 28.3] can be semantically said to be Low or
Low-Medium; conversely, in the second cluster, the y production, ranging from
3.5 to 25.8 with 15.2 as centroid value, is still relatively Low, but the estimated
impact variable X attains Medium-High or High values (between 29.6 to 48.8.
Clearly, it is possible that for some clusters, as in the case of k ∈ {3, 6, 7} the
Xt values cover the larger range of possibilities (e.g., Low X’s and High X’s are
not in cluster 3, Low X’s are not in cluster 6, High X’s are not in cluster 7)) as
this happens, from our analysis, when Corn production belong to the semantic
classes Low-Medium, Medium-High or High.
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Table 6: Qualitative semantics emerging from the clustering of (Xt, yt) data: each
cluster can be semantically characterized in terms, e.g., of a 5-level subdivision of the
X and y values of its elements; in our case, the five levels are Low, Low-Medium,
Medium, Medium-High and High. The notation Low+ and Medium+ for clusters 2
and 5, respectively, indicates that the y values correspond semantically to Low and
Medium but are (in average) relatively higher than the ones in cluster 1 and 4, similarly
identified as Low and Medium

Cluster X y
1 Low or Low-Medium Low
2 Medium-High or High Low+
3 not-Low and not-High Low-Medium
4 Low or Low-Medium Medium
5 Medium-High or High Medium+
6 not-Low Medium-High
7 not-High High

As a concluding remark on clustering in this context, we suggest an interest-
ing in-depth analysis of the clusters and see how their temporal evolution can
be conducted.

As we have discussed above, for all years t = 1, 2, ..., T where data are
observed, we have determined at which cluster the pair (Xt, yt) is assigned;
consequently, we can represent the time-evolution of the clusters by plotting
the data (t, Ct), where Ct ∈ {1, 2, ..., 7} represents the cluster of (Xt, yt) (see
Figure 6 for Corn and Figure 7 for Soybean and Wheat. For instance, cluster
2 is observed in the early 1930s, mid 1940s, and particularly in the mid 1950s;
similarly, cluster 3 appears towards the early 1960s. It is also noteworthy that
while the first and second clusters are predominantly situated in the initial
part of the time scale, up to the 1950s, the other clusters emerge for the first
time either during those years (third cluster) or in the 1960s (fourth and fifth
clusters). Furthermore, prior to the 1990s, cluster 6 is never observed, and
cluster 7 appears only in the most recent decade; both are associated with
notably high production levels.

Interestingly, following in time the permanence or changing of cluster as-
signments, we can estimate (by counting) one-step (from time t to time t + 1)
transition probabilities between clusters over different periods by leveraging the
semantics inherent to the clusters themselves; consequently, a transition matrix
has been constructed to trace the temporal evolution of the clusters, reported
in Table 7.

For instance, it is observed that the probability of remaining within cluster
1 is zero while in 86% of cases one moves from cluster 1 to cluster 2; relatively
high are the probabilities of remaining in clusters 2 (69% of cases), 7 (60% of
cases) or 6 (55% of cases). Clusters 3 and 5 appear to be less stable than the
other ones, with more dispersed movements.

We skip the details on the composition of the clusters (and the corresponding
semantics) for Soybean and Wheat; in the nest section, after the application of
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Figure 6: Livingston County (Corn production). Time evolution of clusters: the
cluster numbers are given on the vertical axis while horizontally are the observed years;
for each year t, the dot represents its cluster Ct and the continuous lines represent how
clusters evolve year-after-year, from Ct to Ct+1. Consecutive dots at the same level
means the permanence in the same cluster while a vertical movement at two different
levels means a change of cluster.

Figure 7: Livingston County: Time evolution of clusters for Soybean (left) and Wheat
(right) productions: the cluster numbers are given on the vertical axis while horizon-
tally are the observed years.

F-transform for each cluster, we will return to this important analysis.

3.3 F-transform for each cluster and reconstruction of yt
from Xt

At this stage, having identified the significant patterns within the relationships
under consideration, we possess the appropriate inputs to proceed to the final
phase. This phase involves constructing the regression model through the direct
application of the F-transform, specifically to estimate the relationship between
variables X and y. This relationship, at first glance, may not be immediately
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Table 7: Livingston County, Corn production: One-step transition probability
Prob(h, k) of moving from cluster h (row) to cluster k (column).

Probh,k to 1 to 2 to 3 to 4 to 5 to 6 to 7

from 1 0 0.86 0 0.14 0 0 0
from 2 0.23 0.69 0.08 0 0 0 0
from 3 0 0.06 0.39 0.22 0.22 0.11 0
from 4 0 0 0.20 0.40 0.40 0 0
from 5 0.07 0 0.39 0.24 0.15 0.15 0
from 6 0 0 0.07 0.07 0.08 0.55 0.23
from 7 0 0 0 0 0 0.40 0.60

apparent even within the individual clusters obtained; however, it becomes evi-
dent through the application of the F-transform to each cluster. Consequently,
this transform is applied to the time series with the objective of performing a
linear fitting and smoothing that preserves the overall "quantity" of the series
and facilitates the estimation of its "local trends".

By the application of the F-transform to each of the identified clusters,
thereby we allow to move from a semantic interpretation based on "proxim-
ity" to a functional relation linking X and y.

It should be noted that the number of clusters corresponds to the number of
curves used to smooth them: the greater the number of clusters considered, the
fewer data points will belong to each, resulting in a more precise reconstruction
of the smoothing curve. Conversely, if, hypothetically, only a single cluster were
considered, the resulting estimate would be of minimal significance.

Clusters and F-transform approximations of y = f(X) are determined inde-
pendently for the three crops, with functionally different results, but the final
reconstructions adhere to very similar (qualitative) behavior and properties.

This process yielded the graphs depicted in Figure 8; furthermore, the bot-
tom part of the figure consolidates all the clusters within a single plot, illus-
trating their actual positions relative to the entire data set. It is noteworthy
that the different clusters are smoothed linearly, while preserving the overall
"quantity" of the series.

For the sake of completeness, Figures 9 and 10 illustrate the cases of Soybean
and Wheat, respectively, and it can be observed that the same considerations
applied to corn are also applicable in these instances.

Finally, in Figure 11, the correlation between the original series and the re-
constructed series is represented. It is possible to verify the high correspondence
of the values between the graph obtained from the original observed data (in
green) and the reconstructed one (in blue). Year by year the various clusters of
belonging are also indicated (dots or asterisks highlighted with different colors).

For completeness, Figure 12 presents the cases of Soybeans and Wheat; it
is noteworthy that the same considerations applicable to Corn also pertain to
these crops.
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Figure 8: Livingston County (Corn production): Smoothing within each cluster after
applying the F-transform.

Figure 9: Livingston County (Soybean production): Smoothing within each cluster
after applying the F-transform.

We observe that this tendency to overlap in the peaks and valleys has been
particularly evident since the 1960s, likely due to both the limited accuracy of
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Figure 10: Livingston County (Wheat production): Smoothing within each cluster
after applying the F-transform.

Figure 11: Livingston County (Corn production). Overlay of the graphs of recon-
structed series ŷt (black line) of the observed yt series (green color) by overlapping
the F-transform approximations of the K cluster pairs (Xt, yt). The years assigned
to the clusters are also indicated (big dots) and highlighted with different colors and
symbols.

measurements in previous years and the subsequent advancement of technology,
which has rendered production more sensitive to environmental impacts. In fact,
although the land areas used have decreased over time -having been replaced
by expanding industrial activity- the overall production has increased, thereby
becoming more dependent on environmental conditions.

The observation that there is a substantial overlap between the reconstructed
series and the measured data across all considered cases indicates that the ap-
plied model effectively reconstructs the production values and their variations
relative to the local trends. This also suggests that the latent variable X is
capable of capturing the most significant fluctuations relative to the average
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Figure 12: Livingston County: Soybean production (Top) and Wheat (Bottom); same
plots as in Figure 11 ŷt (black line) of yt and ŷt series.

trend, thereby demonstrating good performance.
This is confirmed by the final goodness-of-fit test (and correlation statistic)

comparing observed yt and reconstructed ŷt series, as reported in Table 8.
With reference to Corn production (Figure 11) a precise and punctual cor-

respondence is observed, particularly at the peaks, where the two graphs fre-
quently appear overlapped. This demonstrates that the most pronounced vari-
ations correspond to a greater alignment between the curves, which can be
attributed to the influence of weather variables on production: extreme fluctu-
ations in rainfall and temperature exert a significant impact on yield, but this
tends to change for different periods in time and according to semantic inter-
pretation of clusters. Importantly, it is clear that, in each period in time, more
clusters are coexisting, e.g., clusters 1 and 2 in first half of 1900, clusters 3, 4
and 5 in second half of 1900, cluster 6 and 7 in initial new century.

Continuing with Figure 11, of particular interest are years t at which the
assigned cluster changes significantly with respect to their predecessor year t−1,
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Table 8: Goodness-of-Fit test of final reconstruction. The table summarizes the
Kendall τ correlation, the Spearman ρ, the Pearson ρ, the adjusted R-squared (R2)
and the Root Mean Squared Error (RMSE) for the series yt and its reconstruction ŷt.

Kendall Spearman Pearson adjusted
τ ρ ρ R2 RMSE

Corn 0.869 0.972 0.986 0.972 4.64
Soybean 0.868 0.975 0.980 0.961 4.96
Wheat 0.865 0.969 0.982 0.964 4.38

as, for example, years t = 1988, 1991, 2005, 2012. The details are synthesized
in Table 9. We can analyze how the reconstruction of yt at such points follows
the local evolution of the impact series Xt with respect to clustering and the
associated semantics. The sudden change of the assigned cluster in consecutive
years t−1, t and, correspondingly, the re-adaptation of the (functional) relation
between X and y (which changes for different clusters) allows to preserve a good
reconstruction of yt from Xt cluster-by-cluster.

Similar qualitative facts can be evidenced for the Soybean production (see
Figure 12), but are less evident in the case of Wheat.

Table 9: Livingston County, Crop production: for the reported four years t we sum-
marize the production values yt−1, yt and the impact values Xt−1, Xt at consecutive
years t− 1, t, with the assigned cluster Ct−1, Ct and the reconstructed production val-
ues ŷt−1, ŷt.

year t yt−1,t Xt−1,t Ct−1,t ŷt−1,t

1988 50.2, 12.6 29.8, 18.4 4,1 49.4, 8.9
1991 58.2, 26.3 44.0, 32.9 4,3 53.0, 27.8
2005 82.9, 64.7 29.1, 36.9 6,4 78.8, 54.8
2012 70.2, 33.5 31.2, 41.1 6,3 79.7, 34.0

In conclusion, it is noteworthy that the data exhibit consistent behavior
across all the counties examined and for all crop types. Even for wheat, despite
the comparatively smaller dataset available, the model still provides a reliable
representation of the underlying trend. These findings collectively reinforce the
promising potential of this approach for the analysis (and possibly for forecasting
purposes), with considerable prospects for future developments.

4 Conclusions and further work
In summary, beginning with observations concerning two variables (rainfall and
average temperature), it was possible to consolidate them into a single variable,
referred to as latent or impact (comprising precisely the linear combination of
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rainfall and temperature). To estimate this variable, the well-known ARMAX
model, devoid of the auto regressive component, was employed.

Furthermore, we note that there are additional intriguing methods for cal-
culating the impact variable, which do not rely on average values but instead
consider those that are above or below specific thresholds. These approaches
could be highly valuable to explore in future research.

Subsequently, after conducting clustering in the plane, we assigned specific
semantics to the resulting clusters. For each cluster, we estimated a signifi-
cant relationship of a functional nature. This was achieved using a universal
functional approximation technique, the F-transform, which enables the recon-
struction of the series based on the identified relationship. The time series were
then reconstructed according to local trends, which emerge from the clusters,
providing a deterministic and non-stochastic reconstruction.

In conclusion, this research has sought to investigate, through both classical
and fuzzy approximation techniques, the potential reciprocal relationships be-
tween data of different natures, particularly in cases where identifying an impact
relationship proves challenging due to the non-functional nature of the relation-
ships themselves. Specifically, it is in the context of complex, and potentially
multiple, historical series, where no evident functional relationship exists, that
the F-transform has demonstrated considerable utility, enabling the discovery
of such relationships.

Future research will incorporate agro-meteorological indices rather than re-
lying solely on raw weather variables such as temperature and rainfall. These
indices better capture the biological, physiological, and agro-ecological relation-
ships between climate and crop responses, particularly under rainfed conditions
where rainfall distribution and thermal accumulation are critical. Examples in-
clude Growing Degree Days (GDD), which quantify accumulated thermal time
related to crop phenology; the Moisture Adequacy Index (MAI), which reflects
effective water availability; and Solar Radiation Use Efficiency (SRUE), which
indicates the efficiency of biomass production from solar radiation. Integrating
such indices is expected to substantially enhance the explanatory power of the
proposed methodology.

Also, actual and future results could produce meaningful practical appli-
cations, thereby paving the way for potential advancements in the fields of
insurance and finance.
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Appendix: F-Transform
We present an essential description of the Fuzzy Transform setting (F-Transform
or FT, for short), introduced by I. Perfilieva [36] (see also the book [33] where
related fuzzy tools are described, with applications).

F-transform is designed as a flexible approximation technique, based on fuzzy
set theory (fuzzy partitions) and valid in the continuous and the discrete cases,
consists of two fundamental elements, the direct and the inverse FT, such that,
given a compact real interval [a, b] with a finite decomposition into n points
a = x1 < x2 < ... < xn = b, the direct FT provides a vector of n local
approximations (roughly speaking, around each node xk), while the inverse FT
transforms the n components of the direct FT vector into a new function, defined
on the entire [a, b], with desired global approximation properties.

Its applications cover several important areas, including, among others, data-
driven fuzzy modeling, image analysis and processing, computer vision, time se-
ries analysis and signal processing, robust nonparametric estimation, numerical
solution of differential equations. In papers [16] and [17] the discrete L1-norm
and L2-norm F-transforms are used in combination with quantile and expec-
tile smoothing techniques (already introduced in [15]) to define two types of
fuzzifications of discrete signals: it is shown that the quantile and expectile
fuzzifications can be extended to real continuous functions f defined on an in-
terval [a, b]. In recent years, some extensions to general Lp-based F-transform
where proposed with the aim to contribute to a very general and flexible set-
ting of new tools having good theoretical properties and being useful in several
application fields (as in [18]). In particular, the L1-based F-transform results to
be more robust as compared to the ones obtained with other values of p > 1.

We describe only the original discrete F-Transform setting, from [36]; the
interested reader can consult the given references for its extensions.

For a given [a, b], a partition is defined by a pair (P,A) where

P =

�
xk = a+

k − 1

n− 1
(b− a); k = 1, 2, ..., n

�
,

n ≥ 2, is a uniform decomposition of [a, b] while the second term is a family A =
{A1, A2, ..., An} of n continuous functions Ak : [a, b] −→ [0, 1], k = 1, 2, ..., n,
representing the membership functions of fuzzy numbers on [a, b], called basic
functions, that satisfy the following conditions

(*) for all x ∈ [a, b]
nX

k=1

Ak(x) = 1,

(*) the core of Ak is xk, i.e., Ak(xk) = 1, and
(*) the support of Ak is [xk−1, xk+1], where, for uniform notation, we set

x0 = a and xn+1 = b.
The last two conditions say that Ak is the membership function of a fuzzy

number with the indicated core and support and, in particular, that Ak(x) = 0
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for all x /∈ ]xk−1, xk+1[, that Ak, k = 2, ..., n are increasing on the left of xk and
Ak, k = 1, ..., n − 1 are decreasing on the right of the corresponding xk. The
literature presents several examples of basic functions, the simplest ones having
piecewise linear (triangular) form.

Definition 6 Given a set of m point-values Y = {(ti, fi)| ti ∈ [a, b], i = 1, ...,m}
and a fuzzy partition (P,A) of [a, b], such that

Pm
i=1 Ak(bti) > 0 for all k, then

the discrete direct F-transform of Y is the n-tuple of real numbers (F1, ..., Fn),
where each component Fk minimizes the function (weighted Lp-norm minimal
estimator, p ≥ 1)

Φk(y) =

mX
i=1

|fi − y|p Ak(ti), k = 1, 2, ..., n.

The associated Lp-norm inverse F-transform function (iF-transform, for short)
is defined by bf(x) = nX

k=1

FkAk(x), for all x ∈ [a, b].

The case p = 1 represents the absolute deviation, while p = 2 stands for the
least squares one.

Note that the iF-transform function depends on the chosen partition (P,A),
for fixed data point set Y.

The most relevant properties of the F-transform, in particular if p = 2, can
be summarized as follows:

- it is linear with respect to the data-set: if Y(1) =
n
(ti, f

(1)
i )

o
, Y(2) =n

(ti, f
(2)
i )

o
are data sets with the same ti, i = 1, ...,m and iF-transforms bf (1), bf (2),

then, for all a1, a2 ∈ R, the data set Y =
n
(ti, a1f

(1)
i + a2f

(2)
i )

o
has iF-

transform bf (1) + bf2;
- it is homogeneous and scale invariant: we can normalize a time series and

the direct F-transform components (or the iF-transform function) are multiplied
by the same factor;

- it preserves the sum of the values fi, i.e.,
mP
i=1

fi =
mP
i=1

bf(ti).
When applied to a time-series, it represents a nonparametric smoothing

which preserves the total amount of the series; furthermore, this property is
true for any ti ∈ [a, xk], k = 2, ..., n, that is

mkX
i=1

fi =

mkX
i=1

bf(ti) (3)

where {ti|a ≤ ti ≤ xk} is the set of all mk points between a and the k-th point
xk of the partition (P,A). A deep analysis of the FT setting as a smoothing
filter and a comparison with kernel-based (stochastic) filters is given in [22]; it is
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evidenced that the two approaches have strong similarities and some advantages
of FT against, e.g., Nadaraya-Watson estimator are illustrated. An extension
of FT to more general fuzzy partitions and its smoothing properties are studied
in [44].

We can estimate local trends in a given data set Y, by substituting the n
constant components Fk of the direct FT, on each sub-interval [xk−1, xk+1] of
the partition P, by n functions ϑk(x) (e.g., polynomials of a given degree, or
mixtures of parametrized exponential functions, or any other predefined form),
then obtaining the inverse iF-transform

bf(x) = nX
k=1

ϑk(x)Ak(x) for x ∈ [a, b]. (4)

For example, polynomials of (low) order q, ϑk(x) = θk,0+θk,1(x−xk)+ ...+
θk,q(x−xk)

q, k = 1, ..., n can be easily estimated via least squares minimization,
or other more robust criterion. We have implemented a general Lp-norm error
minimizer with p ≥ 1 (see for details).

In the case of a data set mathbfY obtained by sampling m values fi = f(ti)
of a given function f : [a, b] → R, the F-Transform turns to be an universal
approximation tool. In fact, a continuous function x ∈ [a, b] → f(x) can be
approximated with any desired precision by refining the partition (P,A) and
increasing the numbers m of sampled points; for a uniform sample, the maximum
error decreases with the order O(n) of points in the partition (so obtaining a
uniform approximation on [a, b], under the assumption that each sub-interval
contains a sufficient number of points to allow computation/estimation of the
parameters of the designed local trends.

Observe that, importantly, in F-transform approximation, the n local trend
functions x → ϑk(x) are computed explicitly (e.g., by estimating its parameters)
and the overall approximation is easily obtained by the inverse iF-transform (4).
More details can be found in [10, 16], with applications in [17, 18].
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