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Heat kernel and gradient estimates for kinetic SDEs
with low regularity coefficients
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Abstract

We establish heat kernel and gradient estimates for the density of kinetic degenerate Kol-
mogorov stochastic differential equations. Our results are established under somehow minimal
assumptions that guarantee the SDE is weakly well posed.

Keywords: degenerate Kolmogorov equations, kinetic dynamics, heat kernel and gradient esti-
mates, parametrix
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1 Introduction

1.1 Statement of the problem

We are interested in providing Aronson-like bounds and pointwise estimates for the full gradient of

the transition probability density of the following kinetic system of SDEs:
dx} = Fi(t, X}, XP)dt + o(t, X}, X7)dW, 1)
dX} = Fy(t, X/, X7)dt, '

where (W})¢>0 stands for a d-dimensional Brownian motion on some stochastic basis (2, F, (F¢)t>0, P)
and for ¢ € {1,2}, ¢t > 0 the component X} is R%valued. This equivalently amounts to establish the
announced estimates for the fundamental solution of the parabolic PDE associated with (1.1), which
writes:

dsp(s, x;t,y) + (Fi(s, @), Vo, p(s, ; t,y)) + (Fa(s, @), Vaup (s, z; t,y))
1
+§TT<UU*($,x)Vﬁlp(s,az;t,yD =0,0<s<t, T =(v1,72),y = (y1,42) € R*, (1.2)
p(s,t,y) ey Oy (+)-
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Importantly, we aim at obtaining such estimates under somehow minimal assumptions, relying
on minimal conditions required on the SDE to be well posed, in a weak sense. For our approach to
work, we will assume a kind of weak Hérmander condition - the Jacobian (V, F3) has full rank and
the diffusion coefficient ¢ is bounded and separated from zero - however the coefficients can be rather
rough in their entries, namely, measurable with respect to the time variable and belonging to suitable
anisotropic Holder spaces in the spatial variables. In particular, we emphasize that the drift term
F' can be unbounded in all its variables and entries. Through the analysis, some thresholds for the
Holder regularity of the drift with respect to the second (whence degenerate) variable xo will appear.
Such thresholds are related to the degenerate nature of the system of interest and appear to be rather
sharp as they are precisely the ones which provide a sufficient and (almost) necessary condition for
the system to be well posed, see [6].

From now on we shall use bold letters X and F to denote vectors (X!, X?) and (F}, Fy) in R??.
Let B = (Igxd,04xq)* be a 2d x d-matrix, where x stands for the transpose. Using these notations,
we can rewrite SDE (1.1) in the following compact form:

dX; = F(t,Xt)dt+BU(t,Xt)th. (13)

Related applications: These kinds of kinetic (or speed/position) systems appear in several applica-
tion fields. For instance (1.1) describes the dynamics of some Hamiltonian systems. For a Hamilton
function H(x) = V(z2)+|r1|?/2, where V is a potential and |z1|?/2 corresponds to the kinetic energy
of a particle with unit mass, the corresponding drift Fy would write Fy(x) = (—=Vg,V(x2),21)*.
Adding a damping term D(z), i.e. for F(z) = (Fg — D)(x), leads to investigate the long time
behavior of the system, we can e.g. refer to the works [13], [15] for related discussions, to the mono-
graph [36] for applications in mechanics or to [39], [27] for numerical approximations of the invariant
measures.

In mathematical finance, equation (1.1) can be related to the model used to price path-dependent
contracts, such as Asian options (see, [1] or [8] for recent developments).

We choose here to focus on the very object behind, the density, over a finite time interval. To
expose some of the particular features of the model, let us start our discussion with the (striking)
Gaussian setting.

Gaussian case and the Hormander condition: For illustrative purposes let us examine the case
Fi =0,0 =1 and Fy(t, X}, X?) = X}, which corresponds to the Langevin dynamics in its simplest
form:

dX} =dw,, dX?=X/}dt, t>0, (1.4)

which equivalently rewrites in the short form (1.3)

dX; = AX,dt + BdW;, A = <0dxd ded) . t=0. (1.5)
laxd Odxd

In his seminal work [19], Kolmogorov derived the fundamental solution for the PDE (1.2) associ-



ated with the above process. For an initial value & = (21, 22) € R2e_ we have for ¢ > 0,

t t
X; = (X} X2 = <:L'1 + Wi, xo + x1t + / Wsd.s) = exp(At)x + / exp (A(t — s)) BdW;,
0 0

which is a Gaussian process with mean and covariance matrix respectively given by

¢l £1
0,(x) = exp(At)x = (v1,20 + 21t), Ki=[ " F ). (1.6)
Slixa  Flaxd

The matrix Ky is positive definite for every ¢ > 0 and therefore the process admits a density for every
t > 0, explicitly given by

v (43 e (K 0P ) = pl0.3i0.9) = o). (1)

In particular, there exist constants 0 < c— < c4 such that

()ﬁ)dexp (—es| T (y — 0u(@))?) < plast,y) < ()ﬁ)dexp (—e-ITy Yy — 0u(@)))?),  (1.8)

where, for t > 0,

1
T, (tﬂdxd Odxd > 7 (1.9)

3
Odxd  t2lgxa

is the scale matrix which precisely reflects the multi-scale behavior of the components.

Let us first remark that, in Hérmander form, the generator of the process in (1.4) writes
L=A?+ Ay, Ay =V, Ag(x) := 21V, (1.10)

so that, denoting by [-, -] the Lie bracket, [Ay, Ag] = V, and Span{Aj,[A1, Ag]} = R??. Importantly,
we see that the drift is really needed to span the whole space. This is why we speak about weak
Hormander condition. As we have seen, this kind of assumption leads to a multi-scale behavior of
the heat-kernel as opposed to the strong Hérmander condition, i.e. when the diffusive vector fields
and their Lie brackets span the space. In that case, two-sided heat kernel bounds, which exhibit a
usual parabolic scaling, in v/t w.r.t. the Carnot metric induced by the vector fields, are available in
[21]. There is therefore a drastic difference between these two types of assumptions.

Let us eventually mention that, since we are going to consider rough coefficients, we will not be
able to perform Lie bracketing to justify the existence of the density from the Hérmander condition.
The non degeneracy of V., F» can somehow be seen as a mild weak Hormander type condition!.
We emphasize that it is precisely this term which makes the Kolmogorov example work, because it
precisely allows the noise on the first component to propagate to the second one.

'In the document, we will further refer with a slight terminology abuse to this assumption as the weak type Hérmander
condition.



Secondly, it can be observed from this example that the time-scale in the density is not diffusive:
the fluctuations of the two components X', X2 are of order of t'/2 and 32 respectively, which
corresponds to the intuition that the typical time-scale of an integrated Brownian motion should be
equal to the integral of the time-scale of the Brownian motion. This phenomenon also appears in
the deviation term in the exponential. The growth rate is different for the two components. Also,
the unbounded drift term induces deviations w.r.t. to the transport of the initial condition by the
underlying deterministic differential system 6,(x) and not the starting point itself &, normalized w.r.t.
the previous intrinsic time scales.

Similarly, it is seen that there exists C' > 1 s.t. for i € {1, 2},

1 1
Vap(@st,y)l < [((K, *VO(x)'K, * (0:(x) — y))),lp(z;:t, y)
C [V3\d e
< e (Sg) e (~CTUT Y - 0(@)P)
t=2 \7t

Namely, a differentiation with respect to the non-degenerate variable induces an additional time
singularity of the corresponding typical order rate ¢~/2 whereas a differentiation with respect to the
degenerate variable induces a time singularity in t3/2 i.e. at its corresponding typical rate.

Our goal in the current work is to extend those heat kernel and gradient bounds, obtained di-
rectly for the Kolmogorov example, to the densities of SDEs solving (1.1) under somehow minimal
smoothness assumptions on the coefficients.

Available results and minimal conditions from a regularization by noise perspective.
Since the seminal work of Kolmogorov [19], such equations have been thoroughly investigated in
the literature both from the analytic or probabilistic viewpoint?. Existence of fundamental solution
for the underlying parabolic PDE (1.2) was first obtained through a parametriz type perturbation
technique, for smooth enough coefficients, by Weber [41]. We can also refer to Sonin for further
results in that direction [37]. On the other hand, density estimates were derived in [20] (global upper
and lower diagonal bound) and then extended to more general models of SDEs that can be seen as
perturbed ODEs for which a noise acting on the first component will transmit to the whole chain of
ODEs through a weak Hormander like condition. For such models we refer to [9], [29]. From those
works one can derive two-sided heat kernel bounds for the density of (1.1) when the drift is globally
Lipschitz in space, i.e. when the drift part of the dynamics in (1.1) can be associated with a usual
well-posed ODE, and when the diffusion coefficient is Holder continuous in space. Eventually, in a
smooth framework, Pigato derived in [35] heat kernel and gradient estimates for the system as well
as short time asymptotics. Except for the diffusion coefficient, the aforementioned works do not take
advantage of the propagation of the noise through the system, in the sense that the drift is always
assumed to be (at least) a Lipschitz in space function. As already claimed, our aim consists in de-
riving those bounds under rather minimal conditions, meaning that we manage to benefit from the
regularization by noise phenomenon, see the Saint Flour lectures notes [11] for an overview of such
kind of phenomenom.

Regularization by noise for degenerate system was investigated in e.g. [3] from a strong point of
view, meaning that the author exhibited therein, within the framework of Holder spaces, some mini-

2Let us also recall that the work [19] was recalled by Hormander as the starting point of his general theory of
hypoellipticity [16].



mal thresholds on F' that guarantee strong well posedness of equation (1.1), in spite of a non Lipschitz
drift. Generalization to Holder-Dini coefficients were investigated in [40] with other techniques but
somehow similar threholds. For rougher drifts, corresponding namely to Bessel potentials, but for
F5(t,x) = x1, the strong well posedness was also derived (for the same previous reqularity threshold on
the degenerate variable) in [10] and [43] where the critical case for the regularity index is considered.
However, it is well known that existence of the density does not rely on strong well-posedness of the
system, but more generally on its weak well-posedness.

In the current degenerate setting, the weak regularization by noise was investigated for the kinetic
case in [4]. The author derived therein, still in the setting of Holder spaces, smaller thresholds on
the regularity index of the drift w.r.t. the degenerate variable that yield weak uniqueness. It is also
importantly shown that these thresholds are (almost) sharp in the sense that, when the drift of the
degenerate component has Holder regularity below the threshold, there are counter-examples to weak
uniqueness. This weak well-posedness and associated counter-examples have then been extended to
a full chain of perturbed ODEs in [6]. In this latter work, the Authors exhibit an (almost) sharp
characterization, at each level of the ODE chain, of the regularity index needed in each variable to
restore weak well-posedness. In comparison with our current setting, it is proved therein that the drift
of each component feels differently the degenerate variable: whereas one only needs positive regularity
indexes for the drift of the non degenerate component w.r.t. all variables for weak uniqueness to hold,
a threshold of 1/3 appears for the regularity index of the drift of the degenerate component w.r.t. to
the degenerate variable. We will try to match this setting as much as possible for what we aim at
doing here. We refer to Theorem 1.1 and 1.4 and associated remarks for details.

Again, having a good understanding of the density under minimal conditions on the coefficients can
be very useful in connection with some related non-linear equations. We can e.g. refer to Section
1.3 in [18] where a toy non-linear model, which shares some properties with the Landau equation,
involving an average of the density w.r.t. the velocity variable is considered as diffusion coefficient.
Objective and strategy. Many other type of estimates have been established for the SDE (1.1) or
its formal generator. Let us mention among them: Harnack inequalities [24], [34]; related heat kernel
estimates for operators in divergence form with measurable coefficients [22], [23]; Schauder estimates,
see [18] for the current framework and [5] for an even more general case (one can also refer to [14]
for an extension to kinetic non-local operators - with an application to strong well posedness - and
to [26] as well for a more general framework); LP estimates, see [17], [30] or [7]. Let us eventually
mention the work [33] which deals with the associated Stochastic PDE in the two-dimensional case or
[44] which investigates the well-posedness of a McKean-Vlasov version of (1.2) through the De Giorgi
approach.

We will focus here on the density /heat kernel and will adapt the approach already considered in
[31], [32], for non degenerate SDEs with unbounded drift respectively Brownian and stable driven,
to the current degenerate case. The first step consists in obtaining two-sided estimates. This is
done using forward type parametrix or Duhamel type expansions, as e.g. considered in the classic
non-degenerate case in [12] or [28], with the additional difficulty that, because of the unbounded drift
the parametrix series needs to be truncated. The tails of the series are controlled through stochastic
control arguments (see [9], [42]). For the estimates on the derivatives the idea consists in mixing
forward and backward Duhamel expansions and to consider suitable normalizations which exploit
thoroughly the underlying two-sided estimates.



We restrict in this work to the kinetic case for simplicity. We believe that our main results would
extend to the full perturbed chain of ODE as considered in [6] under suitable assumptions on the
coefficients. In this more general setting the idea would be to couple the current approach with the
computations performed in [2] to derive strong well posedness for the full chain.

The article is organized as follows. We state our main results (Theorems 1.1 and 1.4) in Section
1.2. Section 2 gathers some technical results about mollified flows associated with Hdélder in space
coefficients and also addresses the corresponding deterministic control problem which will be useful
for the two-sided heat kernel estimate. We will establish in Section 3 our main results for smooth
coefficients which satisfy the assumptions of Theorems 1.1 and 1.4 and we will carefully prove that
the constants in the estimates obtained do not depend on such smoothness. This is precisely why we
then derive our main results through compactness arguments detailed in Section 4.

1.2 Statement of main results

Let d,l € N. For j € {0} UN and v € [0,1), let €777 (R% R!) be the space of Hélder functions from
R? to R! defined by

|z —y[7

. Vi f(z) — VI
EIRERY) = {f: ooy = YISy +sup |<1‘ f@) = Vi)l <oo},
k=1 a#y,lz—y|<

where V¥ stands for the k-order gradient. Note that the functions in €7*7(R%; R!) can be unbounded
and have sublinear growth.
Importantly the functions in ¥°(R%; R') can be possibly discontinuous and also satisfy (see [40],
Lemma 2.3)
up [F@) = 1(0)

< +o00.
TFy 1+ \x—y\

We denote by & = (1, 72) a point in R? x R? and by V,,, V,, the gradients with respect to the first
and second set of variables, respectively. Following the previous discussion, it is natural to endow
R?¢ with an anisotropic distance, corresponding to the intrinsic scale matrix (1.9):

1
|®|gq = |z1| + |22|3, x = (r1,29) € R, (1.11)

Next, we recall the definition of a anisotropic Hélder spaces associated with (1.11) (see, for instance
[25], [5]). We say that a vector valued function f € €577 (R?%;RY) if

I/

@it (R2dRY) “— SUP £ (s 22) ¢i+v(Re;RY T SUD ||f(931")”%(Hv)/i’r(Rd;RZ) < 0. (1.12)
d ’ zo€RY z1 €R4

In particular, for f € CK;”LW (R24; R), by Taylor’s expansion, we have

I Tr (@, y) = (@) = F(y) = Var F @)@ =y < Cllf grale —ylg". (1.13)

We assume the following conditions to hold:



(HJ) There exist v € (0,1] and xo > 1 such that for all (t,z) € R} x R? and ¢ € R,
fo [E17 < (oo™ (1 )€, €) < holé]?

and
’U(t7x) - U(t7y)‘ < Ho‘w - y"V’

where | - | denotes the Euclidean norm, (-, -) is the inner product and * stands for the transpose.
(HY) For some v € (0,1] and k1, k2 > 0, it holds that

[Fi(t,0)] < ki, i = 1,2, |[Fa(t,)llgo < k1, [[F2(2, ')Hcg;-*-w < Ka.

Moreover, there exists a closed convex subset €& C GLg4(R) (the set of all invertible d x d
matrices) such that V,, Fy(t,z) € £ for all t > 0 and = € R??,

We introduce the following notation
gty @) = 12T /() (1.14)
as well as the following set of parameters for later use: for T' > 0,
Or = (T, ko, K1, K2,d,7,E).

Eventually, to state our main results we need to introduce a mollified flow associated with the
drift F in (1.1), which under (H},) is rough. Namely,

fétys(m) = ﬁ(t,ét,s(w)), GS,S(CC) =X, (115)
where B
F(t.2) = ([Fi(t.) * pil(@). [Bo(t. ) # o).
and p.(x) = e 2p(e~'x) and p is a smooth density function with compact support and * stands

for the convolution in space. The first regularization, performed at a macro level, is very natural to
introduce a flow since the initial drift coefficient is not necessarily smooth. Regularizing the second
component, allows as well to have a flow defined in the classical sense. The regularization parameter,
corresponding to the intrinsic time scale of the component allows to have the equivalence between
this flow and any other regularized flow (see Remark 1.3 and Lemma 4.1 for details).

Our first main result of this paper is stated as follows.

Theorem 1.1. Under (H}) and (H}) with v € (0,1], for any T >0 and 0 < s < t < T, there exists
a unique weak solution Xy s(x) of (1.1) starting from x at time s which admits a density p(s, x;t,y)
continuous in x,y € R*. Moreover, p(s,x;t,y) enjoys the following estimates:

(1) (Two sided estimates) There are \g,Co = 1 depending on O such that for all0 < s <t < T
and xz,y € R,

Co‘lgAal (t —5,005(z) —y) <p(s, @5t ) < Cogag (t — 5,0:.5(z) — y). (1.16)



(ii) (Gradient estimate in x1) There exist constants A1, C1 > 1 depending on ©1 such that for any
0<s<t<T and z,y € R*,

1 ~
|v$1p($7x;ta y)| < Cl(t - 3)_59)\1 (t - S, 0t78(w) - y) (117)
(iii) (Holder estimate in x) Let ng,m € (0,1). For ] = 0,1, there exist constants \;, C; > 1
depending on O and 1; such that for any 0 < t<T and z,x',y € R*,

; (1 .
|V$1p s,xyt,y) — lep(s x';t, y)‘ < Cjlz —:U/|le(t—s) (5+n;)

_ (1.18)

X (gAj (t—s, 0;4(x) — Y) +gx, (t—5,00(x') — y))
Remark 1.2. Under (H}.), F} may be unbounded and discontinuous. For instance, if Fi(x) =
Fi1(x) + Fia(x) and Fy(z1,22) = x1, where Fy; is bounded measurable and Fo is global Lipschitz,
then F = (Fy, Fy) satisfies (H}). This example corresponds to the standard kinetic SDEs.

Let us emphasize that this Theorem holds under the assumptions that have been shown in [6]
to be minimal to guarantee weak uniqueness for the solution of (1.1). In particular the two sided
estimates (1.16) specify the Krylov type estimate of [6] which roughly said that in L9 — LP norms (for
suitable indexes p, q) the density behaved as the Kolmogorov one appearing in (1.16).

Remark 1.3 (About the flow in the above estimates). We point out that the above estimates could

also be stated replacing 6,573 (z) introduced in (1.15) by any Peano flow 0%18) () solving:

0 () = FO 1,00 (2), 0W)(x) =2

where

FO(t2) = ([R(t, ) = p(@), Ba(t, ) (@)).

Pay attention that F5 is not regularized whereas the possibly discontinuous component F} still needs
to be to define an underlying flow.

Indeed it can be shown, similarly to the estimates established in Lemma 4.1 below, that there
exists a constant C' := C(O7) s.t.:

— 1 "
T (01 (@) — Bus(@) < €.
ie. 015715)(:2) and 51575(:3) are equivalent with respect to the intrinsic scales.

In the above theorem, the regularity assumptions on o and F are almost sharp. To obtain the
second order derivative estimate in x; and the first order gradient estimate in xo, we have to make
further regularity assumptions as stated below.

Theorem 1.4. In the situation of Theorem 1.1, we also assume that for the same vy € (0,1],

IFL(E, gy < k1, t20. (1.19)



(i) (Second order derivative estimate in x1) There exist constants A1, C1 > 1 depending on O
such that for any 0 < s <t < T and x,y € R??,

V2 p(s, @5, 9)| < Ci(t — )" Lgn, (t— 5, 0,5(2) — y). (1.20)

(it) (Hélder estimate of V2. p in @) For any na € (0,7), there exist constants Aa, Co > 1 depending
on O and ny such that for any 0 < s <t < T and x,x'y € R*,

V2 p(s, 25, y) — V2 (s, s t,y)| < Col — 2|2 (t —s)717F o1
X (g,\2 (t— s,pétjs(a:) —y)+ g (t— s,éts(a:’) — y)> (1.21)
If o also satisfies that
ot ) — o(t,y)] < mol|( — Y[+ (@ —y)a| 5, (1.22)
where 7y is the same as in Theorem 1.1 and a € ((1 —~)V v,1], and
Fi(t,x) = Fi(t y)| < m(l(@ —y)[" + (x — y)a| &), (1.23)

then

(i1i) (Gradient estimate in x2) there exist A3, C3 > 1 depending on ©r and « such that for any
0<s<t<T and z,y € R*,

[Vaup(s, @3 t,9)| < Ca(t = ) 205, (t — 5, 01.6(2) — ). (1.24)

(iv) (Holder estimate of Vy,p in @) For any n3 € (0, (a — ) A (o + v — 1)), there exist constants
A1, C4 > 1 depending on Op, a and n3 such that for any 0 < s <t < T and z,x',y € R??,
_34mn3

|Vaop(s, @i, y) — Vaup(s, @' t,y)| < Calw — /[t —s)" 2

X (g)\4 (t— s,at,s(m) —y)+gn(t— 3,@75(:3’) - y))

(1.25)

Remark 1.5. For gradient estimates in the degenerate component 9, we need extra regularities
(1.22) and (1.23) since for kinetic operators, we only have %—gain of regularity in z5. Let us briefly
comment this additional regularity, which might not seem sharp at first sight. Our feeling is that
such assumptions are actually sharp with respect to the methodology employed here. Indeed, as
our starting point to estimate the density relies on a first order parametrix expansion, see (3.16),
we end up with an implicit representation of the density involving as well all the coefficients of the
system. The crucial point is that, when estimating the gradient in the degenerate directions of the
implicit representation of the density, we make all the coefficients feel the differentiation w.r.t. the
degenerate variables. This roughly explains why we impose assumptions (1.22), (1.23) which lead to
similar (w.r.t. the degenerate variables) conditions as the one previously imposed on F, in (Hy).
Assuming the same regularity in the degenerate directions for the whole drift F = (F}, F») already
appeared in [4] in connection with weak uniqueness for (1.1) as well as in [2] and [14] to derive
Schauder like estimates for strong uniqueness purposes. Note that in those frameworks, since the
diffusion coefficient was assumed to be Lipschitz, assumption (1.22) did not explicitly appears. Let
us eventually conclude by emphasizing that, under similar assumptions as the one of Theorem 1.1,
the Authors in [5] only succeeded in deriving gradient estimates in the non degenerate directions, but
only Holder estimates in the degenerate ones.



For two quantities @)1 and @2, we will frequently use the notation ;1 < Q2 meaning that that
there exists C':= C(Or) such that Q1 < CQs.

2 Preliminaries

In this section we assume that F = (Fy, Fy) satisfies (H%) and temporarily assume that

IVaF oo < 0.
In particular, for some k1 > 0,
[F1(t, ) — Fi(t,y)] < k(14 [z —yl), (2.1)
and for some ko > 0,
[Fa(t,x) — Fy(t,y)| < ma(|(x — y)i| + [(x — w)al5 + [(z — g)al). (2.2)

For s,t > 0 and € R??, let 6, 4(x) be the regularization flow defined by the differential system
0, 5(x) = F(t,0,5(z)), 0s5(z) = (2.3)

Here (0; s(x))¢>s stands for a forward flow, while (0 s(x)):<s stands for a backward flow. In particular,
let (6:5(x))~! be the inverse of z +— 6 s(z). Then

(0,578(:13))*1 =0,,(x). (2.4)

2.1 Equivalence of measurable flow for ODEs

We recall the following (sublinear) Gronwall type lemma.

Lemma 2.1. Let f(t) : [0,00) — [0,00) be a continuous function. Suppose that for some o € (0,1)
and c1,co = 0,

f(t) < f(0)+01/0 f(s)o‘ds—i-cQ/O f(s)ds, t > 0.

Then 1
ft) < eCth(O) + (cleczt(l —a)t)T=a, t > 0.

We have the following crucial lemma, which corresponds to Lemma 1.1 of [31] and [6].

Lemma 2.2. Under (H%), for any T > 0, there exist a constant k3 > 1 only depending on k1, Ko, d, T
such that for all0 < s <r <t < T and x,y € R*,

Ry (1T (@ = 0np(y))] = 1) < T (00r(®) — )| < ma(ITi (@ — Ore(y))[ + 1), (2.5)
Proof. To show (2.5), by (2.4) and the symmetry, it suffices to show

T2 (B () — Orr(y))] < w3 (T (@ — y)| +1).
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Without loss of generality, we may assume 0 = r < t < T, and write for ,y € R?>® and t > 0,

t) == |(Oeo(x) — Oro(y)),[, i =12
Using the above notation and by definition (1.9), we only need to show that for all 0 <t <ty < T,

3
tofq (t) + éQ(t) < Ky (toﬁl (0) + gQ(O) + tg) (2.6)
For ¢ =1, by (2.1) we have

a0 <60+ | B (B 0(@)) — (1, Br0(y)dr

<A1(0) + K1t + K /Ot(& () + £2(r))dr,

which implies by Gronwall’s inequality that

01(t) < ™ (01(0) + kat) + Kie™! /Ot Co(r)dr. (2.7)

For ¢ = 2, by (2.2) and (2.7), we have

£2(8) < £2(0) + / | Ear 0,0(2)) — Fa(r, 0,0(y))dr

W=

< fl d?“ + K2 /Ot (42( ) fQ(T))dT (2.8)

t
< lo(0) + e’“t(tﬁl(()) + K1t2) + /@2/ Eg(r)%dr + (k2 + e"“t) / lo(r)dr
0 0

K1t

In particular, by Lemma 2.1, for ko = ko + €%, we have

Oa(t) < €24 (£5(0) + 1 (£0,(0) 4 12)) + (2™ 21)%
< eR20,(0) + PRI, (0) 4 cot 2,

which together with (2.7) yields (2.6). O
Remark 2.3. By (2.5) and the flow property ; (x) = 0, 0 0, s(x), we also have

T (0rs(®) = 0ra(y))] = 1 S T (Ors(®) — 9)| S T (Brs(x) — Ora(g))| +1. (2.9)
Moreover, if |2 — a'|q < Co(t — s)*/? for some Cy > 0, then

T (Bs(2') —y)| = 1 ST (Bs(x) — )| S IT(Bes(2') —y)| + 1. (2.10)

Indeed, by (2.5) we have

T (Bes(a') — y)| S T (2 — Ose(y))] +1
< T (@ = Os(y)| + T (2 — )| +1
<T@ — Os4(y))| + Co + 1
S T (Ors(2) —y) + L.

The other inequality in (2.9) is derived by symmetry.
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2.2 Gram matrix

Let A, 01 : Ry — R? x R? be two measurable maps. Suppose that for some closed convex subset £
of GL(RY) and kg > 0, and for all ¢ > 0,

A€ &, kytlE| <ol < kol€l. (2.11)

— (Oaxa Odxd oy
A= ( Ay 0d><d> M= <0d><d> ‘

For s,t > 0, let Ry s be the resolvent of Ay, that is,

Define

az‘,R'z‘,,s = Ath,Sa Rs,s = H2d><2d- (2'12)

It is easy to see that the unique solution of (2.12) is given by

Iaxa  Odxd
R;s = . 2.1
t, <fst A,dr ded) ( 3)

From this expression, one sees that for any s,t,r > 0,
R;sl = Rs,t; Rt,TRT,s = Rt,s- (214)

The Gram matrix associated with A; and 3 is defined by
¢
Kt,s = / Rt,TETEiR;,,dr.
S

The following lemma is well-known. For reader’s convenience, we provide detailed proofs here.

Lemma 2.4. Under (2.11), there is a constant k > 1 depending only on ko and E such that for all
0<s<t<ooandx e R,

K, e = (K12, 2) =, [T, 2], (2.15)
and
T, R s| =i [T, ], (2.16)
Proof. By the definition and the change of variables, it is easy to see that
Kis = Ty sKi0Ti—s, (2.17)

where

A

1
~ A PRI
KI,O :—/ Rl,'rzrerirdTa
0

and
. Tuxd 0dx d>

21” = E — 3 : r =

12



Thus, without loss of generality, we may assume s = 0, t = 1 and |z|> = |z1]? + |22|? = 1. Clearly,

(Kipz, @) <1 & (Kioz,z) < 1. (2.18)

1 1
oy {xl + / A;';xgdu} dr < /
r 0
and by the change of variable,

1 1
J =
0 0

Since A, € £ and & is a closed convex subset of GL(R?), we have for some cq € (0, 1),

/ Al xodu
0

2 2 _ [ 25 (< -1
Recall |z1]% + |x2|* = 1. If |z1] < P|22], then |z2]* > (1% +1)"" and

/

Note that by (2.11),

2 2

dr,

1

1 1
(K12, @)= / SIRYaf2dr = / . / A pd
0 0 ”

2 2

1
5L‘1+/ Al zodu dr.

,
xl—i—/ Al_,zodu
0

jxnfg |A* 29| > colxa| = cor|as| < < cgtrlaal.
€

2 1
dr > / (J21? — 265l ||ea] + Er?leaf?)dr
0

r
$1+/ AZa:gdu
0

6

1 2 -1
> el ([ 12 - ar) > BB )7
|2 </0 [ =3ldr) 2 5l +1)

3
if |z1] > %0|z2|, then |x1]2 > (1+ %)_1 and

i

We thus obtain (2.18). As for (2.16), it then readily follows from the scaling relation (2.17). O

d?“?/ “xl‘_r601|x2w2dr>|.’L’1’2/ (1_744664)2(1742670(1_'_76) .
0 0 32 Co

T
:c1+/ Al zodu
0

2.3 Control problem

In this subsection we show how the quantity |T, ' (8;s(x) — y)|> appearing in our main estimates
can be, under (2.1) and (2.2), related to a control problem (see [9]) associated with F and B. More
precisely, we consider the following deterministic control problem:

¢r,s = F(T> d)r,s) + BSDTv S [Sat]v ¢s,s =&, ¢t,s =Y, (219)

where ¢ : [s,t] — R? is a square integrable control function. Let I(s,x;t,y) be the associated energy

functional
t 1/2
f(s,as;t,w:inf{( [ o) b= ¢t,s=y},

where the infimum is taken over all admissible controls ¢. The following proposition plays a crucial
role for proving the lower bound estimate of the heat kernel.
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Proposition 2.5. Under (H%), for any T > 0, there exist constants ks, kg = 1 depending only on
T, ko, k1,d,E such that for all0 < s <t < T and x,y € R*?,

ks (ITi s (Ors(2) — y)| — 1) <I(s,z:t,y) < w5 (T (Ors(2) — y)| +1). (2.20)
Moreover, one can find a control ¢ : [s,t] — R? and a solution ¢, s to ODE (2.19) such that

sup o] < g (1T (Oe,s(®) — y)| +1)/VE —s. (2.21)

re(s,t]

Proof. Without loss of generality, we may assume s = 0 and ¢t = ty < 9, where ¢ is a small number
only depending on T, ko, £1,d, £. Let (d;):c(0,4,) be any solution of control problem (2.19). Let

’(/)t = (;')t — Bt, Ot = 9,570(58).

Then v, = (},1?) solves the following control problem:

11'bt = A(t7¢t)wt + f‘(t)/(ﬁt) + B@ta ¢0 = 07 wto =Y - 075()) (222)

" - Fi(s,x+0;) — Fi(t,0;)
F(S,.’IJ) T <F2(t70%7$2+0?)—FZ(taetlveg) 7

Als, @) = ( ) Odxd 0d><d> '
’ fO Vo, Fao(t,uzy + 9%, T2 + Hf)du Odxd

where

and

By (2.22) and (2.1), we have

t t
d| < /0 (1+ [])ds + /0 (oulds,
and due to V,, F; € € and by (2.2),
t t
1
2] < /0 s + /0 (6215 + [¢2]ds.

Thus by Lemma 2.1 we have

t t
Wl <t / oalds, 2] <632 4t / pulds, ¢ € [0,t0). (2.23)
0 0

Hence,

1 1 T _1 [to o 1/2
T (y—0to)l=t02|¢t0|+t02|¢t0|§1+t02/0 stds<1+</0 5| ds> ;

which gives the left hand side estimate in (2.20).
On the other hand, by Coron [Theorem 3.40], system (2.22) is controllable, and the exhibited
control ¢ is given by

to

s = (RtO,SB)*K;O}O (y — 0150 — Rto’sﬁ(8,1f}s)d8> s (224)

0
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where Ry ¢ is the resolvent of A(t,v;) (see (2.12)), and
to

KtQ,O = ; Rto’sBB*R;ka’SdS.

Indeed, by Duhamel’s formula, the above control ¢ satisfies (2.22). Note that by (2.13),

052 =\ 10 [10,, oy ud + 0L, 42 + 62)dudr )

By (2.17) and (2.15), it is easy to see that

_1 to -
sup [os] < 137 (T;(y S0 (T [ Ry B (s 0)ds )
s€[0,t0] 0
2.2 t t
T — o) 50 [ s + 652 [ (Rl + R
~ o to \Y to 0 ) s|)ds 0 . s s|)ds
(2.23) 1 1 1 _1 1
<t EIT (g — )| 4ty to sup sl £ 1yt sup sl

s€[0,to] s€[0,to]

_1 _1
Sto 2T (Y — 0| + 2710 2 + (to +¢) sup s,
S »L0

where the last step is due to Young’s inequality and the implicit constant only depends on T, kg, k1, d, £.
In particular, we can choose ¢ and ¢ small enough so that for all ¢y € (0, ¢],

_1
sup || St 2 (IT, (y — 04) +1).
s€0,to]

This in turn yields (2.21) as well as the right hand side estimate in (2.20). O
Remark 2.6. When F is Lipschitz continuous, [9] has shown that

I(s,25t,y) < [Ty (Bes(2) — y)|
and

sup [o;| o Ty (0rs(@) — y)l/VE—s.

rE(s,t]

The additional constant in the estimates of Proposition 2.5, due to the rougher framework, will
anyhow not perturb too much the analysis.

3 Density bounds for SDEs with smooth coefficients
In this section we always assume (Hg) and (Hj) for some v € (0,1), and temporarily assume that

[VIF||oo < 00, [|[Vio|leo < o0, j€N. (3.1)
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It is well known that in the current smooth coefficients framework there exists a transition density
p(s, z;t,y) which is Cp°- smooth in variables x,y for all s < t, by Hérmander’s theorem. Moreover,
p(s, x;t,y) satisfies the following backward Kolmogorov equation

Osp(s,x;t,y) + Lszp(s,z;t,y) =0, p(s,-;t,y) — 0y(-) weakly as s 1 ¢, (3.2)
and the forward Kolmogorov equation (Fokker-Planck equation):
Op(s, it y) =L ,yp(s, ;i t,y) =0, p(s,x;t,-) — 6z(-) weakly as t | s, (3.3)
where, setting a = 00*/2,
Lsof(x) = tr(a(s,2)V3, f(2)) + (F(s,2), Vo f(2)),

and
(@) =t (V5 (alt, 9) f(y) — divy (F(t,y) f(y)).

The scope of the section is to obtain two-sided Aronson like bounds, where all the constants
appearing below only depend on ©r.

3.1 The Duhamel representation for p(s,x;t,y)

Fix now (7,€) € R, x R?? as freezing parameters to be chosen later on and let

ét,’r(g) = F(t, Ot,T(E))v 1= 07 97’,7’(5) = 5 (34)
(X2

We consider the stochastic linearized dynamics t>s

X8 — 4 / F(r.0,.-(€)) + A(r, 8, () (X7 — 6, (¢))]dr + / Bo(r, 0, (€))AW,,  (3.5)

where, for all = (21, z2) € R??,

_ Odxd Odxd
Alr@) = (Vxle(T, x) 0d><cl) '

Let (Rgg’g))@s be the resolvent associated with A(r, 8, -(&)) (see (2.12)), which is explicitly given by

R = (1 entan e ) (36)
If we define
9@ = ROzt [ RGO (P 0,0(6) ~ A0, (€)010(6))r (3.7
and
B9 1= Bo(r. 0, (6)) 39
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then by the variation formula of constants, Xg;’g)(m) is explicitly given by
t
X8 (@) = 979 () + / REsOaw,. (3.9)

Clearly, the random variable )~(§T5£)(m) admits a Gaussian density 13(7’5)(3, x;t,-) given by

1 1 T,
P (s, s t,y) = )T OXP <—\ K79 207 (@) - y)\2> : (3.10)
(2m)d det(K;;>)2
where .
K9 = / RSO RIOBO) dr, (3.11)

In particular, p(™4) (s, z; t,y) satisfies
dsp'™ ’5)(5 xz;t,y) + ,C( ’g)“(T 5)(s,az;t,y) =0, ]3(7”5)(3, x;t,y) — Oy(-) weakly as s T¢,  (3.12)
where, for a = 00*/2,

L9 = tr(als, 05(€)) - V2,) + (F(5,05.-(£)) + Als, 0. (€)) (& — 05-(€))) , V) (3.13)

denotes the generator of the diffusion with frozen coefficients in (3.5).

The following proposition is a direct consequence of expression (3.10) and Lemma 2.4.

Proposition 3.1 (A priori controls for the frozen Gaussian densities). Under (H2), (H%) and (3.1),
for any T > 0 and j = (j1, j2) € N3, there are constants \j,C; > 1 depending only on ©1 such that
forall0 < s<t<T, 7€[0,T] and x,y,& € R,

Col g1 (t = 5,979 (@) —y) <78 (s,3t,y) < Cogay (t — 5,975 (@) — ), (3.14)
where gx(t,x) is defined by (1.14), and
J1+3J52

VI VR (s, 25, 9)| < Ci(t— )72 gy, (= 5,900 (@) — y). (3.15)

The starting point of our analysis is the following Duhamel type representation formula which
readily follows in the current smooth coefficients setting from (3.2)-(3.3) and (3.13):

t
p(s,m;t,y) = P (s, a1, y) +/ PO (s, @57, 2) (Lre — L2 )p(r, 23t y)dzdr (3.16)
s R2d

t ~
=p"8) (s, @it,y) + / / p(s,x;r, 2)(Lr o — Eﬁfz’@)ﬁ“’g) (r,2;t,y)dzdr, (3.17)
s JR2d

If we take (7, &) = (s,z) in (3.16) and set po(s, x; t,y) := p\®®) (s, z;t,y), then we obtain the backward
representation

t ~
pls,aitey) = Rolsaity) + [ [ olsain) (Lo £ b0, it y)dadr
s JR?
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If we take (7,&) = (t,y) in (3.17) and set py (s, x;t,y) := p\“¥) (s, ;t,y), we then obtain the forward
representation

t o~
p(s,@it,y) = Pu(s, 25ty y) + / / p(s,2:7, 2)(Lr e — EP)P1(r, 21, y)dadr,
s RQd

To give the estimates of p;(s,x;t,y), i = 0,1, we need the following lemma.

Lemma 3.2. For anyt > s and x,y € R?*?, it holds that
90" (@) = Os(@), 95 (@) —y = R{Y (@ - 0.(y).

Moreover, under (Hy), for any T > 0, there is a constant C := C(©r) > 0 such that for all
0<s<t<T andx,yc R,

T (61s(@) — 0 (@) < C(t — 5)3 (IT; L (1s(m) — y)[*T7 +1). (3.18)
Proof. (i) Since ﬁgg’g)(w) = E(X(T E)) by (3.5) one sees that
0% (@) = + / [F(r,0,.,(€)) + A(r,0,.,(£) (07 () — 0,.,(€))|dr. (3.19)

Hence,

915 () — 6, u( / A(r,0,.4(2)) (9 () — 0,,4(x))|dr

)

< IV Falloo / 9 () — 0,,a()|dr.
which implies by Gronwall’s inequality that
95 (@) = 6,,4(),

which gives the first equality of the lemma.
(ii) For the second one, note that by (3.7) and (2.14),

RO\ (x) = x + / R (F(r,0,.4(y)) — A, 0,.4(4))04(y) ) dr.
Since 85R2f;y) = —A(s, 057t(y))Rg;y) , by Duhamel’s formula, we also have

Iy(y) = ROy - /Rgt,ry (r,0,4(y ))_A(r,er,t(y))ar,t(y))dr

=yt [ IR0 0ni0) — A0 ) () — Or)r
As above, one has I's(y) = 05 :(y). Hence,

RU0{Y (@) — 2 = Ry — 0.4(y).
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(iii) Let us now turn to the proof of (3.18). Fix 0 < s < u <t < T. Note that by (3.19),

O1.5(x) — 9 (x) = / [F(r,0,,5(x)) — F(r,0,4(y)) — A(r, 0:4())(9%Y) (2) — 0,4(y))]dr,
and by (2.9),

(t=5)72|(Ors(2) = O] + (t = 5)72(O5(@) — Or4())a]

1 (3.20)
SIT, (0 s(x) —y)|+1 = A

Then we have
t
1(61,5(z) — 9 (@)1] < / Py (r, 0,4(2)) — F1(r, 0,4(y))|dr
t
S [0+ 10nul) ~ 0,0))dr (0 914,

and by definition,

)

(61sl@) — 02 @)al < [ IVl cl(Ora@) = D2 @)1 + [Tr0rs(). B 1)

(1.13) pt
S [ [16na(@) ~ 9D @] + 16, 2) ~ 6,457
(3.20)

< (t—s)2A+ (t—s) T A
Thus we obtain (3.18). The proof is complete. O
For any A > 0,0 < s <t < oo and @,y € R%, let
pa(s, @t y) == gx(t — 5,0 5(x) —y) = (t — s)*Qde*mti—ls(e’svs(z)*y)w@’\)7 (3.21)
with 0, s(x) the flow associated with F.

Lemma 3.3. For any T, X > 0 and o > 0, there are N > X\ and C > 0 depending only on O and
A\, such that for all0 < s <t < T and x,y € R*,

(160,5(@) = ylg + @ — 0,4(y)|3)Da(s, @3 t,y) < C(t — )2 py (s, a5t y). (3.22)
Proof. Note that by (2.5),
Iojrs (= 8,8 = 052(y)) S DAls, 258, 9) S gan (t — 5, — 054(y)).
The desired estimate now follows by definition. O
We also need the following convolution type inequality for the Gaussian functions pj.

Lemma 3.4 (Reproduction property). Under (2.1) and (2.2), for any T > 0, there are constants
k7,C3 > 1 depending only on Op such that for all x,y € R??, 0< s <r <t < T and A, Ao > 0,

C3 ' Downng)mr (5,25 1,Y) < /

R2d ﬁ)q (57 T, Z)ﬁ)\Q (Tv z; tv y)dz < 0313/47()\1\/>\2) (Sv &, t? y) (323)
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Proof. Recalling (3.21) and (1.14), we first consider the convolution

I ::/ g,\l(el,ac’ — 2z)gx, (€2, 2 —z")dz.
R2d

Clearly, up to a constant dependent on d and A1, As , I is the density of the sum of two independent
Gaussian vectors with means @’ and " respectively. Therefore I is a Gaussian function with mean
' — " and covariance matrix )\1'11‘212 + )\2’11‘;22. We have

ALAN -2 — — -2
1202 T2 < MT2+ T2 < (A VAT,
which yields
Ioumn)sler +e, @’ —x") ST S gauny(a +e,2 —x”). (3.24)

To prove (3.23), it suffices to notice that by Lemma 4.1,

9 /K3 (t -z er,t(y)) S ﬁ)\2 (T’ z;t, y) 5 k3o (t —-rz—= 0T,t(y))‘
The claim then follows from (3.24) with «’ = 6, ;(x) and " = 6, ,(y) and using (2.9). O

The following lemma is a direct consequence of Proposition 3.1 and Lemma 3.2.

Lemma 3.5. Under (HY), (HY) and (3.1), for any T > 0 and j = (j1,j2) € N3, there are constants
Aj, Cj = 1 depending only on O such that for all0 < s <t <T and x,y € R2¢,

C()_lﬁ)\gl (57 x;t, y) < ﬁi(s> x;t, y) < 00]5)\0 (87 z;t, y)7 L= 07 17 (325)
and
. . _J1t+3d
|vil1 vgﬁéﬁ(ﬂﬁ) (Sv x;t, y)‘(T,E)Z(S,m) or (t,y) < Cj (t - 3) 2 p/\j (Sv x;t, y) (326)

Moreover, for any a € [0, 1], recalling p1 (s, x; t,y) := pb¥) (s, x;t, y),

[VILVE (P1(s, m;t,y) — pi(s, s t,y)) |
a1 +3d2

< Cjle — z'|G(t — s) 2 (ﬁ,\j (s,x;t,y) —1—15)\].(5, xz':t, y)) ) (3.27)

Proof. Estimates (3.25) and (3.26) are direct by (3.14), (3.15), Lemma 3.2 and (2.16). Here we prove
(3.27) with 7 = (1,0) for simplicity since the general case is analogous. The off-diagonal regime
e —a'|lqg > (t — s)% is straightforward from (3.26). Assume now |x — x'|q < (¢t — s)% Then we have

2
Ve, (Bi(s, @ity y) = Pa(s, @' t,9)) | < |oi — ] s Va: Vi Pi(s, z +n(2' — )3t y)|
i=1 n€lo,1
2 .
S i —@il(t— )7 sup Pay(s, @ + (e’ — z);t,y)
i=1 n€(0,1]

Sl —a|§ (=) "% py (s, @i, w),
where in the last inequality we have used | — x'|g < (t — 3)% and (2.10). The proof is complete. [
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3.2 Derivation of the upper bound

For notational convenience, we write from now on

H(s, @t y) = (Loz — LU )P (s, it y) = (al(s, ) — als, 0a4(9))) - V2, Pr(s, 21, y)

_ . (3.28)
+ (F1(87 "B) - F1(87 os,t(y))) : vxlpl(‘g? €T, t7 y) + TFQ(S) (mv as,t(y)) : vz2p1(87 €, ta y)7
where T, (,) is defined by (1.13), and
t
(p® H)(s,z;t,y) = / / p(s,@;7, z)H(r, z; 1, y)dzdr. (3:29)
s JRd
Thus, from the Duhamel representation (3.17), we have
p(s;zit,y) =pi(s,z;t,y) + (p @ H)(s, z; 1, y). (3.30)
For N > 2, iterating N — 1-times the identity (3.30), we obtain
N-1 A
p(s, @it y) =Pi(s, @t y) + Y (51 @ H¥)(s,;t,y) + (p® H*V)(s, m; 1, y). (3.31)
j=1

Proposition 3.6 (Control of the parametrix expansion). For any T > 0 and N € N, there are
constants Cn, Ay > 0 depending only on O such that for all €,y € R** and 0 < s <t < T,

N A~
[HEN (s, 51, y)| < On(t — )72 pay (s, 258, ), (3.32)
where Ay — o0 as N — oo. In particular,

p(s,z;t,y) < Cno1bay_, (s, 25t y) + | (p® H®N)(s, x;t,y)|.
Proof. By (3.28), (3.15), (1.13) and (3.22), we have
[H(s,2;t, )| < |a(s,2) — als, 05:(y))| - V7, 1(s, ®; 1, y)|
+ [Fi(s, ) — Fi(s,05:(y)| - [Va, D1(s, 23, y))|
+ | Trys) (@, 056 (Y))] - Va1 (s, T3t y))|
S (t—s) "z — 0,4(y)|1pa(s, @3 t, y)
(=) 72 (1+ 2 — Ou4(y) pa(s @31, y)
+(t—5) "2 — 0., ()5 Bals, @it y)
S(t—s) "2 pa(s st y).

This gives the stated estimate for N = 1. For general N > 2, by induction, it is readily seen that:

N t 1 (N—1)y 1+2
N st S [t @—ﬂ*2<4
S

(3.23)

! 1=y 120\
< (r—2s) T (t—r) 2dr | pay (s, z;t,y)
S

N
S.z (t - 8)71+T’yp)\1\f (87 Z; tv y)

This completes the proof. ]

Dan_, (S, 237, 2)py, (1, 25 8, y)dz> dr

2d
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We carefully remark that we have to stop the iteration at some fixed N to avoid the explosion
of Ay as N goes to infinity. The following proposition provides a control for the remainder and
concludes the proof of the upper bound.

Proposition 3.7 (Control of the remainder). Let N be large enough such that

N
—1+77>2d.

Then there exist constants Cy, \g > 0 such that for all x,y € R*? and 0 < s <t < T,
[(p® HEN)(s,@;t,9)| < Copag(s, @ t, y). (3.33)

Proof. We first recall that, from the intrinsic scaling properties of SDE (1.3) we can restrict w.l.o.g
to the case s = 0,¢ = 1 for the proof (we refer to [9] for additional details).
Indeed, recall first from (1.9) that for any A > 0, the intrinsic scale matriz writes:

;! = (A_%ded _ngd > .
Odxd A" 2laxd
Fix then s > 0 and A > 0. We define
XM o= T X ps, £ 0. (3.34)
By the change of variables, it is easy to see that (Xi"s)@o satisfies
AX® = FM(, X%)dt + Bo™* (6, X)) AW},

where Wt)‘ = )\7%W)\t is a still Brownian motion, and

FM(t,a) i= AT 'F (s + A, Taz), o™ (t,z) := o (s + At, Tha). (3.35)

In particular, let p(s,x;t,y) (resp. p™*(x;t,y)) be the density of X; (resp. X;\S) starting from x at
time s (resp. 0). Then

p(s, @it y) = NN (T e A7, T ). (3.36)

From the scaling property (3.36), it thus suffices to consider the case (s,t) = (0,1). First of all,
by (3.32), we have

1
S = |(p@ H*Y)(0,2;1,y)| 5/ (1- 7“)_1+1\9/ p(0, ;7 2)pay (7, 231, y)dzdr
0 R2d
1
= [ a0 T B X (@) )
0
Noting that by Lemma 2.8 in [31],

Eﬁ)\N(rv XT‘,O(x); 17y) g Cl SUPd exp { lnﬁ)\N <T7 z; 17y> - 02’2 - 0r,0($)|2}7
z€R2
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and

Inpay (r, 21, ) 2 In(1 — 1) ~20 = Ay[TTL, (01.0(2) — y)?

< In(1—7) 72 = Ny |T (2 — 0,1 (9)|* + Cs
<In(1—r)"2 = \ylz — 0,1(y)]> + Cs,

we further have
Epy (1, Xro(®); 1,y) < (1 - 1) exp {—Aﬁ’v inf {12 = 0n1 () + |2 - er,o(w>|2}}

=(1- r)*Qd exp {—)\éﬂ&m(y) — HT,O(:I:)\Q}

(2.5)
< (1—7)exp {-\¥l010(x) —yl*}.

Hence,
! Ny " 2 " 2
S </ (1- T)_1+2_2dd7"> e M1010@) Y2 < (A 10L0(@) I
0
The proof is complete. -

3.3 Derivation of the lower bound

We first derive a local bound, starting from the one step parametrix expansion (3.30): by (3.15) and
the upper bound for p, we have

p(s,z;t,y) =pi(s,z;t,y) + (p® H)(s,x;t,y)

t
P COﬁ/\al(Sam;tay) _/ /zd p($7$;r7 Z)‘H(T,Z;t, y)’dZdT
s JR

t
A ~ Y1~
> by (saity) = C [ [ a2t -zt y)dsdr
s JR

(3.23)
- Cvilﬁ/\_1 (Sa €Z; ta y) - C(t - S)

X
2

pa(s, x5, y),
for sufficiently large A and C', depending on ©7. Suppose that

T4 (Ors(x) — )| < his(2m6 + 1) + 263 + 1 = iy,
where k3, k5 and kg are from (2.5), (2.20) and (2.21). Then

2
—AKg

2C

(&

pls,@ityy) > (=) 2(C e M —Clt—9)3) > St —s) M =Gyt —s) 2, (337)

provided that
2%58

o2 _
t—s< (20 7e v =Ty
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Now for fixed 0 < s <t < T witht —s <71y and x,y € R2d, we assuime
T (Brs(®) — y)| = ko
Let M be the smallest integer such that
M= 1< T (81(x) — )2 < M. (3.39)

Define

6= %, tj:=s+39, j=0,1,--- M.
Let ¢, ;(z) be the optimal curve in Proposition 2.5 so that the corresponding control ¢ has the
estimate

sup o] < 56(|T;_18(0t’s($) —y)|+ 1)/\/25 —s< /{6(\/M+ 1)/Vt—s.

r€(s,t]

Define
E] = d)t]-,s(w): J=0,1,---,M.

For any j =0,--- , M — 1, by Proposition 2.5, we have

1/2
tjt1
T3 (0,0, (&5) — &51)| S T(t5, €55 t541,€540) + 1 < (/ \¢r2d7’> +1
t

J

(3.39)

< (ti — )" sup ||+ 1< 266 + 1,
re(s,t]

from the very definition of ¢ and the previous control on sup,¢, 4 [r|- Now set
Yo :={&o} = {z}, Xm:={&u} = {y},

and for j=1,--- , M — 1,

vy = {z e R T5 (2 - €)) < 1.

By (3.39) and (2.5), for any j =0,--- , M — 1, we have that for z; € ¥; and z;1 € Xj41,

|Tgl(0tj+1,tj (z5) — zj41)| < |Tgl(9tj+1,tj (&) — &) + |T§1(zj+l — &)l
+ ‘T(S_l(etﬁhtj (z5) — Ot 1.t (53))’
T3 (011115 (€5) = &) + T3 (zj41 — €541
+ry(Ty (25 — €)] + 1)
< Kk5(2k6 + 1) + 2R3 + 1 = Ko.

This precisely means that the previous diagonal lower bound holds for p(t;, z;;t;+1, 2j+1). Thus, by
the Chapman-Kolmogorov equation and (3.37), we have

p(&m;t,y):/ / p(to, x;u, z1) - - p(tam—1, 2m—1:tm, y)dzr - - - dzar—1
R2d RQd

2/ / p(to, zosu, z1) - - p(tar—1, 2m—13tm, 2ar)dze - - dzar—
b5} Epm-1
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> (005_2d)M/ / dz1 - -dzyog = (Cod )M (Cy?h)M 1,
31 Ym-1

where Cy is given in (3.37), and the last equality is due to [3;| = C462? for some Cy only depending
on d. Recalling 6 = (t — s)/M and M given in (3.38), we finally have

p(s,@;t,y) = CY(Co)M 6724 = (t — 5) 24 M exp{M log(CoC4)}/C4
> C5(t — 5) L exp{—No| T, (01.5(x) — y)|*}.

The lower bound is thus obtained for t — s < Ty and all «,y € R*?. For general 0 < s < t < T, it
again follows from the Chapman-Kolmogorov equation.

3.4 The parametrix series expansion of p(s, x;t,y)

We introduce, for 6 > 0 the SDE (1.1) with diffusion coefficient o(s,x) = dlix4 and denote with p;
the corresponding density. By scaling and the two-sided density bounds of Sections 3.2 and 3.3 it
holds that, for any A > 0, there exists 6 = §(\) large enough, and Cs > 1, X > X such that, for all
z,yceR*and 0<s<t<T,

C(;lﬁ)\(sax;tay) < ﬁé(svx;tvy) < Céﬁ/\’(svm;t’y)' (340)

By Lemmas 3.3 and 3.5, we may choose A, and then 6§ = §()\) such that, for any j = (j1, j2) € N2 with
J1+3j2 <3, kec{l,2},8c[0,2]andforall 0 < s <t < T, z, ',y € R with |x — x'|q < (t—s)%,

1y_ k14352

(@ — 0 (W)il*| VI VE P (s, @i t,y)| S (t—5)"F72) 772 py(s, @it y), (3.41)
and also, for any « € [0, 1],

(z — gs,t(y))k|ﬁ|vgcllvgc2 (p1(s, x;t,y) — p1(s, m/; t,y))|
o Bk—L)_atirt3iz _ ) (3.42)
S e — &gt — )"z 2 ps(s,zit,y).

We shall fix from now on § such that (3.41) and (3.42) hold and for simplicity we write p = p;.
Importantly, p enjoys the Chapman-Kolmogorov property, namely, for all 2,y € R** and 0 <t < 7 <
s<T,

/ Bls, @i, 2)p(r, 2 1, y)dz = p(s, @i t, y). (3.43)
R2d

Proposition 3.8. Under (H}), (H}) and (3.1), the density p(s, x; t,y) admits the following parametriz
expansion
p(37 x;t, y) = 51(87 x;t, y) + ﬁl & H(‘Sa x;t, y)? (344)

where H = Zk>1 H®* enjoys the following estimates: for all 0 < s <t < T and x,y € R*?,
H(s,@it,y)| S (E— )2 pls, @5t y). (3.45)
If in addition Fy also satisfies (1.23), then for all € € (0,7) and x, 2,y € R*?,

H(s,zst,y) — Hs,2'st,y)| Sz — 2|5 (t— )27 (p(s, 25t y) + (s, 5t y)) - (3.46)
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Proof. Let us first prove (3.45) and (3.46). From the definition (3.28) of H, the proof of Proposition
3.6 and (3.41), we derive that for all z,y € R?*¥ and 0 < s <t < T,

[H (s, z;t,y)| < C(t — )2 'p(s, @5t y). (3.47)

The point here is that p is a true density and enjoys the reproduction property (3.43). This allows to
manage the iteration procedure without deteriorating the constants at every step. Indeed by direct
induction, for k > 1,

k
HO (s, 3, )] < O D (81505 g ), (3.48)

T (kv/2)

where I' is the Euler-Gamma function. Estimate (3.45) easily follows.

Next let us consider (3.46). When |x —x'|q > (t — s)% (off-diagonal regime) the estimate directly
follows from (3.45). When | — a/|q < (t — s)% we restart from the first term of the expansion. By
(3.28), we have

|H (s, x;t,y) — H(s, x';t, y)|

= |(Loa = Zp1 (s, @it y) = (Lo — £ V1(s: 2031, y)

< [la(s,@) = a(s, 0.:@)IVE, (B1(s,@:t,9) = (5,2t )) |
+ la(s,@) — als,2)|[V2,pi(s, @', )|
+ [\Fl(s,a:) — F1(5,05:(y)IVay, (P1(s, x5t y) — Pi(s, 25 L, y)) |
+|Fi(s,@) = Fi(s,@)||Va, (5. 23, ) |
+ 1T (0540 [V, (71 (5 251,9) — (5,231, ) |
T (@, 000 (1)) = T2, B ()| [Vt (5, 23, )|

= I+ 1+ Is.

By (3.41), (3.42) and using that |z — &'|q < (t — s)% we have

|z — 054 (y)] . I
L S le—a'[} ((t_(:)HdeA?(S’ZB;t’y) + EPM(S,CU/% ()

Sle—a/ |75 — )2 (p(s, zit.y) + (s, a5 t,y)) -
Similarly, by (1.19) we also have
L < lw—a'[}(t— )77 (p(s, it y) + (s, st y))
and by (1.13), (3.41) and (3.42),

1 _ 3ty R
I3 5 |m - es,t(y) d+ﬁ/(t - S) 2 |$ - w'|3p>\3(s,m;t,y)
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+le— 2 |J7 (- s)’%ﬁ)\s(s,x’; t,y)
Sle -3 —9)27" (s, 2t y) + pls, 251, y)) -
Finally, we have
[H(s, @3t y) — H(s, 25t y)]
< |H(s,z;t,y) — H(s,z';t,y)| + /t /de |H (s, x;r,z) — H(s,x';7, 2)||H(r, z; t,y)|dzdr
s

Sl — /|75 — 5) 27 (s, @3 t,y) + D(s, @58, y))

N /t ‘CL‘ — :13/‘2175 / (7( )+ ,( / )) —( ¢ )d d
z = S, LT, 2 S, L1z r,zZ 1, zdr
s (r—s)t72(t —r)t72 Jpoa b b P Y

5 |:B - aj,mie(t - 8)%_1 (ﬁ(sa Z; tv y) +]5(57 m/; ta y)) .
The parametrix expansion (3.44) follows by letting N — oo in (3.31) and proving that the remainder

-1
RN := p® H®V converges to zero uniformly in every variable. Let My := CNTN (%)F (%) with
C as in (3.48). By (3.48) we have

t
((p® HEY)(s, 2;t,y)| < CMy / (t—r) 7! / (s, ; 7, 2)p(r, 3 t, y)dzdr
s R2d
M
< CTN(t - S)%ﬁ(87m7tay) —0
The proof is completed. O

3.5 Sensitivities of the frozen densities with respect to spatial parameters

We provide here a lemma which quantifies the sensitivity of the frozen densities w.r.t. different
(spatial) freezing parameters.

Lemma 3.9 (Sensitivity of the semigroup w.r.t. the freezing parameters). Under (HJ), (H}) and
(3.1), for any T > 0 and j = (j1,j2) € N, there exist constants \j,C; > 1 depending only on Or
such that for all0 < s <t < T and x,y € R*?,

y=(31+352)

’vjxllvjmi (ﬁl —f)(T’é))(s,m;t,y)|(77£):(s’w) < Cj(t—s) 2 o (s,z;t,9); (3.49)
Moreover, for any x' € R%
. . / —(1+3d2)
VI VE (BT = 57) (5,23 ,9)| ¢ ooy S Cilw =@t =5)7 2 Py (s,t,y). (3.50)

Proof. We only prove (3.49) for j; = jo = 0. For general ji,jo € Ny, the statement follows by
the chain rule and tedious but similar calculations. The control (3.50) is derived analogously. For
notational simplicity, we introduce

G =K%, =K, wi=0,z) -y, wo=09\"Y(z) vy,

t,s
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and

A= [Ty (0s(2) — y)| + 1.
Using the above notations and by definition (3.10), we have

|(ﬁ1 - ]3‘(775))(57az;ty)‘(ﬂs):(&m)
1 1
_ (27T)_d) det(CQ)_% exp ( _ %‘62_5“72‘2) — det(Cl)_% exp ( — %‘C;§W1‘2> ‘

To show (3.49), it suffices to prove that for some A > 0,

(NI

(detCy) ™2 — (det Co) 2| < (t — s) 2443 47, (3.51)

[exp (= 31 Fwil2) — exp (= 31, *wal)| S (6 = )3 exp (-A42). (352)
Note that by (2.17),
Ci =T C;Ty_s, (3.53)
where
6= [ REPEVREDE 6= [ REDS RS 0
0

and for n(r) .= s+ (t —s)r,
(T’g) _BJ( ( )’07’](7’)77'(5))7

and

Rg ;ﬁ) : Igxa 0d><d> '

<f vIlFQ( ( )70n(u),7(£))du Tgxa
Since o,V Fy € €, by (2.9) we have for any r € [0, 1],

- (s,:):) - (tv ) 5
D N Y | S 1050r),5(®) — en(T)»t(y)m S (- S)g‘Aw’

and

~

RYY —REY S (6 —9)3 A
Hence, by (2.15),
IC1—Co| S (t—38)2 A", |G| <1, detC; <1, (3.54)
and

< (t—s)" 2d|(detC1) 2—(detC1) |
< (t—5)"24 det C; — det (|
S(t—8)"HC —Co| S (t—s)72 2.

(et C1)"2 — (det C1)~ 2|

Thus we obtain (3.51). For proving (3.52), without loss of generality, we may assume
_1 _1
€y P wi] < |Cy P wal.
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Then by 1 —e™* < z, we have

_1 _1 _1 _1

[exp (= 310 Fwil?) = exp (= 5IC; Fwal)| < 3165 Fwal? — Iy FwP) exp (- 31C; Twal).

Since
-3 2 -3 2 (353) , 5 11 -1 5—1rm—1 -1
‘CQ W2‘ - ‘61 Wl’ = <CQ Ty —gwo, Ty sw2> - <Cl Tt—sW17Tt—sW1>

< CTHIT (wo — w) (1T wal + [Ty wal) + |G — G H|T w2,
by (3.18) and (3.54), we get

_1 _1
1Cy 2wal? — [C; Twi |2 S (t—5)2 A,

Therefore, we have (3.52). The proof is complete. O

3.6 Gradient bounds in the non-degenerate direction x;

In this Section we provide pointwise controls for the derivatives of the densities in «; in the cur-
rent smooth setting. Importantly the controls do not depend on the smoothing procedure, and the
constants therein only depend on Op.

We are ready to prove the following

Proposition 3.10. Under (H}), (H}) and (3.1), for any T > 0 and j = 0,1, there exists \j,C; > 1
depending on Op,n such that for any 0 < s <t < T and z,y € R??,

Vi, (s, t,y)| < Cj(t = )73, (s, 251, ), (3.55)

and for ng,m € (0,1), and any x, ',y € R??,

Jj+mn;

V2, (p(s, w5t y) = pls, 2/ £,9))| < Cjlar — /[ (= 5)" 2 (b, (5, 251, 9) + o, (5,25 1,9). - (3.56)
If in addition Fy also satisfies (1.23), then (3.55) and (3.56) also hold for j =2 and n2 € (0,7).

Proof. We only prove the case j = 2. In this case some time singularities appear in the integrals.
A way to overcome such a problem is to exploit cancellation properties of the derivatives of the
Gaussian kernels. In the following estimates, for simplicity, we use the same A to denote possible
different constants in different places.

(i) We first look at (3.55). Starting from (3.44), for u = 2 and (7,€) € [s,t] x R??, we write

(V21p1 QR H)(s, x;t,y) / / Vzlpl s,xyr, z2)H(r, z;t, y)dzdr
+/ / Vil (;51 —ﬁ(T’g))(s,m;r, 2)H(r, z; t,y)dzdr

/ / V2 57 (s, @i, 2) (H(r, z: . y) — H(r By (€): £, ) ddlr

=+ 1Y+ 1Y,
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For I, by (3.41) and (3.45) we have
¢
Il 5 / (7’ - S)_l / ﬁ(sa T, Z)(t - T)%_lp(’r) Z;t,y)dZdT‘
m R2d
¢
<2t ([0t ) psaitiy) £ (0= 91 ity
For IQ(T’s), taking (7,&) = (s,x), by (3.49), (3.45) and (3.23), we have
195 [0 ] =9  smn - nE st y)dadr
R2d
S([o-oite-nia) paity
S (t—9)""pals, mst,y).
For I:gT’g), with the former choice (7,&) = (s, x), by (3.49), (3.46), (3.41) and (3.23), we have
s m 2z 2_1
/ / r— sy pa(s, @i 2)|z — Ops(@)|3 (¢ — )3
R2d
p(r zt,y) + p(r, 0, s(x);t, )]dzdr
< / / (r — s)%_lﬁA(s,w;r, z)(t — r)%_l
s ]R2d
X p(rzty)—i—p)\( }dzdr
5 (t - 5)5_1 |:]§)\(87 a:;t,y) + / (T - S)% p )\(7', 07175(113); t, ’y)dT‘

Y_1 A
/S(t_S)Q lp)\(s,:c;t,y),

where in the last step we have used that

. (3.21)

p)\(’l“, Or,s(m); t, y) = 9gx (t - et,r © Br,s(w) - y) = 9gx (t - Ot,s(w) - y)' (3'57)
Finally, note that

V2 p(s, 25t y)| S (t—8) 7' B(s, 25t y) + [(V2, 51 @ H) (s, 258, 9)],

which combining the above calculations, yields (3.55) for j = 2.

(ii) Next we look at (3.56). We can assume w.l.o.g. that |x — /| < (t — s)% since otherwise the

control readily follows from the previous one. Starting from (3.44), for u = t+5 we write

lep s, x; y vxlp(s w it y) vilﬁl(saw;t7y) - v?zzlﬁl(svml;t?y)

/ / V2, (Bi(s, @57 2) — V2B (s, s m, 2)YH(r, 24 £, y)dadr

u
=1 +/ J(r,z,x';t, y)dr +/ Jr,x, 2t y)dr = I) + I + I3.
u S
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For I, by (3.42) we have

12 /A ~
LS|z -2t —s)" 72 (pa(s, @ t,y) + pals, 5 L, ).

For I, by (3.42) and (3.45), we have

t
I S e — x|} / (r—s)"2(t—r)2! / (D(s, m;r, z) + p(s, &' r, 2)) p(r, z; t, y)dzdr
u R2d
S ‘w - ','E/|Zl(t - 8)_1(ﬁ(87x;t7y) +ﬁ(sa xlvtvy))

Next we treat the hard term I3. Fix r € [s,u]. We handle J according to the current diagonal/off-
diagonal regime of |x — x’|q w.r.t. to the current integration time and consider two cases:

Case (I): |x — x'|q > (r — s)% Case (II): |z — x'|q < (r — s)%
In Case (I), for any (7,€), (1,€') € [s,1] x R, we write
J = /RZd Vil (ﬁl —]3{7’5))(3,33;r,z)?—[(r,z;t,y)dz
+ /de V?Elﬁﬁ’é)(s, ;" 2) (H(r, z;t,y) — H(r, 9T7T(E);t,y))dz
- /R2d vil (p1 —ﬁ(T’é/))(s,m’;r,z)H(r,z;t,y)dz
+ [ VRO s, 2) (2 y) — 101 (€)it)

=: Z (ﬂi(T’g)(r,m;t,y) + :/%(T’ﬁl)(r, :c';t,y)).
i=1,2

-

By (3.49) and (3.45), we have

I\J\Q

|7 (st y)| S (r—8)3 (=)

= (r—s)2"Y(t—1)

p(s,x;r, z)p(r, z;t,y)dz
RQd

“1p(s, it y).

R

By (3.49) and (3.46), we have

7 i ty)| S (=) =) /R s, 2)lz - 0pu(@);

% [plr,zit,y) + p(r. 0, (@): . y) | d
(3.22) ey

S (r—s)z (t— 7“)5_1/ Pa(s,x;m, 2)
RZd

X { oA (1, 258, y) + Da(r, Oy s(x );t,y)}dz

(3. 22) 3.57)

A

(r—s)77 Mt — 1) pa(s, it y).
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Similarly, we have
M (2l y)| S (r—s)3 78— )3 p(s, st ),
A (a5, y)| S (= 5) 77 Nt — )" pa(s, 2t ).

Combining the above estimates and taking € small enough, we get
u
/ ]‘|ar:fm’|d>(7"7s)1/2 “_7(7‘, T, ml; 2 y)|d7“ 5 ‘32 - m/|g(t - 5)_1 (ﬁ/\(sv x;t, y) + ]5)\(5, 33,; t y))a
S

for all n € (0,7). )
In Case (II), for any (7,&) € [s,t] x R we write
(

1 —
J = / [/ (x—x')- Va:v?:l (]31 - ]5(7’5)) (s,x' + p(x —x');r, 2)H(r, 2;t, y)dz
RQd

+ / x—a') - VaV2 578 (s, + pla — a);r, 2) (H(r, 25 t,y) — H(r, 0,,4(€);t,y)) dz| dp.
RQd

In the above bracket, taking & = Ep :=a' + p(x — ') and by (3.49) and (3.46), we have
715 / [ O I S e N R R ke (PRI
i=1,27R

2i—1 — < —e
+ 3 [ o=@l — o) s i )l - 0,(E)

i=1,2

X (t — r)%—l [ﬁx(r, z;t,y) + Py, (7, 0r75(§p); t, y)} dz] dp

1
J—n__ £ __ N P
§|m—m/|3(7’—3) 2 l(t—S)Q 1/ pk(sagﬁnt’y)dp
0

Sl —a[§r =) T (t =) (s 25t y),

where in the second step we have used r € [s,u], |£ —2'|a < (r — 5)/2, (3.23) and (3.57). In the last

step we have used (2.10). Therefore,
u
/ 1|w—w’|d<(r—s)1/2 T (r, z, x';t, y)ldr < |z — m/‘Z(t - 5)71 (ﬁ)\(s’ x;t,y) + pals, @'t y)) .
S
The whole proof is thus complete.

3.7 Gradient bound in degenerate direction x,

The aim of this section is to show the following a priori gradient estimate.

Proposition 3.11. Under (Hy), (H}), (1.22), (1.23) and (3.1), for any T > 0, there exist constants

X\, C > 1 depending on O and Ro, 1 such that for any 0 < s <t < T and x,y € R,

IVaap(s, ;t,y)| < C(t — 5) 7 2pa(s, 31, ). (3.58)
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Proof. For 0 < s <t < T, A >0 and f € C{°(R*?), we define
Puf@)i= [ powit2)f)z Pif@)i= [ st f()de
R2d R2d
and for (7,€) € [s,t] x R?%
PLOf@) = | 59 (s a5t,2) f(=)d=. (3.59)
Under (3.1), it is standard to derive that
Poof, Plf, PEf € G ™).
Thus all the calculations below are rigorous. Now we set
=(s+1)/2.
Let f € C{°(R??) be nonnegative. Noting that
s t:{)f P ,£ 7€)f7

by (3.16), it is easy to see that for any (7,&) € [s,t] x R??,

Py of(z) = BUOP, f(x / BTO(c, - £OO)P,  f(x)dr (3.60)

Hence,
Vi, P () = Vs PO P, o f (1 / V., PEO(L, — L) P, f(x)dr (3.61)
Below we shall take (7,£) = (s, ). Observe that by (3.10) and (3.6),

me)ﬁ’é)(s,m;r,z)‘ = V.08 (s, ;7 z)‘(ﬂg):(s’m) = —V.,po(s,z;r, 2z).

(T,f):(s,m)

In particular,
Vs OO F(@)] (o) = — /R Vol mim, 2)f(2)d2 = Qurf (@),
and for any bounded function f(z1) of the first variable,
Qurflx) = — /[R  Veaiols@ir,2)f(z1)dz = 0. (3.62)

Equation (3.62) is precisely what we call a partial cancellation property.
Moreover, by (3.15),

Vasbo(s, @7, 2)| S (r = 8)"2pa(5, 257, 2) = [Qurf ()] S (r = 5) "2 P f(a). (3.63)

33



Here and below, A may vary from line to line but all the constants only depend on O and kg, <.

For notational convenience, we write
L, — L5 =9, + B, + A,

where

Dy = tr[(a(s, z) — a(r, 0, 5(x))) - VZ]

and

By = (F1(r,z) — F1(r,0,5(x))) - Vo, K= Ty (2,0r5(x)) - Vo

Using the above notations, we can rewrite (3.61) as

VerPatf(@) = QuuPutf @)+ [ Qui(Fy + B+ ) P (@)
From (3.63), the upper bound for p and (3.23), we have

QsuPutf (@) S (uw—5)" 2B Puif(m) S (t—5) "2 P f(m).

To fully make up the time singularity in (3.63), we exploit the cancellation property (3.62).

r € [s,u], let ®, : RY — [0, 1] be a smooth cutoff function with

L |z — 67, ()]
@T(ZQ) = '
{0, |22 — 67 ()]

First of all we look at the term containing %, in (3.65) and write
Qur 2 Praf(@) = = [ | Veamls, @i 2)(1 = @0(22))2,Pruf (2)d2
+/ po(s,x;7, 2)V o, @ (22) Zr Pr i f (2)dz
R2d

_ /2,1 Vo (Po(s, 257, 2) P (22)) Dr Pyt f (2)dz
R
=11+ 1, — Is.

For I1, by (3.63) and the upper bound estimate (3.55) of p, since f is nonnegative, we have

3

IS (=7 [ s, )1 = Br(en)) |z = 0,(w) 51V Pref (2) 0z

ST =) [ @i D1, o e P02
”2‘°’<t—r>3/ |2 — 62, ()3 pa(s, @i, 2) PA (=) d=
R2d
< (r—s)i (-3 / Pals, 57, 2) B, f(2)dz
]R2

S (r—s8)7 Yt —s) 2PN f(2).

< (r—s)

w
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For

(3.66)



Similarly, for I, we have
LIS [ pr(oain DIV )l |2 - 0ra@)3IV Praf ()1
<(=r)3r—s)? /RM Pa(s, @7, 2) B f(2)dz
S (=) T P (),
For I3, similarly to the partial cancellation (3.62) we can write
B= [ Veslon(s.@ir,2) (o) or (a0 2) = alr,Bra(@)) - V2, Praf (2)

— tr ((alr, 21, 02,(@)) = a(r, 0,,5(®)) - V2, Prif (21,62, (2))) | d=

= /de Ve (po(s, z; 7, 2) P (22)) {tf ((a(r,z) = a(r, 21,67 (%)) - V2 Py f(2))

+tr((a(r, 21, 02,(2)) — alr, 0rs(®))) - V2, (Praf () — Praf (21,02 ,(2)))) ] d2.

Thus, by (3.63), (3.66), (3.56) and (1.22), for any n € (0,7), we have

Bl [e-9F -9

R2d

1
x 122 = 02, (@) T IV2 Praf (2)] + |21 — 61, (@) |*IV2, (P f(2) — Prof (21,62, ()] d=

DA, 251, 2) 112, 62 (a) <a(er)972)

S [(7"— $)72 + (75—3)_%} /Rwﬁ/\(&m;?“a 2) (1., 02 (@) <2(t—r)3/2)
< [l22 = 82, (@) 5 (= 1) A=) + o1 — 6L, (@) 72 — (2
x (t—r)~! (Pr),\tf(z)+P)\tf(Zlﬂ 07.s(x)))|dz
<[o—9 2+ -3 )i

r—s) T (t—r) et (r—s) T (t—r) "
< [ i P (z)d

where the last step is due to (3.22) and (2.10). Since a € ((1 — ) V 7, 1], one can choose 7 close to 7y
so that for some € > 0,

3 A
I3 S [(r =) 4+ (t =) 1(t — )72 P, f(=).
Next we treat the term containing 4,, and similarly write
Qur, Pl (@) == [ Veamo(o@ir2)(1 = @, (2)) B, (2)d

+ / pO(Sa':U;T>z)vzzq)r(ZZ)%rPr,tf(z)dz
R2d

— /R2d Vo (po(s, 57, 2) P (22)) B, Pry f (2)dz
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= J1+ Jo — Js.

For J; and Jj, the analysis is similar to the one performed for I; and Is. By (3.63) and the upper
bound estimate (3.55) of p, we have

i+ D] S (=) =) T (= 9)3 2] P f (@),
For J3, as for I3, similarly to (3.62) we can write
J3 = /2d VZQ (pO(S, (I?;T’,Z)fr(ZQ)) |:(F1(7’, Z) - Fl(T’, 21, 072"75(3:))) : lepf,tf(z)
R
+ (Fi(r, 21,07 () = F1(r,0,,5(2))) - Vay (P f(2) = Pref (21,67 5(2))) | d=.
Thus, by (3.63), (3.66), (3.56) and (1.23), for any n € (0,1), we have
_3 .
| J3] < [ r—s)3 4 (t—s) 2} /H@dpx(s,w;h 2) 1., 02 (x)|<2(t—r)3/2)
X |[22 = 62,@)] T Vo P (2)] 4 21 = 01 (@) Ve (Pra f(2) = Prof (21,02, ()] | d=
_3 .
{ r—3s) -2 4 (t—s) 2} AdeA(s,w;r, z)1{‘Z27937S(w)Kg(t,T)g/a}

xﬂ@— <w\<wwr#¢<>+m 6L @)z - 6, ()

s[v—sr%+u—sr%[v—sf*
x/ Pa(s, @, z)]f’)‘tf(z)dz,
R2d
In particular, one can choose 7 close to 1 so that for some £ > 0,
T3] S =)'+ (t = 5)°71](t = 5) T Py f ().

The term Qs %, Pr+ f(x) is therefore not critical in terms of the time singularities, since it appears to
be less singular than Q,,%, P, f(x). However, the additional regularity assumption (1.23) is really
needed to derive an integrable singularity in the variable r.

On the other hand, we have

Qur i Praf @) S (=572 [ pr(sain 2]z = 0,u@)57 Vo P f(2)]d2
R

< (r— )31 / - PA(s. @1, 2) [V, Praf (2)]d2
R
= (T - 5)%_1P;:r|vzzpr7tf|(m)'
Gathering together all the previous controls, we eventually get

3
2

Vo Poef ()] S (t = 5) 72 Py f (@) +/ (r =) BV, Py fl(@)dr
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3
2

S(t—s)”
where ¢ is chosen as in (3.40). Fix sg < t. For any s € (s, t], define

3 =
®f (s):=(t — )2 P |V, Pssfl().

,.s act on both sides of (3.67) and by the Chapman-Kolmogorov equation, we obtain

P f(x) +/ (r — s)%_1P§T|VZ2PMf|(m)dr, (3.67)

Using P

S

Njw

®,(5) S PLuf@)+ (- 9)F [0 =8P IV Pufl (@)
B f@) + -9t [ (-9 e- ) Eel, 0
Pl f@)+24 [ =93 iel, s

t
<P’ f(@) +23/ (r— )3 8], (r)ar.
S
By the Volterra type Gronwall inequality we obtain

_ _ 3=
®f () S PYof (@) = P ([Vau Posf|(@) S (t—s) 72 P, f (). (3.68)
Letting sg 1 s, we get
_3 5
‘vas,t.ﬂ(m) 5 (t - S) 2 g,tf(w)
Finally, for fixed ' >t and y € R?%, we let f(z) := p(t,x;t',y) € C°(R??), then by the Chapman-
Kolmogorov equation and (3.23), we obtain
3
’vxzp(sa Z; tla y)| 503 (t - S) 2]))\(8, Z; tlv y)‘
This then readily gives estimate (3.58). The proof is complete. O
Proposition 3.12. Under (HJ), (H}.), (1.22), (1.23) and (3.1), for any T > 0, there exist constants
A C>=1andn e (0,(a—y)A(a+vy—1)),depending on O and Ro, k1 such that for any 0 < s <t < T
and x,y € R*,
_34mn . .
|vx2(p(37$;tay) —p(s,a:’;t, y))‘ < C‘x _$/|Z(t_8) 277 (p)\(S,ZU;t,y) —i-p)\(s,x/;t,y)). (369)
Proof. If |x — «'|3 >t — s, then by (3.58) we clearly have

Vo, (p(s, 2 t, ) — p(s, 25 t,9))| < (t— 8) "2 (pals, @it y) + pa(s, '3, y)) < r.hus. of (3.69).

Next we restrict to the global diagonal case |1: x'|3 < t—s. We first write a localized version of the
Duhamel formula. For any freezing couple (7, &) we have taking formally f = &, in (3.60)

p(s,x;t,y) = P(T 3 p(u, / / ’5) (s,a;7,2) LT 3 p(r, z;t,y)dzdr, (3.70)
RQd

where ﬁgjé)f is as in (3.59) and we denoted LTE) = £ — £TE), Let us now differentiate w.r.t u: we
obtain

0= 0 PEIpu st y) @) + [ 59 (s. i, 2) L pu, 2t )d (3.71)
R2d

We integrate the previous equation taking:
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1. (7,€) = (10,&,) between s and s; = %;
2. (7,€) = (71,&;) between s; and t;

Then we get
0= P05 (s, t,y) () — p(s, m; t,y) +/ /RM P (s, 257, 2) L0 p(r, 25 ¢, y)dzdr,
t
0= s, mitsy) — P plor @)+ [ [P i LS p(r i, y)azar
S1

Next we use expansion (3.71) for p(t,&’; s,y) and integrate the equation taking:
1. (7,€) = (10,€&() between s and sg =t + c|lz — z'|%;
2. (7,€&) = (10,&,) between so and s1;
3. (7,€) = (11, &) between s; and t;

Then we get
0= P a0t )(@) —plosa'stey) + [ [ 5 0tz £l 25, )z
;
0= P (o1, 9) (@) — PAES p(so. stp)@) + [ L7 5,2l 2 £z )z
50
0= (s, ty) ~ P p(on s tw)(@) + [ t /R BT sl 2) LT (251, ) dzdr
’

Notice that it suffices to take 0 < ¢ < % to ensure sg < s1. We then have:
pls,wit,y) — pls, 23 1,)
=P (s @t y) = P (s, 2, y)
+ AP(TO’go"%)(so, tix' x' y) + AP0 (51 tox @ y) + AP (st x,y)
+ A(TO7£O’£€)) (S,t; :B7 :B/7 y) + A(TO7£O,§O)(S7 t; m’ m/’ y)

off—diag diag
where
AP(T():gO’g/O)(SO’t; x 2 y) = —]53(;%’66)]9(50, -;t,y)(w/)+P§;%’£0)p(50, sty) (),
AP £0b) (51, 2 y) = PG p(s1, 51, y) (@) — PSS p(s1, 58, y)(@),
APMALE) (51t x,y) = P§;11’£1)p(51, sty) () — ]55(;11’51)]9(51, st y)(x),
and

’ S0 _
ARG (st y) = / / PR (s, @7, 2) L0 p(r, 25t y)dzdr
s R2d

SO ! — ’
- / / ]5(70’50)(5, ' z)C(TO’EO)p(T, z;t,y)dzdr,
s RQd
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S1 —
MRS s timaly) = [ [ sminz) - O (5,'r, ) L p(r, i,y e
R2d

t
+/ / (ﬁ(”’gl)(s,a};r,z)—]3(71’&)(8,a:';r,z))E_(”’gl)p(r,z;t,y)dzdr
$1 R2d

= AP (s b2 y) + ALY (st x, 2 ).

Let us start with the term Ag?fgifgo)(s,t;w,x’ ,y). Differentiating with respect to x5 and taking

(1,€&0, &) = (s,x, ') after differentiation, we have

7£ ’5
’vao;? dolag)(s’t;a:’m,’y)‘(TO’ﬁofo) (s,z,2')

<

50 _
/ vaﬁ(TOvSO)(S’ x;r, z)ﬁ("'Oaﬁ())p(r’ z; t’ /y)dzdr
s R2d

(70,€0)=(s,2)

80 ! — !
+ / VwQﬁ(TO"EU) (s,x';m, z)E(TO’go)p(r, z;t,y)dzdr
s R2d

)

(7—0 756):(37m/)

where both the terms in the r.h.s. can be controlled separately as in the proof of Proposition 3.11.
We derive:

7€ 75
Vo, AR élag)(&tvw ' Y (ro 0,85 =(s..2)

a+n—3

st+clz—a'|2 5 3
S (s wit.y) +p(s.7'ty) [ (0= 5) 3 4 ()™ (0 - ) R

(since aw > (7 V1 — 1), we can choose any 0 < € < (o —y) A (o + v — 1) such that)

stclz—a'|3 3
< (p(s, @36, ) + P(s, 26, 9)) / (r— )5 (t — ) 2dr
S

S (t=7)72 e — 2/|3((s, @it y) + (s, @3 t,y)).

Let us now turn to A((izg,gﬁom,ﬁl)

r — s we have, for any a € [0, 1],

(s,t;z, @, y): similarly to (3.27), in the local diagonal case |x —x'|% <

|vx2 (ﬁ(m’&))(s’w; T, Z) _ZA)(TOHSO)(Sv :B/; T, Z)) |(To,£0):(s,m)
2
Zb«“z zi] sup |V, Vi, o0 (s, & + (@ — @)1, 2)|(ry ) =(.0)
n€l0,1]

)

Sle—a|§(r—s)" 2 pa(s,m;r 2).

~

Therefore we have

7£
IVan AT (5,12, 2, )| (o )= (5.0)

S1
<le— 2} / (r— )% / Pa(s, @1 2) | L) p(r, 231, ) dzdr,
R2d

S0
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which is controlled again, as in the proof of Proposition 3.11. We eventually derive, for any ¢ as
above, and 1 < €

~ 1 _14n—e _3
\VIQAdtngf{)(s, t;x, sc’,y)\(m’go):(s,m) < e — az’|ﬁp,\(s,m;t,y)/ (r—s)" "2 (t—r) 2dr
50
Sl —a/[}(t— $)"2pals, @i t,).

The control for Ag;g%)(s, t;x, 2, y) is more direct. Indeed, taking (71, &;) = (¢, y) we have, by (3.27),

Vo, ALY (5,62, 2, 9) ()~ (1)

e — x|} ) pa(r, z;t, z
/ / 3+7, (Ba(s, @57, 2) + Dals, &', z))(il_l)dzdr
R2 (1 — 5) 2 (t—r) "2

_34n ~
Sle—2'|J(t—s)" 2 (Pu(s, z;t,y) + py(s, x'st,y))

where we used (3.23) in the last inequality.
It remains to check the terms AP, which arise from the change of freezing couples. By (3.50), we
have

|V AP(7'0750750)(30 t a: JZ y)|(7—07§0,§0) (s,z,x’)

- ‘Vm /2d (ﬁ(TO’go)(s,x’;so,z) —ﬁ(TO’sé)(s,m';so,zD p(s0, z;t,y)dz
R

(T07£0)£/0):(s7m7ml)
3—¢

2 p)\(S .’L' ;805 R )( (807z;t7y)_p(SOazlaegms(m,);tv(y))dz
s

r—x'|7¢ R |z2 )|
S O 50,z>ﬁ sup 021,22+ (0%, (&) — 22 )
0—S) 2 —S0)2 pe

<o — a2/ / (50— 8)
R2d

(by (3.22), choosing € < v, and since 2(t — sg) >t — s)
|z — '\7 ‘
(t—s)2

The remaining terms AP(0:8080) (51, t; 2, &', y) and AP(£141) (s t: &, @, y) are handled similarly,
following (3.22) and Lemma 3.49. O

< P (s, 25t,y).

4 Proof of the main theorem
In this section we assume (HJ) and (Hy) for some v € (0,1). For € € (0,1), we define
FO(t,@) = F(t, ) % p(x) = (FF, F9)(t, @)

and



Let X7 ;(x) be the solution of (1.3) corresponding to (F©),5(9)) and p. be the corresponding density.
By Theorem 11.1.4 in [38] and Theorem 1 in [6] , under (H},) and (Hy), for any f € C2°(R??),

lim Ef(X; (2)) = Ef (Xs()). (4.1)

e—0

Moreover, from Propositions 3.6, 3.7 and Section 3.3 we have the following uniform estimate: there
exist constants Ag, C' > 0 depending only on ©p such that for all £ € (0, 1),

C’_lg/\al (t — s, 0£2($) — y) < pe(s,x;t,y) < Cgy, (t — s, Hggs)(ac) — y), (4.2)

where OSS) (x) is the unique solution of the following ODE

0\ () = FO(t,00) (x), 0C)(x) = x.

In order to take limits € — 0, we need the following important estimate.

Lemma 4.1. For any T > 0, there exists a constant C > 1 only depending on ©1 such that for all
0<s<t<T,xcR¥ ande < (t—s)32,

T, (01 (@) — B15() | < €, (4.3)
where 0, o(x) is defined by ODE (1.15).
Proof. For simplicity of notations, we assume s = 0 and write for € R?? and ¢t > 0,

i(t) = [ (6'%) () — B10(x))

’ 7

L i=1,2.

For ¢ = 1, noting that
\FE () — Fi(t, @) < m(1+2),

by definition we have
t ~
() < / 1 (r, 09 (2)) — FV(r,0,(2))|dr
0
t 1
< /0 O (r,09) () — FV (1,00 ()| dr
LY W, 7
4 /0 FO(r,009) () — FO (r, 8, ()| dr
t
<2t 4 IVED o / (0a(r) + Eo(r)dr,
0
which implies by Gronwall’s inequality

t
() St +/ lo(r)dr. (4.4)
0
For ¢ = 2, note that

B (t,2) — B (1.9)] < malln = | 2 — o] 5 4 [y — )
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and
\FS9) (¢, 2) — Fy(t, @) < ra(e1T/3 4 2¢).

Below we fix t € (0, 7] and e < t3/2. By definition we have for all s € [0, ],
5) < /0 737 (r, 0) () — [Fa(r, ) * pyas2) (0, ()| dr
< [(1E9 09 (@) — FO(r 8 d
<, [Fy7(r, 0,7 () — Fy (1, 0,(2))|dr
+ [ 08 @) = [Pl # )8 (@)
5/ (61(r) + Lo(r) 5 + Lo(r ))dr+st(1+7>/2+/ r+N/2qy
0 0
,<Vt(3+7)/2+/ (Ca(r ) 4 ly(r ))dr.
0

By Lemma 2.1, we obtain

sup fa(s) < t3/2,
s€[0,t]

which together with (4.4) yields (4.3). O
Now by (4.2) and (4.3), there is a constant Cy > 0 such that for any nonnegative f € Cj(R??)
and € < (t — 5)%/2,

Gyt TS (t = 5,01,5(x) — y) f(y)dy < Ef (X ,(2)) < Co /RM I (t = 5,015(@) — y) f(y)dy,

which together with (4.1) yields that

ol /Rd gyt (t— 5,0, 5(x) — y) f(y)dy < Ef(X;5(a)) < Co /Rd 9ro (t— 5,0 5(x) — y) f(y)dy.

In particular, this implies that X; s(x) has a density p(s, x;t,y) having lower and upper bound as in
(1.16). This proves point (i) of Theorem 1.1.
Similarly, we derive from Propositions 3.10, 3.11 and 3.12 that under (H},) and (HY),

1 ~
sSup |vx1pa(87 x; tv y)| < Cl (t - 5)7§g>\1 (t -5 Ot,s(m) - y)v (45)

e<(t—s)3/2

under (H}), (HJ) with (1.19),

sup ’VZIpE s, x;t y)} Cy(t — s) " Lgn, (t— 5,@78(93) - y), (4.6)
e<(t—s)3/2

and under (H}), (Hy) with (1.22), (1.23),

sup ‘vxzpa(sv (E,t,y)‘ < 03(t - 8)_39)\3 (t - svgt,s(w) - y)7 (47)

e<(t—s)3/2
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where in the above equations (4.5)-(4.7), the constants C1-Cs only depend on ©7. Uniform Hélder
controls in x also follow from the previously recalled Propositions. Equicontinuity w.r.t. the variable
y could be established similarly.

Then, from the Ascoli-Arzela theorem, one can find a subsequence ¢, such that for each x, y € R?¢,

VI pe (s, @it y) = VI p(s, x5t y), j=0,1,2, Va,pe, (s, 2:t,y) — Va,p(s, 2 t,y).
The gradient estimates follow, under the previously recalled additional assumptions when needed,

from (4.5)-(4.7).
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