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Abstract

In this paper, we numerically compare two distinct techniques for modeling demographic
noise in biomathematical systems: the forward method introduced by Allen, which starts
from discrete stochastic processes and moves forward to their continuous counterparts,
and the backward technique introduced by Carletti and Banerjee, which models discrete
stochastic processes incorporating intrinsic noise by moving backward from ordinary
differential equation (ODE) systems. Our work highlights that the two methods show
consistent dynamical trends. Nevertheless, the backward technique offers greater ease of
use and provides a wider range of applications, as it allows researchers to infer demographic
stochasticity directly from systems previously modeled by standard ODEs.

Keywords: biomathematical modelling; demographic noise; chemical kinetics; numerical
simulations
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1. Introduction

Dynamical systems formulated through deterministic differential equations constitute
idealized frameworks that neglect stochastic influences. In biomathematical modeling, a
fundamental distinction is made between environmental (extrinsic) noise and demographic
(intrinsic) noise. The latter accounts for vital events such as births, deaths, immigration, and
emigration, attributing temporal fluctuations to the intrinsic demographic variations within
interacting populations. The literature thoroughly documents the modeling and simulation
of demographic noise as stochastic processes operating at the individual level, typically
formulated as discrete stochastic systems [1]. For large population sizes, these discrete
stochastic processes converge to continuous stochastic ordinary differential equations
(SODEs); if noise is negligible, they reduce to standard ordinary differential equation (ODE)
models. This approach has been extensively addressed in the monograph by Allen [2].

Conversely, a major challenge lies in the inverse process: deducing the impact of de-
mographic noise on a natural system originally described by a set of ODEs. This backward
framework was introduced more recently by Carletti and Banerjee [3].

Traditionally, the incorporation of intrinsic noise requires knowledge of discrete indi-
vidual counts. A prominent framework for this purpose is the forward approach developed
by Allen [2], which treats populations as discrete integer entities rather than continuous
densities. Species interactions are modeled by taking the limit as the time step At — 0,
transitioning from discrete-time Markov chains to continuous-time Markov chain (CTMC)
processes. This formulation ultimately leads to a system of SODEs, which are subsequently
simulated using standard numerical methods.
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However, significant limitations arise in practical applications: the scientific literature
and empirical data are overwhelmingly dominated by continuous deterministic frame-
works, such as ODEs expressed in terms of continuous densities, rather than discrete
units. For example, in fields ranging from bacteriophage-host interactions to epidemic
spread, well-established ODE models already exist, whereas discrete empirical data are
often unavailable.

To address this gap, the alternative “backward” approach [3] can be implemented.
Instead of deriving continuous stochasticity from a discrete baseline, the backward method
initiates from a well-defined deterministic ODE. It reconstructs the discrete stochastic
process underlying the given ODE by using the same framework as in chemical kinetic
models. This approach treats demographic noise as the ecological equivalent of the stochas-
tic modeling used in Gene Regulatory Networks (GRNs) [4]. Usually, simulations of such
discrete chemical reaction networks are performed via Stochastic Simulation Algorithms
(SSAs), assuming small, integer molecular counts. The pioneering probabilistic simulation
algorithm developed by Gillespie [5] provides a rigorous numerical procedure for simulat-
ing the time evolution of a well-mixed, homogeneous reacting system while accounting for
its inherent randomness.

This paper aims to compare the forward and backward approaches. Specifically,
we examine whether the backward reconstruction yields statistically consistent results
compared to Allen’s established method when applied to identical biological phenomena,
namely the Susceptible-Infected—Susceptible (SIS) [2] bacterial interaction. We investigate
the adaptability of both frameworks, considering that the backward approach can offer
a more versatile and structurally viable alternative for the study of demographic noise,
given the vast repository of existing continuous ODE literature. Crucially, while both
frameworks are rooted in analytically related formulations, our comparative analysis
systematically disentangles purely algorithmic numerical artifacts from the fundamental
structural limitations that emerge within the continuous diffusion approximation under
finite population sizes near absorbing states.

2. Mathematical Frameworks and Model Formulations
2.1. Allen’s Method

In this paper, we are interested in investigating the impact of demographic noise on the
well-known Susceptible-Infected—Susceptible (SIS) epidemic model. The system describes
the infection of susceptible individuals, who become infected, and their subsequent possible
reinfection due to waning immunity. The deterministic model equations are given by

1)

where 5(t) and I(t) denote the densities of the susceptible and infected populations at time
t, respectively. The parameter § > 0 represents the contact or transmission rate, which is the
average number of adequate contacts per unit time that lead to infection. The parameter
v > 0 denotes the recovery rate, i.e., the rate at which infectious individuals recover, and
N = S(t) + I(t) is the constant total population density. The term BS(t)I(t)/N represents
the rate at which the susceptible density becomes infected, while yI(t) represents the rate
of density moving back to the susceptible class.

The initial condition for the system can be any positive point in R2. The behav-
ior of the solution of these ODEs depends on the values of parameters f and vy (see
Appendix A). Let k = y/B. By scaling the system variables by the total population density
N, it is straightforward to show that the disease-free equilibrium, expressed in terms of
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Prob{AY; =i, AY5(t) = j|Y; = ny, Yo = m} = N

population fractions as Eg = (1, 0), always exists. Furthermore, if k > 1, the equilibrium
Ey = (1,0) is globally asymptotically stable, meaning the disease dies out. Conversely,
if 0 < k < 1, a positive endemic equilibrium E; = (k,1 — k) emerges and is globally
asymptotically stable.

In a deterministic setting, whether the disease spreads and leads to an epidemic
depends on the basic reproduction number, Ry, defined as

Ro=L-1 @

An epidemic occurs in the supercritical regime when Ry > 1, leading to a unique
endemic equilibrium, whereas the disease dies out in the subcritical regime when Ry < 1.
The critical threshold regime occurs precisely when Ryg = 1. To capture the underlying
demographic stochasticity, we shift our focus from the continuous densities S(t) and I(t)
to the discrete state variables that represent individual counts.

Following Allen [2], we construct a continuous-time Markov chain (CTMC) model [6,7]
for the SIS system based on the ODE model (1). Let Y;(t) and Y>(t) be two discrete ran-
dom variables representing the number of susceptible and infected individuals at time
t, respectively. The random variables Y;(t) (i = 1,2, t > 0) take non-negative integer
values. Assuming fixed initial values, Y1(0) = nj9 > 0 and Y2(0) = ny > 0, the
joint probabilities associated with the bivariate process {(Yi(t), Y2(t))} are defined as
Py (£) = Prob{Yy(t) = n1, Ya(t) = n2|Y1(0) = n10, Y2(0) = nao}-

Let AY;(t) = Y;(t + At) — Y;(t), where At is chosen small enough such that AY; €
{-1,0,1}, i = 1,2. We assume that the probability of multiple transitions occurring within
At is negligible, and we denote it as 0(At). Transmission occurs via a direct transfer from the
susceptible to the infected class upon infection, and individuals return to the susceptible
class upon recovery. The infinitesimal transition probabilities for the continuous-time
Markov chain model are given by

oAt + o(At) (i,j) =(1,-1)
B nnpAt + o(At) (i,j) = (-1,1) o
1- (wz + %nmz)At +o(At)  (i,j) = (0,0)

o(At) otherwise

The probabilities py, 4, (t) satisfy the forward Kolmogorov differential equation [2]:

d t
Wrsrs @) _ P 1y 1)z~ Dpy a8+ 7002+ Dpaaa O+ —( Emma by )p (0. (@
dt N N 1t
Furthermore, following Allen [2], the boundary conditions satisfy
dpny 0(t)
i ( ) gll;J = 7pn1—1,1(t)/
Pon, (£
Odtz = %(”2_1)171,;12—1 — Yn2pom (1), (5)
dpoo(t) _
ar— =0.

The moments of the bivariate process can be derived from the forward Kolmogorov
equation (Equation (4)). The moment-generating function is given by [2,6,7]

M(z1,2,t) = ZZ o ZZ’;:O Doy, (F)€M1e"2%2 (6)

for some z1,zo € R. By differentiating M with respect to t and applying (4), it can be shown
that the moment-generating function satisfies the following partial differential equation [2]:
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aM(Z1/ZZI t) _ IB Zp —2Z1 azM Z1—Z2 aM
T VACH m Gl = @
Differentiating both sides of (7) with respect to z; and applying the product rule,
we obtain
PM(zy,20,t)  B| ., . M S P*M M 0’M
— = |- — - — -1 .
92,0t N| 7 T anan T Voo | 17 [e oz, T 50, ®

Substituting z; = z; = 0 in (8) yields the following differential equation for the first
moment (or expected value) of Y7,
dE(Yq (¢
O] _ By w)] +vEMa(0), ©)
where E[Y1(t)] = Z;’ZZO ch;:o Py iy (E)117.
A similar expression can be derived for E[Y5(t)] and higher-order moments by differ-
entiating M and evaluating the derivatives at z; = z, = 0. For instance:

PM(z1,22,t) B | .,z M — M oM ’M
S L 2 ) —er 22 -1Z 10
92,0t N|© M azm T Vamag | 77|77 T T T 5 (10
020 _ By v — vEDa(e) an

It can be proven that these expectations are non-negative and retain the same properties
as the variables in the deterministic model [2,7].

The It6 SODEs may be obtained by adopting standard methods [7-9] and constructing
the probability table based on the continuous-time Markov chain framework (3) pro-
posed by Allen [2]. Let X; (t) and X;(t) be random variables representing the population
sizes of susceptible and infected individuals, respectively, X;(t), Xo(t) € R, and let
X(t) = (X1(t), X2(t))" denote the joint random vector.

As in the continuous-time Markov chain model, we assume that the time inter-
val At is sufficiently small, so that at most one change between the susceptible and in-
fected states occurs within this time interval. Let AX(t) = (AX;(t),AXa(t))T, where
AX;(t) = X;(t + At) — X;(t) (i = 1,2) represents the incremental change in the two popu-
lations during the time interval At.

The possible changes are summarized in Table 1, consistent with the continuous-time
Markov chain model (3).

Table 1. Possible changes in AX.

AX(t) Probability P;At
(1L,-1)7 p1 = v X2/t

(-1, )7 py = BX X Ay
(0,0 ps=1- (1% + B2 At

For At sufficiently small, it is possible to evaluate the mean using E(AX) =~
(1, -1)"p1 + (=1,1) pa + (0,0) ps = (u1,42) At = pAt, where py = 71X, — pX1X2/N
and pp = —y Xy 4+ BX;1X,/N. Furthermore, the covariance matrix for AX is defined as
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V=E [AX(AX)T} — E(AX)[E(AX)]T ~ E(AXAXT), neglecting terms E(AX)[E(AX)]” of

order (At)%:
2
v (3X) AXlA?gz ~ [0 o2, (12)
AX1AXy;  (AXp) 021 022

where the entries are computed by summing the contributions of all transitions:

o = (127X + (—=1)2X1 X2/ N,= 71X + BX1X2/N,

om = (—1)%9Xz + (1)*BX1 X2 /N = 17X + X1 X2 /N,

o2 =021 = (1)(=1)rXa + (-1)(D)BX1 X2/N = —(vXa + %)

We can denote V = CAt, where matrix C is positive semidefinite (and singular).

Consequently, evaluating the stochastic diffusion matrix B, which is the square root of C
(ie, B= N{ERY. V /At), for the resulting SODE yields [2]

X1 X X1 X
c_ (Bt B oo (13)
_ﬁXIiIXZ — X, ﬁx&xz X,

Following Allen [2], a closed-form expression for the square root matrix B is given by

5 B2 L ax (1 -1 ”
= 2 -1 1

It can be readily verified that B2 = C.

For sufficiently large values of X(t), the population increment AX(t) can be approx-
imated by a normal distribution with mean uAt and covariance matrix B2At = CAt.
Assuming a bivariate standard normal vector 7 ~ N(0,1), it follows that uAt + B\/Aty ~
N(uAt, B2At) [10]. Consequently, the updating formula can be expressed as X (t + At) =
X(t) + AX(t) = X(t) + pAt + By/Aty. This setup corresponds to the Euler-Maruyama
numerical scheme applied to a system of It6 SODEs. As the time step At — 0, and provided
that a unique stochastic integral exists, the random increment /Aty formally converges
to the Wiener increment dW, where W = (W, Wz)T represents a vector of independent
standard Wiener processes.

Consequently, the discrete system converges in the mean-square sense to the system
of Itd SODEs dX = udt + BAW [2]. In particular, the explicit It6 SODEs for the SIS model
are [2]

dX, = (f%xlxz + 'yXZ)dt + BydW + BpodW,

] (15)
dX, = (NX1X2 — 'sz)dt + By1dWq + Bopd W,

where X; € [0, N — Xs] and X5 € [0, N — Xj], and the components of the diffusion matrix

are obtained directly from (1) as Bj; = By = —Byp = —Bp1 = \/% (%Xle + "sz) [2].
The existence and uniqueness of the solution for model (15) are well-established in the
literature [2].

2.2. The Backward Technique

Consider a mixture of N molecular species S1, Sy,..., Sy interacting through M
reaction channels within a fixed volume () at a constant temperature. The time evolution
of this system is characterized by a discrete nonlinear Markov process. In this framework,
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the state of the system at time f is represented by an N-dimensional vector X(t), whose
components denote the molecule counts of each species. Because X(t) = x is a discrete
jump Markov process, its probability distribution over time—conditioned on an initial state
X(to) = xo—is governed by the Chemical Master Equation (CME) [5]:

d M
aP(x, t|xo, o) = ijl aj(x — vj) P(x—vj, t|xg, tg) — a;(x)P(x, t|xo, to). (16)

Although the CME can be expressed as a discrete parabolic partial differential equation,
it is generally analytically intractable, and numerical simulation methods are required to
approximate its solution.

Any algorithmic approach used to simulate a network of chemical reactions is uniquely
defined by two sets of quantities: the stoichiometric vectors vy, ..., vy, which represent
the net change in molecule counts across the system when the R;-th reaction occurs
(j=1,---,M); and the propensity functions a1 (X(t)),...,apm(X(t)), which describe the
relative probability per unit time that the R;-th reaction will take place given the current
state X (t).

In many biochemical systems, some reactions occur much faster than others and
rapidly reach a local steady state. Within the framework of the standard Stochastic
Simulation Algorithm (SSA) [5], the overall dynamics of the system are predominantly
driven by these slow reactions. In a deterministic context, this disparity in timescales is
known as “stiffness.”

Furthermore, scale differences influence the choice of the modeling tool: when certain
chemical species are present in small quantities, discrete stochastic modeling is essen-
tial. Conversely, if species exist in large numbers, continuous stochastic or deterministic
differential equations become more appropriate. In contrast, the exact SSA treats all
species uniformly as discrete stochastic processes [11]. To address this multiscale challenge,
Burrage et al. [12] classified reaction networks into slow, intermediate, and fast, simulating
the resulting systems using their appropriate modeling regimes. Despite its computational
demands, the SSA has been successfully applied to model a wide range of biological
phenomena, including lambda phage regulation [13] and circadian rhythms [14,15].

When noise effects remain non-negligible, but the system size justifies continuity argu-
ments, one can invoke the Central Limit Theorem. By matching the first two infinitesimal
moments of the CME, we can derive an SODE system that describes the continuous-time
evolution of the underlying Markov process [16]. This formulation is known as the Chemi-
cal Langevin Equation (CLE) [5]:

M
dX(t) = ijl vja;j(X(t))dt + B(X(t))dW(t) X(0) = X (17)
Here, the system is driven by an M-dimensional stochastic process whose components,
W;(t), are independent standard Wiener processes, and B(X(t)) isan N x N matrix satisfying

B(X(£))B(X(1))" = C(X(t)) = vDiag(ar (X(t)), ..., am(X(t)))o, (18)

where v = [vq,..., vp]is the N x M stoichiometric matrix.

Stochastic simulation algorithms are inherently variable time-stepping methods. At
each iteration, two random variables are sampled from a uniform distribution U(0, 1) to
determine both the time increment until the next event and the specific reaction channel
that fires. The species populations are then updated using the corresponding stoichiometric
vectors, and the process repeats.

A crucial limitation of the exact SSA arises when molecule counts are high: the
time steps become exceptionally small, forcing the simulation to advance painstak-
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ingly via individual, consecutive reactions. Consequently, the SSA becomes computa-
tionally prohibitive for large-scale reaction networks representing complex, biologically
realistic phenomena.

When the system contains large numbers of molecules, the dynamics can be expressed
in terms of continuous concentrations, validating a deterministic framework. This macro-
scopic, averaged behavior is described by a system of ODEs governed by the classical Law
of Mass Action:

X'(t) = Y11, ojaj(X (1), X(0) = Xo. (19)

The forward modeling pipeline—progressing from discrete stochastic systems to con-
tinuous SODEs for large populations and finally reducing to deterministic ODEs when
noise is omitted—is well-established in the literature [2,17]. Conversely, the inverse pro-
cess—inferring the underlying discrete demographic noise from a natural system initially
described by ODEs—presents an intriguing challenge. Since demographic noise is the
ecological counterpart of intrinsic noise in genetic regulation, we can reconstruct these
underlying discrete stochastic processes by mapping the deterministic differential system
back into a chemical kinetics framework.

Carletti and Banerjee [3] developed a method to systematically incorporate intrinsic
noise into existing ordinary differential systems. Thus, we view our baseline ODE model
as the deterministic limit of a Chemical Langevin Equation associated with the discrete
biological phenomenon of the infection dynamics among “units” of susceptible individuals,
subject to demographic noise. Immunity is assumed to be waning, meaning infection
can recur after a recovery period. In other words, the ODE model is treated as the limit
as At — 0 of a jump Markov process X(t) = (Xy(t), Xo(t)), where X;1(t) = S(¢),
X(t) = I(t), describing the discrete stochastic process of SIS infection. For our simulation,
the initial population size for each interacting species (susceptible and infected individuals)
is set to 100 units. Following the formulation by Carletti and Banerjee [3], the system is
governed by two underlying reaction channels, detailed below:

S+1—2I

I—S (20)

The associated propensity functions a;(X), the stoichiometric vectors v}, and reaction
rates ¢; are defined as follows:

m(X) = XX, ap(X) = 0o Xo; 01 = [-1,1]T, 00 =[1, =151 = B/N,ca = 7. (21)

Moreover, the Chemical Langevin Equation associated with the discrete system (20)
and (21) takes the form of the following It6 SODE:

dX(t) = Yo, vjai(X(1)dt+ B(X(£)dW(1), X(0) = Xo (22)

where W(t) = (W, (t), W (t))" is a 2-dimensional vector whose individual elements are
independent Wiener processes, and B(X(t)) is a 2 x 2 matrix satisfying

B(X(£))B(X(1))" = C(X(t)) = vDiag(ar (X (1)), a2(X(1)))o", (23)

where v = [v1, 1p] is the 2 X 2 stoichiometric matrix. In the application of this approach to
model (1), the terms A =} v;a; and B are associated with the drift and diffusion coefficients,
respectively. In particular, computations show that the drift is the column vector

A = (—a(X) +ax(X), a1 (X) — a(X))", (24)
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whereas the diffusion matrix B, such that BBT = C, is obtained as the square root matrix of

C, ie,
C— ( a1+ az —ay — a2> (25)
—a1 — ap a1+ az

Both paradigms (Allen’s method and the backward technique) model demographic noise.
Theoretically, the diffusion matrix (covariance structure) obtained through the backward
approach should align with the one derived by Allen. In fact, the C matrices (13) and (25), as
well as the drift vectors in Equations (15) and (24), are identical. Analytically, both formula-
tions describe the same Ito SODE system. Nevertheless, the algorithmic procedures differ
fundamentally: while the forward method relies on SODE solvers (e.g., Euler’s method), the
backward framework evaluates the system trajectories by means of the SSA.

3. Numerical Results

The numerical experiments presented in this paper were conducted on a latest-
generation PC and implemented in the MATLAB R2026a environment running under
Windows 11. For both Allen’s method and the backward technique, the initial conditions
were set to S(0) = 95 and I(0) = 5. These values represent population densities
(units/volume) in the SODE resulting from Allen’s method [2] and units in the SSA utilized
for the backward technique. The compartmental volume () was assumed to be equal to 1.

The integration interval was set from 0 to 100 days, as the most significant dynamical
transitions occur within this timeframe. For instance, when 8 = 5,y = 0.5 (Figure 1a), the
infected bacterial population rapidly reaches an endemic steady-state equilibrium of approxi-
mately 90 units/volume. As illustrated in Figure 1b—e, a decrease in the transmission parameter
f leads to a corresponding decline in the equilibrium values of the infected population. Notably,
when 8 < v, the infected population equilibrium vanishes in the long term.
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Figure 1. Time evolution of the infected population vector I(t) with time units in days on the horizontal
axis and the number of individuals on the vertical axis. Initial conditions are set to S(0) = 95 and
1(0) = 5 (units/ volume for (a—e); units for (f-j)). (a—e) Simulations for model (15) using Allen’s method,
generated across M = 200 Brownian paths: (a) 3 =5,y =0.5;(b) f =2,y =0.5; (c) = 0.5, v =0.5;
(d)B=05v=1;(e) p=0.5 v =2. (f-) Simulations for models (20) and (21) using the backward
technique: (f) =5,v=05;(g) =2,vy=05;(h)3=057v=05;i) pf=05v=1(G) B=057v=2.
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Concerning Allen’s method, we simulated the strong solutions of the It6 SODE (15)
by means of the Euler-Maruyama method, computing the mean solution over M = 200
independent Brownian paths. For the backward technique, we simulated the stochastic
discrete process [4,18] underlying the ODE (1) using the variant of Gillespie’s SSA [5]
developed by Burrage et al. [12] in the early 2000s.

In Figure la—e, we plot the mean solution of the SODE (15), while in Figure 1f-j,
we display the discrete stochastic process (20) and (21) converging to the ODE (1) for
different values of the parameters  and y. Although the parameter values for g and -y
were chosen for illustrative purposes and do not refer to experimental data, their ranges
were explicitly selected to encapsulate the full spectrum of epidemiological regimes defined
in the literature on stochastic SIS models [19-21]. By scaling the basic reproduction number
Ry from subcritical conditions (Rg < 1), through the critical threshold (Ry = 1), up to
highly supercritical regimes (Rg > 1), this framework evaluates the numerical solvers
across diverse physical behaviors.

Our analysis reveals that as the transmission parameter § increases and > v, the
two methods behave equivalently. However, Figure 1c—e,h—j show that this equivalence is
slightly lost when B < <. Taking into account that the SODEs (15) and (22) are analytically
identical, it is crucial to distinguish between the theoretical equivalence of the continuous
models and the numerical agreement of their implementations. Indeed, the observed dis-
crepancies sample fundamentally different mathematical structures: an Euler-Maruyama
continuous approximation of the SODE and an SSA simulation of the underlying discrete
jump process.

For an SIS model without demographic renewal, I = 0 is an absorbing state; once
I = 0, the propensities vanish (77 = a4, = 0), making reinfection impossible [19].
When B < v, the system frequently visits the neighborhood of this boundary. Under these
regimes, standard Euler-Maruyama discretizations fail to preserve the positivity of the
state space due to the non-globally Lipschitz nature of the diffusion coefficients, leading to
negative values. The subsequent truncation (setting negative steps to zero) introduces a
spurious numerical drift that artificially alters the extinction probability [22,23], compound-
ing the structural mismatch between the continuous-state SDE and the underlying discrete
Markov chain.

To mitigate these numerical artifacts and better capture the behavior near the boundary,
several positivity-preserving numerical frameworks can be adopted. A prominent approach
is the Lamperti-type transformation [24,25], which maps the state space to stabilize the
square-root diffusion coefficient, preventing boundary violations without introducing
spurious drift. Alternatively, Split-Step Backward Euler (SSBE) schemes [26] can handle
the stiff absorbing boundary implicitly, while formulating a logarithmic transformation
shifts the absorbing state to minus infinity, natively guaranteeing strict positivity. Lastly,
truncated explicit variants of the Euler-Maruyama method [27,28] adjust the drift and
diffusion operators near the boundary to preserve strong convergence.

To empirically validate these theoretical insights under the subcritical and critical
regimes (B < 7), we systematically applied the Lamperti-type transformation to our
continuous framework to investigate whether the observed discrepancies stem from algo-
rithmic distortions or from fundamental modeling limits. Our computational experiments
yield a critical insight: when comparing Allen’s boundary-correction method in the original
state space against its Lamperti-transformed counterpart, the resulting trajectories display
remarkable quantitative and qualitative agreement. The fact that the Lamperti transfor-
mation does not significantly alter the profile of Allen’s method proves that such explicit
boundary corrections are already numerically robust and successfully free from spurious
truncation artifacts.
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Conversely, a stark and undeniable divergence emerges when comparing these stabi-
lized, mathematically rigorous continuous profiles against the discrete backward frame-
work (SSA). Because the Lamperti transformation guarantees that the continuous diffusion
model is integrated without computational distortions, this remaining discrepancy cannot
be dismissed as a numerical artifact. Therefore, we support the interpretation that the
divergence between the continuous implementations (such as Allen’s method) and the
discrete backward technique (SSA) fundamentally reflects the intrinsic limitations of the
diffusion approximation itself [22,29,30]. Under relatively small population sizes and in
parameter regimes where stochastic fluctuations frequently drive the system toward the
absorbing state, the continuous-state framework inherently fails to capture the discrete
boundary dynamics of the underlying population process [29,30].

For parameter values where the two methods exhibit these slightly different behaviors,
running multiple simulations of the SODEs (15) and (22) allows for a robust estimation
of the ensemble statistics. To evaluate this numerical agreement rigorously, we intro-
duced a Quasi-Stationary Analysis as a complementary quantitative framework, setting
the number of sample paths to M = 10,000. Given this large ensemble size, the statis-
tical uncertainty—measured via the Standard Error of the Mean (SEM) for the extinction
times—is minimal, with all standard errors falling well below O(10~2). This confirms that
the observed quantitative differences between the two methods are statistically significant
and cannot be attributed to stochastic sampling noise.

Our quantitative criterion for “agreement” relies on the qualitative and trend-wise
consistency of the quasi-stationary state before the complete collapse of the system. As
summarized in Table 2, when analyzing the time required for the active trajectories to drop
to a fixed threshold (defined as 5% of the initial ensemble, i.e., 500 out of 10,000 active
paths), both frameworks accurately track the same underlying physical behavior across the
different parameter regimes.

Table 2. Average extinction times and quasi-stationary analysis for models (15) and (22) based
on 10,000 Monte Carlo simulations, using a fixed Euler-Maruyama time step of At = 1073, The
results compare Allen’s forward method and the backward technique across different parameter
combinations: § = 0.5 with v = 0.5, 1, 2. Initial conditions are set to S(0) = 95, I(0) = 5,
representing population densities (units/volume) in Allen’s method and units in the backward
technique. The standard error of the mean for the extinction time is < 1072. * Note: When the
recovery rate 'y exceeds the contact rate §, all trajectories rapidly decay to zero. To capture the
quasi-stationary distribution before the complete collapse of the system (i.e., before the histogram
empties), the analysis is performed at the earliest time point where a sufficient threshold of active
trajectories (at least 5%) remains available to ensure statistical validity.

Allen’s Method Backward Technique
Parameters Thg average Quas1—$tat10nary The; average Quas1—$tat10nary

extinction time Analysis * extinction time Analysis *

18.40 time units. Trajectories still 11.29 time units. Trajectories still
=05, Percentage of active at time Percentage of active at time
v¥=0.5 trajectories going extinct t=53.30: trajectories going extinct  t = 34.60:

by T =100: 99.71% 500 out of 10,000 by T = 100: 100.00% 504 out of 10,000

3.94 time units. Trajectories still 2.98 time units. Trajectories still
g =05, Percentage of active at time Percentage of active at time

y=1 trajectories going extinct  t=8.10: trajectories going extinct t=7.00:

by T = 100: 100.00% 515 out of 10,000 by T = 100: 100.00% 502 out of 10,000
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Table 2. Cont.
Allen’s Method Backward Technique
1.59 time units. Trajectories still 1.24 time units. Trajectories still
B =0.5, Percentage of active at time Percentage of active at time
ry=2 trajectories going extinct  t=3.20: trajectories going extinct t =2.80:
by T = 100: 100.00% 501 out of 10,000 by T = 100: 100.00% 506 out of 10,000

To ensure full transparency regarding the temporal discretization, the time step used
for the Euler-Maruyama simulations (At = 10~%) has been explicitly reported in the caption
of Table 2. Furthermore, to verify that these findings are independent of the choice of
discretization, we performed a comprehensive step-size convergence test by systematically
reducing At down to 10~°. The quantitative mismatch near the absorbing state persisted
unaltered despite the finer temporal resolution. This confirms that the discrepancy is not
a mere artifact of poor numerical discretization or time-step selection but is structurally
rooted in the intrinsic limitations of the diffusion approximation itself near the absorbing
boundary I = 0 when dealing with relatively small population sizes.

Crucially, it is worth noting that while increasing the number of simulated sample
paths (M) reduces the statistical variance of the Monte Carlo estimators, the convergence
of the stochastic system to the deterministic ODE (1) is instead theoretically driven by the
large-population limit (N — o0) or the vanishing-noise limit, rather than the number of
simulated paths (Table 2 and Figure 2a—f).
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Figure 2. Quasi-stationary probability distribution of the infected population vector I(t). All distribu-
tions are generated from 10,000 Monte Carlo simulations using a fixed Euler-Maruyama time step
of At =1073 with § = 0.5. (a—c) Results for model (15) computed using Allen’s method: (a) y = 0.5;
(b) vy =1; (¢) Y = 2. (d-f) Results for model (22) computed using the backward technique: (d) y = 0.5;

(e)y=L@v=2

4. Discussion

In this paper, we have presented a comparison between Allen’s method [2] and
the backward technique introduced by Carletti and Banerjee [3], both of which serve as
powerful mathematical frameworks for modeling demographic noise in the life sciences.
Allen’s method begins with discrete stochastic processes, systematically deriving their
continuous SODE counterparts embedded with intrinsic noise. Conversely, the back-
ward technique infers and simulates the intrinsic noise of a biological phenomenon by
mapping a continuous, deterministic differential system back to its underlying discrete
stochastic process.

Our study indicates that while both methods capture qualitatively consistent dynami-
cal trends—particularly within the supercritical regime—they exhibit noticeable quanti-
tative discrepancies in their mean extinction times under critical and subcritical regimes
(B < 7), as summarized in Table 2. Given that SODEs (15) and (22) are analytically identical,
it is crucial to distinguish between the theoretical equivalence of the continuous models and
the numerical agreement of their implementations. Near the absorbing boundary I = 0, the
combination of small population sizes and frequent boundary visitations exacerbates the
structural differences between the continuous and discrete stochastic frameworks [22,23].

To rigorously investigate whether these discrepancies stem from numerical
artifacts—such as positivity violations or the handling of the absorbing state—we sys-
tematically applied a Lamperti-type transformation to the continuous framework. This
mathematical mapping transforms the multiplicative square-root noise into an additive
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form, effectively stabilizing the integration near the boundary without altering the continu-
ous nature of the SODE.

Crucially, our computational experiments revealed that the trajectories generated
by Allen’s method display remarkable qualitative and quantitative agreement with its
Lamperti-transformed counterpart. This empirical finding provides strong numerical
evidence that Allen’s explicit boundary formulation is already numerically robust and
successfully free from spurious truncation artifacts.

Conversely, a stark and undeniable divergence emerges when comparing these stabi-
lized, mathematically rigorous continuous profiles against the discrete backward frame-
work (SSA). Because the Lamperti transformation guarantees that the continuous diffusion
model is integrated without computational distortions, this remaining discrepancy cannot
be dismissed as a numerical artifact. Therefore, we support the interpretation that the
divergence between the continuous Allen’s method and the discrete backward technique
(SSA) fundamentally reflects the intrinsic limitations of the diffusion approximation itself
when driven frequently toward the absorbing state under relatively small population sizes.

Nevertheless, owing to its straightforward mathematical implementation compared
to Allen’s method, the backward technique remains a highly valuable tool. It enables the
direct modeling of demographic noise by leveraging the extensive scientific literature and
empirical data that are overwhelmingly dominated by continuous deterministic frame-
works, such as systems of ODEs, expressed in terms of continuous densities rather than
discrete counts. Consequently, this backward reconstruction technique proves to be highly
versatile, offering a scalable methodology that can be readily extended to general ODE
models across various scientific disciplines beyond the life sciences.
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Appendix A

The deterministic SIS model equations are given by

{dfi(f) - f%s(t)l(t)+’ﬂ(t). (A1)
(t)I(

To simplify the analysis, we introduce the dimensionless variables and parameters:
s=S/N,i=1/N,t = Btk =/B=1/Ry. Subject to the conservation law s(t) +i(t) = 1,
the system (A1) can be rewritten in the following consistent dimensionless form:

B — _s(1)i(T)+ki(T)
{ % = s(v)i(t)—ki(t) (A2)
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where s > 0,7 > 0, and the initial conditions are denoted as (s5(0),i(0)) = (s¢,i0) # (0,0).
For k # 1, the explicit analytical solutions of the ODE system are as follows [31-36]:

k4 k(11— (1-k)t 1 — k)inel—0)T
s* (1) = s —k+ k(1= so)e ;i°(T) = % (A3)
so—k+ (1 — So)e(l_k)T 1—k+ l()e(l_k)’r
If k =1 (Rop = 1), the solutions reduce to
* sp + (1 - SO)T = i
_ . - A4
S (T) 1+(1_SO)T/1 (T) 1+iQT ( )
Consequently, if k > 1 (Ryp < 1), we find that lim{,cs(7) = 1, and lim_,0i(T) = 0.
T—00 T—0
Conversely, if 0 < k < 1 (Rg > 1), the asymptotic limits are lim; ,es(7) =k,

T—00

Accordingly, the disease-free equilibrium (vanishing equilibrium) Ey = (1, 0) always
exists. If k > 1, Eg = (1,0) is globally asymptotically stable. If 0 < k < 1, a unique positive
endemic equilibrium E; = (k, 1 — k) emerges and is globally asymptotically stable.
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