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Abstract

This dissertation is intended to contribute to the logical and algebraic study of be-
havioural properties of concurrent systems from two complementary perspectives: a
static one, focused on the compositional analysis of finite-trace properties in interleav-
ing systems, and a dynamic one, exploring the modelling, specification, and verification
of dynamic epistemic multi-agent systems. Accordingly, the work is organised into two
parts.

In Part I, within the interleaving approach to concurrency, the thesis develops a
proof-theoretic framework for the structural analysis of finite-trace properties, with par-
ticular emphasis on those defined via prefix-closure. The interaction of the prefix-closure
operator and its residual (with respect to set-theoretic inclusion) with intersection,
union, and language concatenation is investigated. The variety of closure ℓ-monoids
is introduced as a minimal algebraic abstraction of finite-trace properties, amenable to
description within an analytic proof system. As a proof-theoretic counterpart to these
structures, the display-like sequent calculus LMC is introduced and shown to be sound
and complete, to admit cut elimination, and to be decidable. Altogether, this approach
supports an algebraic and proof-theoretic analysis of finite-trace property patterns of
verification relevance, while providing a compositional treatment of safety, liveness, and
related notions.

In Part II, a unified approach to the modelling and verification of knowledge-based
dynamic multi-agent systems is developed. A new model of computation, called a
Kripke labelled transition system (KLTS), is introduced, combining labelled transition
systems with multi-agent Kripke frames to support uniform reasoning about system
dynamics and the evolution of agents’ knowledge. On this basis, the logic EHML is
defined by combining Hennessy–Milner Logic with the normal multimodal logic S5n.
A Hilbert-style proof system for EHML is provided; soundness and completeness with
respect to the intended semantics, as well as decidability, are established. The logic is

i



shown to be associated with a bisimulation that characterises behavioural equivalence in
KLTS-based models of the systems of interest. Finally, building on the KLTS semantics,
the process-algebraic language ECCS is introduced to support modular specification
and analysis of concurrent multi-agent systems, with running examples drawn from
real-world multi-agent standards.

Overall, this thesis aims to advance the mathematical foundations of the formal
analysis and verification of concurrent systems, fostering the interaction between logi-
cal/algebraic methods and computational modelling techniques.
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Introduction

Concurrent systems are ubiquitous, both in nature and in engineered infrastructures,
and arise whenever one is confronted with collections of dynamic objects (agents) that
perform tasks either synchronously or asynchronously while processing and exchang-
ing information. Typical examples include distributed systems [46] (systems consist-
ing of spatially distributed and interconnected components) and reactive systems [155]
(systems capable of responding to environmental stimuli, for instance by adapting to
adverse conditions). More generally, concurrent systems are those systems whose ob-
servable behaviour emerges from the interaction among their components. It is easy
to see that the above categories encompass a wide range of concrete—and often very
different—phenomena: computer networks, smart grids, beehives, ant colonies, flocks
of birds, human social groups, and many other entities can be modelled within the
paradigm of concurrency theory. Moreover, at least in principle, such systems can
also be verified, that is, one can rigorously determine—by means of formal meth-
ods—whether or not they satisfy given properties.

We do not attempt here to outline a history (or a philosophy) of concurrency theory,
but merely recall its main conceptual ingredients.

1. Information. The evolution of a concurrent system cannot be divorced from some
notion of information, whose manipulation and transmission inherently determine
the system’s dynamic nature.

2. Behaviour and interaction. As an entity that can be precisely localised in space
and time, a concurrent system is observed in terms of events corresponding to the
actions it exhibits, that is, its visible behaviour. The latter is fully characterised
by the individual behaviours of the agents or components from which it is built,
insofar as these behaviours interact. The major conceptual innovation introduced
by concurrency theory lies precisely in reformulating the notion of computation
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in terms of behaviour and interaction [15, 124].

3. Analysis and verification. Designing computational architectures that exhibit
concurrency requires the constant development of formal techniques to ensure
that system executions align with the intended implementations [155]. There
are several ways to model a concurrent system, ranging from Petri nets [137]
to labelled transition systems [98] and event structures [133], depending on the
perspective on concurrency one intends to adopt (see also [171]). Building on
notions of behaviour arising from such models, one is naturally led to the devel-
opment of mathematical methods and tools for system analysis and verification.
A wide variety of approaches have been proposed to address these aspects, most
of which are centred on a formal semantics for concurrent processes, according to
the classical tripartition into axiomatic [47], denotational [130], and operational
semantics [123].

This dissertation aims to contribute to the study of the formal characterisation of
behavioural properties of concurrent systems from two complementary perspectives: a
static one and a dynamic one. Accordingly, it is divided into two parts.

• Part I. Structural analysis of finite-trace properties in concurrent systems. In
this part, which builds upon and extends [68], we analyse system properties as
properties of finite behaviours, that is, executions exhibiting a finite number of
actions. The perspective is static in that we study behavioural properties as
mathematical objects in their own right, while abstracting patterns that arise
from system dynamics. In particular, we investigate the structure of properties
by combining tools from universal algebra and structural proof theory.

• Part II. Behavioural analysis of dynamic epistemic multi-agent systems. In this
part, based on [8] (which, in turn, extends and builds on [5]), we study a particular
class of concurrent systems in which the classical computational dynamics govern-
ing system evolution are integrated with an abstract notion of knowledge—namely,
the information possessed by the system components. To this end, we develop a
unified approach comprising a novel model of computation, an associated modal
logic, a logic-induced bisimulation, and a specification language, together pro-
viding a coherent framework for reasoning about dynamic epistemic multi-agent
systems.
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We now provide a more detailed overview of the contents of Parts I and II.

Part I

In many algorithmic verification frameworks, notably model checking [16], computa-
tions are modelled as execution traces derived from high-level specifications such as
automata or labelled transition systems (LTSs). This approach dates back to the very
origins of concurrency theory as a distinct branch of computer science [113], as it is
implicitly adopted in Dijkstra’s solution to the mutual exclusion problem [55]. Models
of computation that admit a trace-based specification may differ considerably from one
another1. In each case, a trace is a finite or infinite sequence of objects defined in terms
of the underlying model’s states and/or actions, possibly equipped with additional data
allowing to properly encode system executions. This naturally supports the representa-
tion of key system policies in terms of trace properties (i.e., sets of execution traces) and
provides a foundation for their classification according to the well-established safety-
liveness dichotomy [10, 112]. The strength of this methodology lies in the fact that
traces, being essentially strings over alphabets, can be conveniently treated in language-
theoretic terms. Modulo a labelling of states with propositions, trace properties thus
become simply string properties expressing patterns of system behaviours.

In the formal methods literature, it is common to find system executions repre-
sented as infinite traces, since programs may not terminate. It follows that most clas-
sical definitions and results concerning behavioural properties and their verification
are formulated with respect to infinite traces—a choice reflected in the semantics of
most temporal logics for computer science [54]. However, applied research has shown
compelling reasons to adopt finite traces in many different contexts, and a variety of
formalisms has been introduced for specifying and verifying properties of finite compu-
tations (see, e.g., [21, 50, 134, 150]). In this setting, a finite-trace property (henceforth,
f-property) is a formal language in the usual sense, i.e., a subset of (the universe of) a free
monoid FΣ = ⟨Σ∗, ·, ε⟩. Most interestingly, the fundamental classes of safety and live-
ness f-properties admit an elegant characterisation in terms of prefix-closure [136, 149].
Indeed, P ⊆ Σ∗ models a safety f-property if it is prefix-closed—that is, if P consists of
all strings that are prefixes of some string in P itself (equivalently, if P contains every

1For an overview of examples, see [41, §7.2].
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prefix of each of its strings). By contrast, P expresses a liveness f-property when ev-
ery string in Σ∗ admits an extension belonging to P—that is, if the prefix-closure of P
is Σ∗. It is well known that prefix-closure acts as a topological closure operator on ℘(Σ∗),
yielding a topology on Σ∗ whose closed and dense sets model, respectively, safety and
liveness f-properties. Depending on the operations defined on it, a set of the form ℘(Σ∗)

can serve as the universe of algebras belonging to several well-known classes, including
the varieties of residuated lattices [73], residuated Boolean algebras [95], Kleene alge-
bras [105], and action algebras [142]. These varieties provide the algebraic semantics
for major substructural logics [73, 121, 135], which thus offer natural tools for reasoning
about f-properties across different levels of granularity. In Part I, we are interested in
identifying a suitable framework within structural proof theory for addressing questions
of the following kind:

Given P,Q1, . . . , Qn ⊆ Σ∗, if P is constructed from Q1, . . . , Qn by applying
certain operations (e.g. ∩, ∪, or language concatenation), what can be
proved about the structure of the prefix-closure of P?

Our purpose is therefore to provide an analytic calculus enabling the structural anal-
ysis of many property patterns central to formal verification, while also affording a
compositional account of safety, liveness, and related notions.

The design of such a proof system crucially depends on the choice of an underlying
algebraic model for f-properties. To begin with, for a free monoid FΣ = ⟨Σ∗, ·, ε⟩, we
endow ℘(Σ∗) with the structure of a bounded ℓ-monoid, taking ∩, ∪, and language
concatenation as fundamental operations. We then expand this algebra, denoted by
℘(FΣ), by two additional operations:

• A (forward) diamond ◇ corresponding to prefix-closure;

• A (backward) box q mapping a property P ⊆ Σ∗ to the property qP such that
w ∈ qP iff every prefix of w belongs to P .

Our box operation is the residual [27, 121] of prefix-closure with respect to set-theoretic
inclusion: that is, for P,Q ⊆ Σ∗, ◇P ⊆ Q iff P ⊆ qQ. Moreover, as we shall prove,
q plays a key role in the mathematical foundation for the finite-trace counterpart of a
well-established technique for specifying safety properties through the combination of
future and past modalities in temporal logic [115].
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We study the equational definability of this expanded structure, denoted by ℘(FΣ)+,
starting from the observation that, in a free monoid, the prefix order coincides with the
left divisibility relation. We first show that divisibility preorders on monoids always
satisfy the Riesz Decomposition Property (RDP) [12, 148]. This result allows us to
characterise the general behaviour of inverse image operators (like our ◇) associated
with such preorders. We then proceed with a more fine-grained examination of the
algebraic properties of prefix-closure and provide a number of equations describing the
interaction of ◇ and q with the ℓ-monoid structure.

Next, we introduce the variety LMC of closure ℓ-monoids as a minimal algebraic
model for f-properties to be captured within an analytic proof system. Concretely, we
work with division-free reducts of bounded distributive residuated lattices equipped
with residuated pairs of unary modalities of the form forward diamond/backward box,
where the diamond is a topological closure operator satisfying the inequation◇(x ·y) ≤
◇x ·◇y. The algebra ℘(FΣ)+ turns out to be a closure ℓ-monoid; however, it does not
generate LMC.

Finally, we introduce LMC, a sound and complete Gentzen-style calculus for clo-
sure ℓ-monoids. In designing it, given the expressiveness of our algebraic framework,
we decided to follow the approach established by Belnap’s Display Logic [22], where
the Gentzen terms occurring in derivations are constructed by combining formulas
through structural operators mirroring the behaviour of the logical connectives. Unary
residuation and, more generally, relationships between connectives arising from the
category-theoretic notion of adjunction [96] can be conveniently treated in display sys-
tems [37, 38, 79, 82, 169]. However, with a view to future work on the effective im-
plementability of our research, we do not resort to the full framework of Display Logic
and introduce only the minimal amount of structural machinery required to establish
completeness. As a result, LMC is a single-conclusion system with structural operators
appearing only on the left sides of sequents.

We design LMC building on the division-free fragment of the Distributive Full Lam-
bek Calculus [72, 103, 146], which includes structural operators for monoid multipli-
cation and meet. In particular, the structural meet enables the derivation of the dis-
tributive laws for the lattice operations—an idea independently pioneered by Dunn [56]
and Minc [126] in their work on the positive relevant logic R+. The syntax of struc-
tural terms also includes a structural diamond, whose rules—together with those for
the modal operators—are taken from Moortgat’s system NL(◇) [127]. We show that
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LMC enjoys cut elimination. This result is obtained as a corollary of a mix elimination
theorem, established using a technique originally devised in the context of hypersequent
calculi for fuzzy logics [120] and later employed in the cut elimination of the hyperse-
quent calculus CSemFL [121] for commutative, semilinear pointed residuated lattices.
Finally, we provide a decidability result for LMC by adapting Gentzen’s classical proof
for LK [75, 76].

Outline of Part I In Chapter 1, we provide the necessary background for our al-
gebraic analysis of f-properties. In Chapter 2, we introduce our reference modelling
framework for concurrent systems. In particular, we choose to work within the inter-
leaving paradigm, starting from a notion of trace derived from the computational model
of labelled transition systems (LTSs). Chapter 3 deals with the algebraic theory of f-
properties: we begin by studying the concrete structure ℘(FΣ)+ (Sections 3.1 and 3.2)
and proceed to the variety of closure ℓ-monoids (Section 3.3). In Chapter 4 we present
the Gentzen-style system LMC (Section 4.1), and establish completeness (Section 4.2),
cut elimination (Section 4.3), and decidability (Section 4.4). We conclude by discussing
related work (Section 4.5).

Part II

The study of knowledge-based interactions in dynamic multi-agent systems spans sev-
eral fields, including logic, philosophy, and theoretical computer science. In particular,
concurrency theory and modal logic underlie two closely related strands of research
that intersect across several application domains, such as the formal verification of se-
curity properties of communication protocols (see [53] for a survey and, in particular,
[17, 20, 35, 125]). The combination of approaches from these two areas has been exten-
sively explored in the literature (see, e.g., [100, 101, 85, 52]), but is rarely conducted
within a modelling setting supporting the specification and the simultaneous analy-
sis of dynamic and epistemic properties of systems, for instance in a process-algebraic
paradigm.

The goal of Part II is to develop a unifying framework for the specification and
analysis of knowledge-based dynamic interacting systems, starting from a new model of
computation that encompasses both LTSs and multi-agent Kripke frames. Our model of
computation, which we call a Kripke labelled transition system (KLTS ), implements the
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natural idea of linking each state of an LTS to a multi-agent Kripke frame, thereby pro-
viding a uniform foundation for modelling and reasoning about both system dynamics
and the evolution of agents’ knowledge.

After presenting KLTSs, we introduce EHML (Epistemic Hennessy–Milner Logic),
a formalism obtained by merging Hennessy–Milner Logic HML [90] with the normal
multimodal logic S5n [87]. The models of EHML are “epistemic” KLTSs, that is, KLTSs
whose states are associated with frames for S5n. Although EHML was originally intro-
duced in [5], we present here a syntactically refined version of it, together with a new
Hilbert-style proof system, and prove soundness and completeness with respect to its
intended semantics. Moreover, by leveraging classical decidability results [87] for Kn

and S5n, we provide a decision procedure for provability in EHML. We also establish a
Hennessy–Milner theorem for our logic, showing that it induces a bisimulation, which,
for image-finite models, exactly matches modal equivalence between states. Finally, we
situate our logic within the existing literature, paying particular attention to its rela-
tionship with frameworks for combining logics [34] and dynamic epistemic logic [165].

To emphasise the expressiveness and usability of the KLTS model, we define on
top of it ECCS, a process-algebraic language for the specification and verification of
real-world concurrent multi-agent systems. The language is organised in layers in order
to facilitate the description of agent behaviour, network topology, and communication
policies underlying knowledge transfer. The presentation is accompanied by running
examples drawn from the FIPA standards for heterogeneous and interacting agents and
agent-based systems [141].

Outline of Part II In Chapter 5, we begin by developing the theory of KLTSs
(Section 5.1). We then introduce the syntax and semantics of EHML (Section 5.2) and
present completeness and decidability results (Section 5.3). Subsequently, we prove
our Hennessy–Milner theorem for EHML (Section 5.4) and conclude the chapter with a
discussion of related work (Section 5.5).

In Chapter 6, we introduce the process calculus ECCS by first defining a basic
CCS-inspired calculus for sequential processes with value passing (Section 6.1). We
then define the notion of an ECCS-agent, whose behaviour can be specified through
our process algebra (Section 6.2). Finally, we provide operational semantic rules for
modelling concurrency and interactions among ECCS-agents (Section 6.3).
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Note to the reader

Throughout this thesis, ⋏, ⋎, ⇒, ⇔, ∀, and ∃ denote metatheoretical conjunction,
disjunction, material implication, material equivalence, universal quantification, and
existential quantification, respectively. Our underlying set-theoretic framework is naïve
set theory, under the assumption of the Axiom of Choice.
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Part I

Structural analysis of finite-trace
properties in concurrent systems



Chapter 1

Algebraic background

We begin by recalling some basic algebraic concepts and results that will be used in
the subsequent chapters. For background and terminology not covered here, we refer
the reader to standard sources in universal algebra [23, 30, 116], lattice theory [48, 81],
residuation theory [27], and the general theory of ordered algebraic structures [65].

1.1 Preliminaries on universal algebra

Recall that, for F a set of operation symbols, a (similarity) type over F is a func-
tion ν : F → N assigning to each f ∈ F an integer ν(f) called the arity of f . We fol-
low the customary convention of identifying types ν : F → N with sequences ⟨ν(f)⟩f∈F ,
with arities listed in non-increasing order. As usual, algebras and their universes are
denoted using boldface and italics, respectively. The symbol X will always denote a
countable set of variables (ranged over by x, y, z, . . . ). Fix a type ν : F → N. For
n ∈ N, let Fn be the set of all n-ary operation symbols in F . Elements of F0 are
called constant symbols. From now on, for notational convenience, the metavariable c
will be used in place of f to denote constant symbols. We also define F≥1 :=

⋃︁
n≥1 Fn.

An algebra of type ν (ν-algebra) is a pair A = ⟨A, {fA}f∈F ⟩, where A is a non-
empty set, called the universe of A, and for each f ∈ F , fA is a ν(f)-ary operation on
A. If c ∈ F0, then cA is a distinguished element of A (called a constant). We denote
by Alg(ν) the class of all ν-algebras. Let ν : F → N and ν ′ : F ′ → N be types such
that F ⊊ F ′ and ν = ν ′ ↾ F . If A ∈ Alg(ν) and A′ ∈ Alg(ν ′) have the same universe,
then A is called a reduct of A′, and A′ an expansion of A.
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Let A and B be ν-algebras. A homomorphism h : A → B of A into B is a function
h : A→ B such that for all f ∈ F≥1 and all a1, . . . , an ∈ A:

h(fA(a1, . . . , an)) = fB(h(a1), . . . , h(an)).

Moreover, if F0 ̸= ∅, then h(cA) = cB, for all c ∈ F0. If h is surjective, we say that B is
a homomorphic image of A. We adopt the standard terminology whereby injective and
bijective homomorphisms are referred to as embeddings and isomorphisms, respectively.
We write A ∼= B if A and B are isomorphic.

The set Tν(X) of terms of type ν over X is defined by the BNF:

t ::= x | c | f(t1, . . . , tν(f))

where x ∈ X, c ∈ F0, f ∈ F≥1, and t1, . . . , tν(f) ∈ Tν(X).
A term t ∈ Tν(X) is said to be n-ary if all the variables occurring in it are taken

from {x1, . . . , xn} ⊆ X. In this case we write t(x1, . . . , xn). Note that constant symbols
qualify as n-ary terms, for all n such that {x1, . . . , xn} ⊆ X.

Terms of type ν form the universe of a ν-algebra with symbols in F acting as term-
forming operations. The term algebra of type ν over X is the ν-algebra Tν(X) with
universe Tν(X) and operations defined by:

cTν(X) := c fTν(X)(t1, . . . , tν(f)) := f(t1, . . . , tν(f))

for all c ∈ F0, f ∈ F≥1, and t1, . . . , tν(f) ∈ Tν(X).
Let A be a ν-algebra. For t(x1, . . . , xn) ∈ Tν(X), the term operation tA associated

with t is defined by the following recursive clauses:

1. If t = xi, for 1 ≤ i ≤ n, then tA is the projection map ⟨a1, . . . , an⟩ ↦→ ai.

2. If t is a constant symbol c, then tA is the constant map ⟨a1, . . . , an⟩ ↦→ cA.

3. If t = f(t1(x1, . . . , xn), . . . , tm(x1, . . . , xn)), for an m-ary f ∈ F≥1, then for all
a1, . . . , an ∈ A, tA(a1, . . . , an) := fA(tA1 (a1, . . . , an), . . . , t

A
m(a1, . . . , an)).

1.1.1 Fundamental constructions

Definition 1.1.1. Let A,B ∈ Alg(ν). We say that B is a subalgebra of A (written
B ≤ A) if B ⊆ A and fB = fA ↾B for every operation symbol f ∈ F .

11



A subuniverse of an algebra A is a set B ⊆ A such that fA[B] ⊆ B. We write
Sub(A) for the set of subuniverses of A. Clearly, B ≤ A only if B ∈ Sub(A).

Lemma 1.1.2. [30, Thm. 6.3] Direct and inverse images of homomorphisms preserve
subuniverses.

Definition 1.1.3. For G ⊆ A, define the subuniverse of A generated by G as the set

SgA(G) :=
⋂︂

{B ∈ Sub(A) | G ⊆ B}.

Whenever SgA(G) = A, we denote A by A(G) and say that G generates A.

Lemma 1.1.4. [30, Thm. 6.2] Let h1, h2 : A(G) → B be homomorphisms. If h1(a) =
h2(a) for every a ∈ G, then h1 = h2.

Definition 1.1.5. An equivalence relation θ on the universe of a ν-algebra A is a
congruence on A if, for every f ∈ F and all a1, . . . , aν(f), b1, . . . , bν(f) ∈ A:

for all 1 ≤ i ≤ ν(f), ⟨ai, bi⟩ ∈ θ implies ⟨fA(a1, . . . , aν(f)), f
A(b1, . . . , bν(f))⟩ ∈ θ

We denote by Con(A) the set of congruences on A.

Definition 1.1.6. For a ν-algebra A and θ ∈ Con(A), the quotient algebra A/θ has
universe A/θ and operations defined by

cA/θ := [cA]θ fA/θ([a1]θ, . . . , [aν(f)]θ) := [fA(a1, . . . , aν(f))]θ

for all c ∈ F0, f ∈ F≥1, and [a1]θ, . . . , [aν(f)]θ ∈ A/θ.

Definition 1.1.7. Let A/θ be a quotient of a ν-algebra A. The map [−]θ : A → A/θ

defined by a ↦→ [a]θ is called the natural homomorphism of A onto A/θ.

Proposition 1.1.8. [30, Thm. 6.10] Let A ∈ Alg(ν) and θ ∈ Con(A). Then A/θ is a
homomorphic image of A under [−]θ.

Definition 1.1.9. If h : A → B is a homomorphism, then

kerh := {⟨a, b⟩ ∈ A2 | h(a) = h(b)}

is a congruence on A called the kernel of h.
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The following theorem shows that homomorphic images and quotient algebras are
equivalent constructions.

Homomorphism Theorem. [30, Thm. 6.12] Let h : A → B be a surjective homomor-
phism. Then there exists an isomorphism h̃ : A/ kerh→ B such that h = h̃ ◦ [−]kerh.

In what follows, let {Ak}k∈K be an arbitrary indexed family of ν-algebras.

Definition 1.1.10. The direct product of {Ak}k∈K is the ν-algebra
∏︁

k∈K Ak with
universe ∏︂

k∈K

Ak =

{︄
a : K →

⋃︂
k∈K

Ak | ∀k ∈ K (a(k) ∈ Ak)

}︄
and operations defined as follows:

c
∏︁

k∈K Ak(k) := cAk f
∏︁

k∈K Ak(a1, . . . , aν(f))(k) = fAk(a1(k), . . . , aν(f)(k))

for all c ∈ F0, f ∈ F≥1, and a1, . . . , aν(f) ∈
∏︁

k∈K Ak.

For j ∈ K, the j-th projection map of
∏︁

k∈K Ak is the surjective homomorphism
pj :

∏︁
k∈K Ak → Aj defined by a ↦→ a(j).

Lemma 1.1.11. Let
∏︁

k∈K Ak be a direct product of ν-algebras. For every ν-algebra A

and homomorphisms {hk : A → Ak}k∈K, there exists a unique homomorphism h! : A →∏︁
k∈K Ak such that hj = pj ◦ h!, for all j ∈ K.

1.1.2 Varieties, equations, and free algebras

For K ⊆ Alg(ν), we denote by H(K), S(K), and P(K) the classes of homomorphic
images, subalgebras, and direct products of members of K, respectively. We assume
that all classes under consideration are closed under isomorphisms.

Definition 1.1.12. A variety is a class V ⊆ Alg(ν) that is closed under H, S, and P.

If V is the least variety extending a given class X of ν-algebras, we say that V is
generated by X and write V = V(X). If X = {A}, then we write V(A) instead of
V({A}). As showed by Tarski [160], A ∈ V(X) iff A is a homomorphic image of a
subalgebra of a direct product of members of X.

Theorem 1.1.13. [160, p. 164] V(X) = HSP(X).
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Definition 1.1.14. An equation (of type ν) over X is a pair ⟨s, t⟩ ∈ Tν(X)2, denoted
by s ≈ t. If ν is a type for lattice-based structures, equations of the form s∧ t ≈ s and
s ∨ t ≈ t are rewritten as s ≤ t and referred to as inequations. In the same context,
each equation s ≈ t is split into inequations s ≤ t and t ≤ s.

Definition 1.1.15. A ν-algebra A satisfies an equation s ≈ t (written A |= s ≈ t) iff
h(s) = h(t) for all h : Tν(X) → A (hence if sA = tA).

Satisfaction of sets of equations by algebras, and of equations or sets of equations
by classes of algebras, is defined in the usual way.

Definition 1.1.16. The equational theory of a class K ⊆ Alg(ν) is the set

The(K) := {s ≈ t ∈ Tν(X)2 | K |= s ≈ t}.

By the equational theory of a ν-algebra A, we mean the equational theory of {A}.

The following lemma shows that the equational theories of varieties coincide with
those of their generators.

Lemma 1.1.17. [116, Lem. 4.128] For any class K of ν-algebras:

The(K) = The(H(K)) = The(S(K)) = The(P(K)) = The(V(K)).

Definition 1.1.18. Let K be a class of ν-algebras. The equational consequence relation
⊨K associated with K is defined as follows: for every set Φ ∪ {s ≈ t} of equations,
Φ ⊨K s ≈ t if and only if, for every A ∈ K and every homomorphism h : Tν(X) → A,
if h(s′) = h(t′) for all s′ ≈ t′ ∈ Φ, then h(s) = h(t).

Definition 1.1.19. An equational class of ν-algebras is the class of all models of some
set Φ of equations.

We owe to Birkhoff [24] the following fundamental result.

Theorem 1.1.20. [24, Th. 10] Let K ⊆ Alg(ν). Then K is an equational class iff K is
a variety.

Definition 1.1.21. A quasi-equation (of type ν) over X is a definite Horn clause
c
Φ ⇒ s ≈ t, with Φ ∪ {s ≈ t} a finite set of equations.

14



Definition 1.1.22. A ν-algebra A satisfies a quasi-equation
c
Φ ⇒ s ≈ t (written

A |=
c
Φ ⇒ s ≈ t) iff Φ ⊨{A} s ≈ t. This lifts naturally to classes of ν-algebras, so we

have K |=
c
Φ ⇒ s ≈ t iff Φ ⊨K s ≈ t.

Definition 1.1.23. Let K be a class of ν-algebras. We say that a ν-algebra A(G) has
the universal mapping property (UMP) over G for K if, for every B ∈ K, any map
ϕ : G→ B extends uniquely to a homomorphism hϕ : A(G) → B. In this case, A(G) is
said to be free for K over G.

Freeness is preserved by downward class inclusion and variety generation.

Lemma 1.1.24. [116, Lem. 4.109] For K,K1,K2 ⊆ Alg(ν), the following hold:

1. If A(G) is free for K2 over G and K1 ⊆ K2, then A(G) is free for K1 over G.

2. If A(G) is free for K over G, then it is free for V(K) over G.

Definition 1.1.25. Let us define

Θ(K, X) :=
⋂︂

{θ ∈ Con(Tν(X)) | A/θ ∈ S(K)}

Set X := {[x]Θ(K,X) | x ∈ X}. The quotient algebra FK(X) = Tν(X)/Θ(K, X), freely
generated by X, is called the (K-)free algebra over X.

Since the construction of FK(X) depends on (the cardinality of) X, when no ambi-
guity arises we denote this structure by FX .

Example 1.1.26. [116, pp. 239–240] Let Σ be a countable alphabet. The set Σ∗ :=⋃︁
n∈N Σ

n of all finite sequences (strings) over Σ forms a monoid under string concate-
nation, with the empty string ε as the identity element. It is straightforward to verify
that this is the free M-algebra over Σ, where M is the variety of monoids. Take
Σ as a set of variables, and let h be the homomorphism of T⟨2,0⟩(Σ) onto ⟨X∗, ·, ε⟩
sending each term t ∈ T⟨2,0⟩(Σ) to the string over Σ obtained by deleting all opera-
tion symbols in t, while preserving order and multiplicity of variable occurrences (e.g.,
h((x · (y · 1)) · x) = xyx; clearly h(1) = ε). Since h is surjective, by the First Iso-
morphism Theorem, T⟨2,0⟩(Σ)/ kerh ∼= ⟨Σ∗, ·, ε⟩. Finally, observe that if two terms s
and t differ by even a single variable, then they are not equivalent modulo kerh;
hence kerh ⊆ Θ(M,Σ), and consequently kerh = Θ(M,Σ).
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Lemma 1.1.27. [116, Cors. 4.119, 4.132] A variety V contains free algebras FX for
any X ̸= ∅. Moreover, if X has infinitely many elements, then V = V(FX).

Lemma 1.1.28. [116, Thm. 4.127] For any variety V, free algebras FX ∈ V have
exactly the same equational theory as V. That is, for all s, t ∈ Tν(X),

V |= s ≈ t ⇔ ⟨s, t⟩ ∈ Θ(V, X) ⇔ sFX = tFX ⇔ FX |= s ≈ t.

1.2 On (pre)ordered monoids

1.2.1 Basic concepts

In what follows, for d ∈ {l, r}, we write x ·d y to denote monoid multiplication with
argument positions determined by d. Specifically:

x ·d y =

⎧⎨⎩x · y if d = l,

y · x if d = r

Finally, we define l := r and r := l.

Definition 1.2.1. Let ⪯ be a preorder on (the universe of) a monoid M. We say that
⪯ is compatible with multiplication if, for all a, b, c ∈M and d ∈ {l, r}:

a ⪯ b ⇒ c ·d a ⪯ c ·d b (COMP)

If (COMP) holds just for d = l (resp. d = r), then we say that ⪯ is l-compatible (resp.
r-compatible) with multiplication.

Definition 1.2.2. A preordered (resp. partially ordered) monoid is a pair ⟨M,⪯⟩
where M is a monoid and ⪯ is a preorder (resp. partial order) satisfying (COMP).
Analogously, for a fixed d ∈ {l, r}, we call ⟨M,⪯⟩ a d-preordered (resp. partially d-
ordered) monoid if ⪯ is a preorder (resp. a partial order) that is d-compatible with
multiplication.

Definition 1.2.3. An ℓ-monoid (short for lattice-ordered monoid) is a partially ordered
monoid ⟨M,⪯⟩ where ⪯ is a lattice order.2

2These structures were introduced by Birkhoff [25, §XIII] under the name of lattice-ordered semi-
groups.
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We denote by LM the class of all ℓ-monoids. This is in fact a variety, as an ℓ-monoid
may be defined as an algebra M = ⟨M, ·,∧,∨, 1⟩ of type ⟨2, 2, 2, 0⟩ such that ⟨M, ·, 1⟩ is
a monoid, ⟨M,∧,∨⟩ is a lattice, and multiplication distributes over join on both sides,
i.e., for d ∈ {l, r}, the following equation holds:

x ·d (y ∨ z) ≈ (x ·d y) ∨ (x ·d z) (DMJ)

One readily verifies that (DMJ) implies (COMP). Recall that the {∧}-free reducts of
ℓ-monoids form the variety ISR of idempotent semirings, which is axiomatised by
equations for monoids, join-semilattices, and the distributivity equation (DMJ). An ℓ-
monoid is bounded if so is its lattice reduct. In this case, we consider a type expansion
with constants ⊥ and ⊤ for the bounds, and assume the axioms ⊥ ≤ x and x ≤ ⊤.

In what follows, we deal with ℓ-monoids whose underlying lattices are distributive.
However, we avoid the term “distributive ℓ-monoid”, which is typically reserved for
inverse-free reducts of ℓ-groups [45].

1.2.2 Divisibility in monoids

In monoids and, more generally, in algebras with a monoid reduct, divisibility preorders
provide a natural generalisation of the classical divisibility relation on integers.

Definition 1.2.4. Let M ∈ M, and let a, b ∈M . For d ∈ {l, r}, define:

a |d b⇔ ∃c ∈M (b = a ·d c)

Whenever a |l b (resp. a |r b), we say that b is left-divisible (resp. right-divisible) by a
and call a a left divisor (resp. right divisor) of b. We call |l and |r the left and right
divisibility relations on M, respectively3.

The following lemma collects some well-known facts about divisibility in monoids.

Lemma 1.2.5. For a monoid M = ⟨M, ·, 1⟩, the structure ⟨M, |d⟩ is a preordered set
with least element 1. Moreover, for all a, b, c ∈M , the following conditions hold:

1. If a |d 1, then a admits a right inverse when d = l, and a left inverse when d = r;

2. If a |d b, then a |d b ·d c;
3Clearly, if M is commutative, then |l and |r coincide.
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3. If a |d b, then c ·d a |d c ·d b (that is, |d is d-compatible with multiplication).

4. Let ⟨N,⪯⟩ be a partially ordered monoid with least element 1N. For every homo-
morphism h : M → N, if a |d b, then h(a) ⪯ h(b).

Proof. Since multiplication is unital, |d is reflexive and satisfies 1 |d a for all a ∈M . As
for transitivity, let a, b, c ∈ M with a |d b and b |d c. Then there exist d, e ∈ M such
that b = a ·d d and c = b ·d e. It follows that c = (a ·d d) ·d e = a ·d (d ·d e), so setting
f = d ·d e we have c = a ·d f , and therefore a |d c. Hence, |d is a preorder.

We now proceed to prove conditions (1)–(4).

1. If a |d 1, then a ·d b = 1 for some b ∈ M . It follows that b is a right (resp. left)
inverse of a when d = l (resp. d = r).

2. Suppose that a |d b; that is, b = a ·d d for some d ∈ M . Then, for any c ∈ M ,
b ·d c = (a ·d d) ·d c = a ·d (d ·d c), hence a |d b ·d c.

3. If c ·d a ∤d c ·d b, then c ·d b ̸= (c ·d a) ·d d = c ·d (a ·d d) for all d ∈M . Hence b ̸= a ·d d
for all d ∈M , so a ∤d b.

4. The claim follows immediately from the fact that ⪯ satisfies (COMP) and that
1N ⪯ r for all r ∈ N . Together, these conditions yield r ⪯ r ·d s for all r, s ∈ N .
Hence, for a, b, c ∈ M , if b = a ·d c, then h(a) ⪯ h(a) ·d h(c) = h(b), as required.
Finally, note that b = 1M implies h(a) = h(b) = h(c) = 1N.

Left and right divisibility can equivalently be expressed in terms of inclusion between
principal ideals. For a ∈M and d ∈ {l, r}, let M ·d a := {b ·d a | b ∈M}. If d = l (resp.
d = r), then a ·d M is called the principal left (resp. right) ideal generated by a.

Proposition 1.2.6. In any monoid, for d ∈ {l, r}, a |d b iff M ·d b ⊆M ·d a.

We now recall a sufficient condition under which divisibility preorders are partial
orders.

Definition 1.2.7. Consider the following quasi-equations of type ⟨2, 0⟩:

z ·d x ≈ z ·d y ⇒ x ≈ y (where d ∈ {l, r}) (CANC)

x · y ≈ 1 ⇒ x ≈ 1 (CON1)

x · y ≈ 1 ⇒ y ≈ 1 (CON2)
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A monoid is said to be cancellative [42] if it satisfies (CANC), and conical [170] if it
satisfies both (CON1) and (CON2).

Observe that cancellativity allows to reduce equations in analogy with the simplifica-
tions permitted by inverses in groups4. Conicality, in turn, expresses the non-existence
of non-trivial invertible elements in a monoid. In other words, a monoid is conical when
the only element admitting both a right and a left inverse is the unit (which there-
fore coincides with its inverses). The following examples show that cancellativity and
conicality are independent notions.

Example 1.2.8. Free monoids, as well as ⟨N,+, 0⟩, are both cancellative and conical.
A monoid with an absorbing element cannot be cancellative, but it may still be conical
(the most obvious example is ⟨N, ·, 1⟩). A well-known class of conical non-cancellative
monoids is the variety of join-semilattices with zero (dually, meet-semilattices with
unit). On the other hand, a noteworthy example of a cancellative but non-conical
monoid is ⟨{0, 1},⊕, 0⟩, where ⊕ is the XOR operator. This monoid is cancellative,
since c⊕ a never coincides with c⊕ b when a ̸= b5. Moreover, 1⊕ 1 = 0 although 1 ̸= 0,
so conicality does not hold. Finally, the monoid of transformations f : A→ A on a set
A is neither cancellative nor conical. Indeed, h ◦ f = h ◦ g does not generally imply
f = g, and the identity map idA is not the unique invertible element, as every bijection
is invertible too.

Proposition 1.2.9. If a monoid is both cancellative and conical, then its divisibility
preorders are antisymmetric.

Proof. Let now M be a cancellative, conical monoid. For d ∈ {l, r} and a, b ∈ M ,
suppose that a |d b and b |d a. Then there exist c, d ∈M such that b = a·dc and a = b·dd.
Substituting a ·d c for b in the second expression gives a = (a ·d c) ·d d = a ·d (c ·d d). As
a = a ·d 1, by cancellativity it follows that c ·d d = 1. Since M is conical, this implies
c = d = 1. Hence a = b ·d 1 = b.

4In fact, any group trivially satisfies (CANC). For this reason, cancellativity plays a key role in the
study of the embeddability of semigroups into groups. In particular, it is a necessary and sufficient
condition for embedding a commutative semigroup into a group, whereas in the non-commutative case
it is only necessary. For details, see [42, §1.10] and [43, §12].

5Note that ⟨{0, 1},⊕, 0⟩ is the inverse-free reduct of the Abelian group ⟨{0, 1},⊕,′ , 0⟩, where ′ is
defined by x′ ≈ x (i.e., each element is its own inverse).
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In the following chapters, we shall focus on divisibility in free monoids. In this
setting, it is straightforward to observe that left (resp. right) divisibility corresponds
to the prefix (resp. suffix ) relation on strings. The following result is a corollary of the
preceding discussion.

Proposition 1.2.10. Let FΣ be a free monoid. Then, for d ∈ {l, r}, the structure
⟨FΣ, |d⟩ is a d-partially ordered monoid with least element ε.

1.3 Unary residuation

Definition 1.3.1. Let A = ⟨A,⪯A⟩ and B = ⟨B,⪯B⟩ be partially ordered sets
(posets). A map f : A→ B is residuated if there exists a map g : B → A such that

f(a) ⪯B b⇔ a ⪯A g(b), (1RES)

for all a ∈ A and all b ∈ B. When (1RES) holds, we say that g is the (right) residual
of f , and we call ⟨f, g⟩ a residuated pair.

We refer to (1RES) as the unary residuation law. The following result provides a
necessary and sufficient condition for (1RES).

Proposition 1.3.2. [73, Lem. 3.2] Let A and B be posets, and let f : A → B and
g : B → A be maps. Then ⟨f, g⟩ is a residuated pair if and only if:

1. both f and g are order-preserving;

2. idA ⪯A g ◦ f and f ◦ g ⪯B idB, where (with a slight abuse of notation) ⪯A and
⪯A denote the pointwise orders on the sets of self-maps on P and Q, respectively.

We now recall some basic facts about residuated pairs (for details, see [73, Lems. 3.1
and 3.3] and [121, Lem. 1.2.8]).

Proposition 1.3.3. Let A, B be posets, and let ⟨f, g⟩ be a residuated pair with f : A→
B and g : B → A. The following conditions hold:

1. for a ∈ A, b ∈ B, f(a) = min{b | a ⪯A g(b)} and g(b) = max{a | f(a) ⪯B b};

2. g ◦ f and f ◦ g are, respectively, a closure and an interior operator;
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3. f ◦ g ◦ f = f and g ◦ f ◦ g = g.

4. If minA (resp. maxB) exists, then minB (resp. maxA) exists as well, and
f(minA) = minB (resp. maxA = g(maxB)).

Unary residuation is naturally realised by certain pairs of operators defined from
binary relations (see again, for example, [73, pp. 143–144] or [121, Ex. 1.2.2]). We
recall this construction in the following example, introducing a notation that will be
adopted in the following chapters.

Example 1.3.4. Let A and B be sets, and let R ⊆ A×B. The direct image operator
yR and the inverse image operator ◇R associated with R are defined as follows:

yR : ℘(A) → ℘(B) ◇R : ℘(B) → ℘(A)

C ↦→ {b ∈ B | ∃c(cRb⋏ c ∈ C)} D ↦→ {a ∈ A | ∃d(aRd⋏ d ∈ D)}

where C ⊆ A and D ⊆ B. Note that ◇R can equivalently be defined as the direct
image operator associated with the converse relation R−1 (i.e. ◇R = yR−1). Both yR

and ◇R are residuated w.r.t. the inclusion order ⊆, with residuals respectively defined
by:

◻R : ℘(B) → ℘(A) qR : ℘(A) → ℘(B)

D ↦→ {a ∈ A | ∀d(aRd⇒ d ∈ D)} C ↦→ {b ∈ B | ∀c(cRb⇒ c ∈ C)}

In the preceding example, when A = B, the pair ⟨A,R⟩ may be regarded as a Kripke
frame for some modal logic, and the operator definitions give rise to the semantic clauses
for the usual connectives ◇,◻ and their “backward” counterparts y,q6. Clearly, if R
is symmetric (as in the case of the modal logic S5), then ◇ = y and ◻ = q.

In the present dissertation, we consider residuated pairs of the form ⟨◇,q⟩ defined
from partial orders.

Definition 1.3.5. Let A be a poset. A subset D ⊆ A is a downset in A if a ∈ D and
b ⪯ a imply b ∈ D, for all a, b ∈ A. The principal downset generated by an element
a ∈ A is the set ↓a := {b ∈ A | b ⪯ a}. For B ⊆ A, we define ↓B :=

⋃︁
b∈B ↓b. We call

↓B the downset generated by B.
6For instance, if R is interpreted as a temporal precedence relation, the resulting structure yields

a frame for Prior’s Tense Logic [144], with ◇,◻,y, and q corresponding, respectively, to the tense
modalities F,G, P, and H.
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It is immediate to to check that ↓ defines a closure operator on ⟨℘(A),⊆⟩. Moreover,
observe that

⋃︁
b∈B ↓b = {a ∈ A | ∃b(a ⪯ b ⋏ b ∈ B)}. Hence ↓B = ◇⪯B. By (1RES),

Prop. 1.3.3 (1), and the axioms for closure operators, it follows that q⪯ is an interior
operator defined by C ↦→

⋃︁
{B | ◇⪯B ⊆ C}, for any C ⊆ A.
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Chapter 2

Modelling framework for concurrent
systems

2.1 LTSs and their trace-based specification

The mathematical representation of concurrency can be given within a variety of mod-
elling paradigms [154, 171]. We place ourselves within the framework of interleaving
concurrency and take labelled transition systems (LTSs) [98] as our reference model
of computation. This is a natural choice, as LTSs provide the operational semantics
for process calculi like CCS [122] or CSP [93]; however, the following discussion can be
readily adapted to automata, Kripke structures, and similar models.

Definition 2.1.1. A labelled transition system (LTS ) is a triple T = ⟨S,Act , T ⟩ where:

• S is a nonempty set of states ;

• Act is a nonempty set of actions ;

• T ⊆ S × Act × S is a transition relation.

A rooted LTS is a quadruple T = ⟨S,Act , T, s0⟩ where ⟨S,Act , T ⟩ is an LTS and s0 ∈ S

is a distinguished state called the initial state.

All LTSs considered in this dissertation are assumed to be rooted, so we henceforth
write “LTS” for “rooted LTS”.
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Definition 2.1.2. Given an LTS T = ⟨S,Act , T, s0⟩, we refer to elements of T as
transitions and, for s, s′ ∈ S and a ∈ Act , we write s a−→ s′ if ⟨s, a, s′⟩ ∈ T . A path in T
is a (possibly infinite) sequence of transitions such that whenever si

ai−→ sj and sk
aj−→ sh

occur consecutively, we have sj = sk. We denote paths using the streamlined notation
· · · si

ai−→ sj
aj−→ sk · · · . A path is rooted if its first transition starts from s0.

Running example. We consider an LTS, which we call E , modelling a simplified
request-response protocol (the system architecture is displayed in Figure 2.1). At
the initial state, the action conn establishes a connection between client and server.
The client then transmits a request via snd. At this stage, the system evolves non-
deterministically depending on the server’s response: if the request is correctly received,
the server sends an acknowledgement and the requested data (action ack, from s2 to
s4); otherwise, the server signals a transmission problem via a negative acknowledgment
(action nack, from s2 to s3) and the protocol resets (action end, from s3 to s0). In s4,
the client may either terminate the protocol by executing end and returning to s0 or
initiate another request (action req, from s4 to s1).

s0
s1 s2

s4

s3

conn snd

nack

ack

end

end

req

Figure 2.1: Request-response protocol.

Paths in LTSs provide an immediate representation of the behaviour of the systems
being modelled. However, to formalise (temporal) properties of concurrent processes
and to study their structure, we require an additional abstraction, which is provided
by the notion of an execution trace. As in the following chapters we do not address any
specific class of concurrent systems, for the general definitions in the present subsection
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we adopt the perspective of “mixed” executions, following [149, 136]. In particular, by
slightly adapting the modelling framework proposed in [41, §7.2.2], we represent traces
as finite or infinite sequences of state/action pairs, and classify them as valid or invalid
according to a formal notion of compatibility with the transition relation.

Definition 2.1.3. For T = ⟨S,Act , T, s0⟩ an LTS, let ΣT := S×Act . A T -trace is any
sequence of elements from ΣT , possibly empty or infinite.

For ⟨s, a⟩ ∈ ΣT , we define projections proj 1 : ⟨s, a⟩ ↦→ s and proj 2 : ⟨s, a⟩ ↦→ a.
Treating ΣT as an alphabet, finite T -traces correspond to words in Σ∗

T , and infinite
ones to ω-words in Σω

T . Whenever it is necessary to distinguish finite from infinite
traces, we use w, u, v, . . . (possibly with annotations) to denote elements of Σ∗

T , and
α, β, γ, . . . to denote elements of Σω

T . For mixed traces, we adopt the same notation as
in the finite case. If w is a finite trace, we denote by |w| its length. Let Σ∞

T := Σ∗
T ∪Σω

T .
We say that v ∈ Σ∗

T is a prefix of w ∈ Σ∞
T (written v ⊑ w) if there exists u ∈ Σ∞

T

such that w = vu. Finally, we define pref (w) := {v ∈ Σ∗
T | v ⊑ w}. For w ∈ Σ∞

T and
i ∈ N, w[i] and w[▷i] respectively denote the i-th pair occurring in w and the prefix
w[0], . . . , w[i].

Definition 2.1.4. Let T be an LTS. A finite T -trace w ∈ Σ∗
T is valid iff:

for all i < |w| − 1, proj 1(w[i])
proj 2(w[i])−−−−−−→ proj 1(w[i+ 1]) (VAL∗)

Similarly, an infinite T -trace α ∈ Σω
T is valid if and only if:

for all i ∈ N, proj 1(α[i])
proj 2(α[i])−−−−−−→ proj 1(α[i+ 1]) (VALω)

A T -trace w ∈ Σ∞
T is invalid if it is not valid.

Definitions 2.1.3 and 2.1.4 show that the notion of a trace captures and extends that
of a path, as each valid trace corresponds to a unique path. From the perspective of
formal verification, the distinction between valid and invalid traces may appear redun-
dant, since only traces corresponding to paths are relevant in that context. However, as
we will see, it becomes useful when one aims to provide an algebraic characterisation of
properties of finite traces as subsets of a free monoid. This in no way affects verification:
determining whether a valid trace satisfies a property reduces to checking whether it
belongs to a set of strings with certain features, regardless of whether the set contains
only valid traces or also includes invalid ones.
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Running example. Below are examples of valid E-traces with their associated paths.

Class Example E-trace Path

Σ∗
E

⟨s0, conn⟩⟨s1, snd⟩⟨s2, ack⟩⟨s4, end⟩ s0
conn−−−→ s1

snd−−→ s2
ack−−→ s4

(⟨s1, snd⟩⟨s2, nack⟩⟨s3, end⟩⟨s0, conn⟩)3
π

conn−−−→ π
conn−−−→ π, where

π = s1
snd−−→ s2

nack−−−→ s3
end−−→ s0

ΣωE
(⟨s0, conn⟩⟨s1, snd⟩⟨s2, nack⟩⟨s3, end⟩)ω s0

conn−−−→ s1
snd−−→ s2

nack−−−→ s3
end−−→ s0 · · ·

(⟨s1, snd⟩⟨s2, ack⟩⟨s4, req⟩)ω s1
snd−−→ s2

ack−−→ s4
req−−→ s1 · · ·

The following are instead examples of invalid E-traces:

any element of ΣE ⟨s1, snd⟩(⟨s2, ack⟩⟨s2, nack⟩)∗ ⟨s0, conn⟩ω

2.2 Trace properties for LTSs

We now discuss trace properties for LTSs, beginning with the general case of mixed
executions and then turning to finite-trace models.

2.2.1 The mixed case

We now discuss trace properties for LTSs, beginning with the general case of mixed
executions and then turning to finite-trace models.

Definition 2.2.1. Let T be an LTS. A trace property for T is any set P ⊆ Σ∞
T . A

T -trace w satisfies a property P if w ∈ P .

Remark 2.2.2. Note that an LTS T may be identified with a special trace prop-
erty, namely the set VT of its valid traces. In our setting, let FV T := {w ∈ Σ∗

T |
w satisfies (VAL∗)} and IV T := {w ∈ Σω

T | w satisfies (VALω)}. Then VT := FV T ∪
IV T .

Definition 2.2.3. For T an LST, let P ⊆ Σ∞
T . Consider the following conditions:

∀w ∈ Σ∞
T (w ∈ P ⇔ pref (w) ⊆ P ) (SP∞)

∀w ∈ Σ∗
T ∃w′ ∈ P (w ∈ pref (w′)) (LP∞)

Then P is a safety property [149] if it satisfies (SP∞) and is a liveness property [136] if
it satisfies (LP∞).
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Remark 2.2.4. ∅ is a safety property, while Σ∗
T and Σ∞

T are both safety and liveness
properties.

The computational interpretation of conditions (SP∞) and (LP∞) is well known [10].
A safety property S is satisfied by a trace w if S is preserved in each prefix of w. If w is
valid, this amounts to saying that no event violating S occurs during the computation;
if it did, it would be observable in some finite subcomputation—possibly in the last
transition of the path associated with w, when w is finite. In turn, an execution
satisfies a liveness property L if some event witnessing L eventually occurs during the
computation—possibly in the limit, in the case of infinite behaviours. Formally, any
finite trace w ∈ Σ∗

T admits an extension, finite or infinite, to a trace w′ ∈ Σ∞
T that

satisfies L.

Remark 2.2.5. A classical theorem by Alpern and Schneider [10, Thm. 1] states that
in infinite-trace systems, every property is the intersection of a safety and a liveness
property. This is established via a topological argument, as in that context safety
and liveness correspond, respectively, to closure and density in the Plotkin topology of
observable properties7. Pasqua and Mastroeni [136, Prop. 3] generalised this result to
mixed traces, showing that (SP∞) and (LP∞) define the closed and dense sets in the
topology on Σ∞

T induced by the closure operator P ↦→ lim(
⋃︁
w∈P pref (w)), where lim is

the Eilenberg-limit operator [60].

Running example. Consider the following system policies for E :

1. The client never receives a message from the server before having sent a request.

2. Whenever the client forwards a request to the server, it receives a response.

Following the terminology of Manna and Pnueli [115], policies (1) and (2) are instances
of the causal dependence and responsiveness property patterns, respectively.

Policy (1) prescribes that neither state s3 nor state s4 can be reached before the
system has entered state s2. In other words, E cannot enable actions ack or nack

without having previously enabled action snd. Abstractly, this policy corresponds to
the set P1 of w ∈ Σ∞

E such that, for every substring w[i− 1]w[i] with proj 2(w[i− 1]) ∈
{ack, nack}, there exists j < i with proj 2(w[j − 1]) = snd. Observe that, for any
w ∈ P1 and v ⊑ w, the prefix v also satisfies P1. If v contains a pair of the form ⟨s, ack⟩

7For further details, see Smyth [157].
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or ⟨s, nack⟩, it must be preceded by some pair ⟨s′, snd⟩. If v contains no ⟨s, ack⟩ or
⟨s, nack⟩ pair, then the property holds vacuously. Conversely, let w ∈ Σ∞

T be such
that pref (w) ⊆ P1. If w is finite, then trivially w ∈ P1; if w is infinite, suppose for
a contradiction that w /∈ P1. Then there exists i ∈ N such that w[▷i] /∈ P1, but this
is impossible since all prefixes of w are in P1. Therefore, P1 is a safety property and
can be formalised both in classical LTL [139] and in its finite-trace variant LTLf [50] by
means of the following formula [156] (where U is the until operator):

¬(¬request U (response ∧ ¬request))

Policy (2) states that once the system reaches s2, it is guaranteed to subsequently
reach either state s3 or state s4. Therefore, enabling snd implies the eventual execution
of ack or nack. We can thus define the abstract property corresponding to this policy
as the set P2 of E-traces w ∈ Σ∞

E such that, for every substring w[i − 1]w[i] with
proj 2(w[i − 1]) = snd, there exists j > i with proj 2(w[j − 1]) ∈ {ack, nack}. P2 is a
liveness property: any v ∈ Σ∗

E is indeed a prefix of some w ∈ P2. The formalisation
of P2 in LTL or LTLf is given by the following formula (where G and F are the globally
and eventually operators, respectively):

G(request → F (response))

Observe that all valid E-traces satisfy both P1 and P2, that is, VE ⊆ P1 and VE ⊆ P2.

2.2.2 The finite case

We proceed to examine f-properties. In this case, for an LTS T , our domain of reference
is simply ℘(Σ∗

T ), while T itself may be specified as the f-property FV T defined in
Remark 2.2.2. As shown in Proposition 1.2.10, the prefix relation ⊑ is the left divisibility
order on Σ∗

T ; hence, for w ∈ Σ∗
T , pref (w) is the principal downset ↓w in ⟨Σ∗

T ,⊑⟩. The
inverse image operator ◇ = ◇⊑ on ℘(Σ∗

T ) defined by

◇P :=
⋃︂
w∈P

pref (w) = {v ∈ Σ∗
T | ∃w(v ⊑ w ⋏ w ∈ P )}

is called the prefix-closure operator. Since ⊑ is a partial order, ◇ is a topological closure
operator on ⟨℘(Σ∗

T ),⊆⟩, i.e. for P,Q ⊆ Σ∗
T , it satisfies the Kuratowski axioms:

(D1) P ⊆ ◇P ;
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(D2) ◇◇P = ◇P ;

(D3) ◇(P ∪Q) = ◇P ∪◇Q;

(D4) ◇ ∅ = ∅

Roşu [149] observed that the notion of safety for f-properties coincides precisely with
being a fixpoint of ◇, while Pasqua and Mastroeni [136] showed that restricting (LP∞)
to finite traces characterises liveness f-properties as those whose image under ◇ is the
entire Σ∗

T . We can thus restate Definition 2.2.3 as follows:

Definition 2.2.6. For T an LST, let P ⊆ Σ∗
T . Consider the following conditions:

◇P = P (SP∗)

◇P = Σ∗
T (LP∗)

Then P is a safety f-property [149] if it satisfies (SP∗) and is a liveness f-property [136]
if it satisfies (LP∗).

One easily checks that restricting (SP∞) to Σ∗
T yields a condition equivalent to (SP∗).

Proposition 2.2.7. For all P ⊆ Σ∗
T , ◇P = P iff P = {w ∈ Σ∗

T | pref (w) ⊆ P}.

Proof. Suppose that P is a fixpoint of ◇. Since ◇P =
⋃︁
w∈P pref (w), it follows that

pref (v) ⊆ ◇P = P for all v ∈ P . This establishes the left-to-right implication. For the
converse, assume ad absurdum that P ̸= ◇P and that P = {w ∈ Σ∗

T | pref (w) ⊆ P}.
Since ◇ is a closure operator, we then have P ⊊ ◇P , hence there exists v ∈ ◇P such
that v ̸∈ P . But then, for some u ∈ P , we must have v ∈ pref (u), and as pref (u) ⊆ P ,
it follows that v ∈ P—a contradiction.

Running example. The properties P1 and P2 introduced in Subsection 2.2.1 for mixed
traces can be restricted to the finite case by defining P1,f := P1∩Σ∗

E and P2,f := P2∩Σ∗
E .

In this setting, the temporal logic specification naturally reduces to LTLf alone.

Remark 2.2.8. Pasqua and Mastroeni [136, §3.2] define liveness f-properties as follows:

L ⊆ Σ∗
T is liveness ⇔ ∀w ∈ Σ∗

T ∃w′ ∈ L (w ⊑ w′).

Observe that the existentially quantified subformula is precisely the requirement for w
to belong to ◇L. Hence we can rewrite:

L ⊆ Σ∗
T is liveness ⇔ ∀w ∈ Σ∗

T (w ∈ ◇L).

Therefore L is a liveness f-property if and only if Σ∗
T ⊆ ◇L, and thus Σ∗

T = ◇L.
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The following result is an immediate consequence of the above discussion.

Proposition 2.2.9. [136, Prop. 1] Safety and liveness f-properties are, respectively,
the closed and dense sets in the topology over Σ∗

T induced by ◇.
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Chapter 3

Algebraic theory of finite-trace
properties

In this chapter, we develop an algebraic framework for representing f-properties, with
a focus on those specified via the prefix-closure operator ◇ and its residual q = q⊑.
As noted in the Introduction, for a free monoid FΣ = ⟨Σ∗, ·, ε⟩, several algebras can be
defined on ℘(Σ∗). In what follows, we adopt a “minimal” approach, taking as our base
structure the bounded ℓ-monoid ℘(FΣ) = ⟨℘(Σ∗),∩,∪, ·, {ε}, ∅,Σ∗⟩, where multiplica-
tion in the monoid reduct ⟨℘(Σ∗), ·, {ε}⟩ is given by the standard language concatenation
defined as P ·Q := {vw | v ∈ P ⋏ w ∈ Q} for P,Q ⊆ Σ∗.

Let ℘(FΣ)+ be the algebra obtained by expanding ℘(FΣ) with the residuated pair
⟨◇,q⟩. The algebraic model we are going to introduce, which we refer to as a closure
ℓ-monoid, arises as an abstraction of ℘(FΣ)+ (see Lemma 3.3.5). The reasons for this
are twofold. First, to the best of our knowledge, there is no complete axiomatisation of
℘(FΣ), nor is it known whether such an axiomatisation could be finitary. Second, as we
shall see, the proof-theoretic framework adopted in Chapter 4 is too restrictive to permit
the derivation of (the sequent counterparts of) some conditions holding in ℘(FΣ)+.

3.1 Prefix-closure

We begin by examining how ◇ interacts with the operations of ℘(FΣ). In the case
of lattice operations, ◇ behaves as a standard S4 diamond. Hence, using conditions
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(D1)–(D4) in Subsection 2.2.2, one readily shows, for instance, that

P ⊆ Q⇒ ◇P ⊆ ◇Q ◇(P ∩Q) ⊆ ◇P ∩◇Q ◇(P ∩Q) = ◇(◇P ∩◇Q)

for all P,Q ⊆ Σ∗. As for constants, we already know that ◇ preserves ∅. Of course,
◇Σ∗ = Σ∗, and since ε = min⟨Σ∗,⊑⟩, we also have ◇{ε} = {ε}. What is less immedi-
ate, however, is how ◇ behaves with respect to language concatenation. First, observe
that for P,Q ⊆ Σ∗, a word w belongs to ◇(P ·Q) if there exists uv ∈ P ·Q (with u ∈ P

and v ∈ Q) such that exactly one of the cases in the following table applies.

Case 1. w ⊑ u, w ̸= u Case 2. w = u
u v

w

u v

w

Case 3. w = uv′, v′ ⊑ v, v′ ̸= v, v′ ̸= ε Case 4. w = uv
u v

w

u v

w

Table 3.1: The structure of elements of ◇(P ·Q).

From the cases in Table 3.1, it follows immediately that the following property holds
in ⟨FΣ,⊑⟩, for all u, v, w ∈ Σ∗:

w ⊑ uv implies w = u′v′, with u′ ⊑ u and v′ ⊑ v (RDP∗)

Readers having some familiarity with the theory of ℓ-groups will have recognised in
(RDP∗) a particular instance of the well-known Riesz Decomposition Property (RDP)8.
It is a standard fact that the RDP is satisfied by some structures with weaker require-
ments than ℓ-groups (e.g. Riesz groups [66]). We show that any monoid endowed with
a divisibility preorder has the RDP. In the following lemma, for a monoid M, d ∈ {l, r},
and elements a1, . . . , an ∈ M , we denote by [a1 · · · an]d the product a1 · · · an if d = l,
and an · · · a1 if d = r.

8Originally introduced in the context of functional analysis [148], specifically in connection with
vector lattices, the RDP is defined for ℓ-groups as follows [12, p. 3]. Let ⟨G,⪯⟩ be an (additive) ℓ-group.
Define G+ := {a ∈ G | 0 ≺ a} (this set is called the positive cone of ⟨G,⪯⟩). Let a1, . . . , an ∈ G+.
Then ⟨G,⪯⟩ has the RDP if 0 ⪯ b ⪯

∑︁
1≤i≤n ai implies b =

∑︁
1≤i≤n bi with 0 ⪯ bi ⪯ ai, for all

i ∈ {1, . . . , n}.
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Lemma 3.1.1. Let M be a monoid. Then, for d ∈ {l, r}, ⟨M, |d⟩ has the RDP.

Proof. We prove by induction on n ∈ Z+ that, for all a1, . . . , an, b ∈M :

b |d [a1 · · · an]d implies b = [b1 · · · bn]d, with bi |d ai for i ∈ {1, . . . , n} (RDP)

The base case (n = 1) is immediate. Suppose now that (RDP) holds for n = j (j > 1);
that is, whenever b |d [a1 · · · aj]d, we have b = [b1 · · · bj]d with bi |d ai for all i ≤ j. Let
b |d [a1 · · · aj]d, and take aj+1 ∈ M . By Lem. 1.2.5(2), we have b |d [a1 · · · ajaj+1]d and
bj |d aj ·d aj+1. By the induction hypothesis, we thus have bj = b′j ·d bj+1 with b′j |d aj
and bj+1 |d aj+1. Hence b = [b1 · · · bj−1b

′
jbj+1]d, and (RDP) holds for n = j + 1.

Corollary 3.1.2. ⟨FΣ,⊑⟩ has the RDP.

From the above considerations, we obtain three fundamental laws linking · and ◇.

Proposition 3.1.3. For all P,Q ⊆ Σ∗, the following conditions hold:

◇(P ·Q) ⊆ ◇P ·◇Q (K)

◇(P ·Q) = ◇P ∪ (P ·◇Q) (C)

P ∩Q ⊆ ◇(P ·Q) (I)

Proof. It is straightforward to check that (K) is equivalent to (RDP∗). We further
observe that ⟨FΣ,⊑⟩ may be viewed as an expanded ternary frame in which string con-
catenation and the prefix order serve, respectively, as accessibility relations for language
concatenation and prefix closure on ℘(Σ∗)9. In such a setting, (RDP∗) is precisely the
first-order frame condition corresponding to (K).

For the left-to-right inclusion of (C), suppose that w ∈ ◇(P · Q). Then w ⊑ uv

for some u ∈ P and v ∈ Q. Let us reconsider Table 3.1. In Case 1, we have w = u′,
for u′ a proper prefix of u, and v = ε. Case 2 is analogous, except that w = u′ = u.
In either situation, we observe that w ∈ ◇P . In Case 3, we have w = uv′ for v′ a
proper, non-empty prefix of v. Since u ∈ P and v′ ∈ ◇Q, it follows that w ∈ P ·◇Q.
Finally, in Case 4, where w = uv, since u ∈ P and v ∈ Q ⊆ ◇Q, we again obtain
w ∈ P · ◇Q. Conversely, suppose that w ∈ ◇P ∪ (P · ◇Q). Therefore, w is either

9Abstracting away from the specific structure under consideration, this is nothing but the frame
semantics employed for modal Lambek calculi within the framework of categorial type logics [13, 14,
109, 127].
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a (possibly improper) prefix of some string in P , or it is obtained by concatenating a
string in P with a (possibly improper) prefix of some string in Q. Observe that these
conditions are precisely those expressed in Table 3.1; hence w ∈ ◇(P ·Q).

Finally, suppose that w ∈ P ∩ Q. Then w2 ∈ P · Q, and since w ⊑ w2, it follows
that w ∈ ◇(P ·Q). This establishes (I).

Remark 3.1.4. One easily verifies that, for all w, u, v ∈ Σ∗, the first-order frame
conditions corresponding to (C) and (I) are, respectively,

w ⊑ uv ⇔ (w ⊑ u⋎ ∃v′ (v′ ⊑ v ⋏ w ⊑ uv′)) and w ⊑ w2.

Observe that (K) and (I) hold for every operator◇|d defined from a divisibility preorder.

3.2 On the operator q

We now briefly discuss some properties of the residual q of◇, showing how it naturally
arises in the trace-based specification of concurrent systems and why it provides a useful
addition to our algebraic model for f-properties.

We first review some basic algebraic laws involving q (complete proofs will be given
in the next subsection, together with proofs of further equations). We have seen that,
in the {∩,∪,◇, ∅,Σ∗}-reduct of ℘(FΣ)+, prefix closure is essentially an S4 diamond.
When examining the interaction between q and ◇, however, the residuation law leads
us to a setting that is instead reminiscent of S5, as well as of tense logics with both
future and past modalities. In particular, by Prop. 1.3.2(2), we have

P ⊆ q◇P and ◇qP ⊆ P

for all P ⊆ Σ∗. Since the prefix relation is a partial order, by residuation, q is a
topological interior operator on ⟨℘(Σ∗),⊆⟩, that is, it satisfies the duals of the four
Kuratowski axioms, namely

(B1) qP ⊆ P ;

(B2) qqP = qP ;

(B3) q(P ∩Q) = qP ∩qQ;

(B4) qΣ∗ = Σ∗.

34



for all P,Q ⊆ Σ∗. Analogously to the case of ◇, in the {∩,∪,q}-reduct of ℘(FΣ)+, q
is an S4 box. Indeed, from (B1)–(B4), one derives, for example:

qP ∪qQ ⊆ q(P ∪Q) and q(P ∪Q) = q(qP ∪qQ)

Moreover, by (B1), the empty set is a fixed point of q. By Prop. 1.3.3(2), we also
know that the compositions q◇ and ◇q are, respectively, a closure and an interior
operator. These modalities in fact coincide with◇ and q themselves: applying (1RES)
to◇◇P = ◇P andqqP = qP yields◇P = q◇P andqP = ◇qP , respectively. As
for the interaction with language concatenation, one can show, for example, a condition
dual to (K): since ◇(qP ·qQ) ⊆ ◇qP ·◇qQ, ◇qP ⊆ P , and ◇qQ ⊆ Q, we obtain
◇(qP ·qQ) ⊆ P ·Q; hence, by (1RES), qP ·qQ ⊆ q(P ·Q).

Most importantly, residuation, together with the closure and interior properties of
our operators, implies that the fixed points of ◇ coincide with those of q. This not
only entails that q preserves {ε}, but also allows for an alternative characterisation of
safety f-properties. This is what we are about to discuss.

Manna and Pnueli [115] showed that, in the context of infinite-trace systems, safety
properties can be specified by appropriately combining past and future operators in
temporal logic. In what follows, we denote by LTLB [62] the standard extension of
classical LTL (with next and until) with the past connectives previous and since. Two
LTLB-formulas φ, ψ are initially equivalent if α, 0 ⊩ φ iff α, 0 ⊩ ψ, for all α ∈ Σω

T . It
is well known that LTL and LTLB are equally expressive with respect to initial equiva-
lence [71].

For an LTS T , let A : ℘(Σ∗
T ) → ℘(Σω

T ) be defined by Q ↦→ {α ∈ Σω
T | pref (α) ⊆ Q}.

This operator is used in [115] to define safety for infinite traces: a set P ⊆ Σω
T is a safety

property if and only if P = A(Q) for some Q ⊆ Σ∗
T . Let now φ be an LTLB-formula.

We define Sat(φ) := {α ∈ Σω
T | α ⊩ φ}, that is, the property corresponding to φ.

We say that φ is a past formula if it is either an atomic proposition or if it contains
only past operators. A finite trace w ∈ Σ∗

T end-satisfies a past formula φ (written
w ⊩e φ) if there exists α ∈ Σω

T such that w ⊑ α and α, |w| − 1 ⊩ φ. In other words,
w ⊩e φ if there exists an infinite extension α of w in which the satisfaction of φ depends
on its truth at the last position of w, and therefore, since φ is a “backward looking”
formula, on the whole w. We write eSat(φ) := {w ∈ Σ∗

T | w ⊩e φ} for the f-property
given by all finite traces end-satisfying φ. An f-property Q ⊆ Σ∗

T is expressible in LTLB

if Q = eSat(φ), for some past formula φ. Observe that safety properties A(eSat(φ))
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coincide with the properties Sat(Gφ), where G is the globally operator [115, p. 392].
Indeed, we have:

α ∈ Sat(Gφ) ⇔ α ⊩ Gφ

⇔ w ⊩e φ for all w ∈ pref (α)

⇔ pref (α) ⊆ eSat(φ)

⇔ α ∈ A(eSat(φ)).

Formulas of the form Gφ are called safety formulas. It is therefore clear that every
safety formula specifies a safety property expressible in LTL by means of a formula ψ
that is initially equivalent to Gφ.

Running example. Let us consider the safety property P1 introduced in the previous
section. We have seen that, for infinite traces, it can be specified by the LTL-formula
¬(¬request U (response ∧ ¬request)), which is initially equivalent to the LTLB-formula
G(response → P (request)), where P is the once operator (see [156]).

We show how the above outlined framework readily adapts to the case of finite
traces. Let PLTLf be the pure-past counterpart of LTLf . It is well-known that these
two logics are expressively equivalent [49]. For a PLTLf -formula φ, we denote by φ▷

an LTLf -formula that is equivalent to φ. Then, in LTLf , we have:

w ∈ Sat(Gφ▷) ⇔ v ⊩ φ for all v ∈ pref (w)

⇔ pref (w) ⊆ Sat(φ▷)

⇔ w ∈ qSat(φ▷).

Clearly, Gφ▷ specifies a safety property. Indeed, Sat(Gφ▷) = qSat(φ▷) = ◇qSat(φ▷).
This allows us to provide an alternative, residuation-theoretic proof of Prop. 2.2.7:

P ⊆ Σ∗
T is a safety property ⇔ P = ◇P

⇔ P = qP

⇔ P = {w ∈ Σ∗
T | ∀v(v ⊑ w ⇒ v ∈ P )}

⇔ P = {w ∈ Σ∗
T | pref (w) ⊆ P}

We conclude that the residuation relation between ◇ and q underlies the finite-trace
variant of the Manna-Pnueli method for specifying safety properties by means of past
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formulas. To the best of our knowledge, this connection between residuation and the for-
mal specification of properties has not been explicitly recognised in the model-checking
and temporal-logic communities, and it deserves further investigation.

3.3 Closure ℓ-monoids

In this section, we introduce and study the variety of closure ℓ-monoids, conceived as
an algebraic abstraction—amenable to a characterisation in structural proof-theoretic
terms—of f-properties specified by means of ◇ and q.

Definition 3.3.1. A closure ℓ-monoid is an algebra A = ⟨A, ·,∧,∨,◇,q, 1,⊥,⊤⟩ such
that ⟨A,∧,∨,⊥,⊤⟩ is a bounded distributive lattice, ⟨A, ·,∧,∨, 1⟩ is an ℓ-monoid, ⊥ is
an absorbing element for monoid multiplication, and ◇,q are unary operations defined
by the following equations:

1. x ≤ ◇x

2. ◇◇x ≈ ◇x

3. ◇(x ∨ y) ≈ ◇x ∨◇y

4. q(x ∧ y) ≈ qx ∧qy

5. ◇(x · y) ≤ ◇x ·◇y

6. ◇qx ≤ x

7. x ≤ q◇x

We denote by LMC the variety of closure ℓ-monoids.

Example 3.3.2. The algebra ℘(FΣ)+ is a closure ℓ-monoid. In general, let ⟨M,⪯⟩ be
a monoid endowed with a preorder satisfying the RDP. Then

℘(M)+ = ⟨℘(M), ·,∩,∪,◇⪯,q⪯, {1}, ∅,M⟩

is a closure ℓ-monoid. It follows that, for d ∈ {l, r}, any algebra ℘(M)+ arising from
⟨M, |d⟩ is in LMC.

Recall that an interior operator ι on an ℓ-monoid M is a co-nucleus [73, §3.14.16] if
the following conditions are satisfied, for all a, b ∈M :

ι(ι(a) · ι(b)) = ι(a) · ι(b) (CN1)

ι(a) · ι(1) = ι(1) · ι(a) = ι(a) (CN2)

If ι satisfies just (CN1), then it is called a weak co-nucleus [31]. Note that, in ℘(FΣ)+,
q satisfies both (CN1) and (CN2).
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Lemma 3.3.3. In any closure ℓ-monoid, ⟨◇,q⟩ is a residuated pair where ◇ is a
topological closure operator and q is a weak co-nucleus10. Moreover, the two operators
preserve the bounds.

Proof. Let A ∈ LMC. By axioms (3) and (4), both ◇ and q are order-preserving.
Together with (6) and (7), this implies that ⟨◇,q⟩ is a residuated pair (Prop. 1.3.2).
Note that ◇⊥ = ⊥ by Prop. 1.3.3(4). It then follows from axioms (1), (2), and (3)
that ◇ is a topological closure operator. Moreover, since ⊤ ≤ ◇⊤ by (1), ◇ is bound-
preserving.

We now prove that q is a weak co-nucleus. Let a, b ∈ A. First, observe that from
(1) and (6) we obtain qa ≤ ◇qa ≤ a, and therefore, by transitivity, qa ≤ a. Hence q
is contractive, and in particular qqa ≤ qa. Next, since (6) and (2) yield ◇◇qa ≤ a,
repeated application of (1RES) gives qa ≤ qqa. Thus q is idempotent. Since it is also
meet-preserving, we conclude that q is an interior operator. It is in fact a topological,
bound-preserving one, as q⊤ = ⊤ by Prop. 1.3.3(4) and q⊥ ≤ ⊥ by contractiveness. It
remains to verify thatqa·qb = q(qa·qb). By (5),◇(qa·qb) ≤ ◇qa·◇qb. Note that
◇qa = qa: the right-to-left inequality follows from (1), while the converse is obtained
from qa ≤ qqa using (1RES). Hence ◇(qa ·qb) ≤ ◇qa ·◇qb can be rewritten as
◇(qa ·qb) ≤ qa ·qb. Applying (1RES), we conclude that qa ·qb ≤ q(qa ·qb). Since
the converse inequality holds by contractiveness, we obtain q(qa ·qb) = qa ·qb.

In the proof of the preceding lemma we derived some important laws from the axioms
in Definition 3.3.1. We report them below.

(i) qx ≤ x;

(ii) qqx ≈ qx;

(iii) q(qx ·qy) ≈ qx ·qy;

(iv) ◇qx ≈ qx

(v) ◇⊥ ≈ ⊥;

(vi) ◇⊤ ≈ ⊤;

(vii) q⊥ ≈ ⊥;

(viii) q⊤ ≈ ⊤;

In the next result we extend the above list with further noteworthy equations.

Lemma 3.3.4. The following equations hold in any closure ℓ-monoid:

10We thank Simon Santschi for pointing out the weak co-nuclearity of q.
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(ix) ◇(x ∧ y) ≤ ◇x ∧◇y;

(x) qx ∨qy ≤ q(x ∨ y);

(xi) q◇x ≈ ◇x;

(xii) ◇(◇x ·◇y) ≈ ◇x ·◇y;

(xiii) ◇(◇x ∧◇y) ≈ ◇x ∧◇y;

(xiv) q(qx ∨qy) ≈ qx ∨qy.

(xv) qx ·qy ≤ q(x · y).

Moreover, x ≤ ◇y ⊨LMC ◇x ≤ ◇y and ◇x ≤ ◇y ⊨LMC x ≤ ◇y.

Proof. Again, let A ∈ LMC and let a, b ∈ A.

(ix) Since ◇ is order-preserving, we have ◇(a ∧ b) ≤ ◇a and ◇(a ∧ b) ≤ ◇b. The
desired inequality then follows by lattice-theoretic properties.

(x) Dual argument to (ix).

(xi) By (i), we have q◇a ≤ ◇a. Moreover, by (2), ◇◇a ≤ ◇a, and hence by
(1RES) we conclude that ◇a ≤ q◇a.

(xii) By (1), we have ◇a ·◇b ≤ ◇(◇a ·◇b). As for the converse, (5) gives ◇(◇a ·
◇b) ≤ ◇◇a ·◇◇b, and an application of (2) then yields the desired inequality.

(xiii) Analogous argument to (xii), using (ix) in place of (5).

(xiv) By (i), we have q(qa ∨ qb) ≤ qa ∨ qb. Now, since q is order-preserving,
qqa ≤ q(qa ∨ qb) and qqb ≤ q(qa ∨ qb). It follows, by (ii) and lattice-
theoretic properties, that the right-to-left inequality holds.

(xv) By (5), (6), and order preservation of ·, we have◇(qa·qb) ≤ ◇qa·◇qb ≤ a·b.
Hence, the desired inequality follows by transitivity and (1RES).

Finally, suppose that a ≤ ◇b. Then ◇a ≤ ◇◇b, and hence, by (2), ◇a ≤ ◇b.
Conversely, if ◇a ≤ ◇b, then, by (1) and transitivity, it follows that a ≤ ◇b.

Lemma 3.3.5. LMC ̸= V(℘(FΣ)+).

Proof. We aim to show that there exists an equation satisfied by ℘(FΣ)+ but not
by LMC. Our candidate is ◇(x · y) ≤ ◇x ∨ (x ·◇y), which abstracts the left-to-right
direction of (C). Let EndA = ⟨EndA, ◦, idA⟩ be the monoid of self-maps on a set A.
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Consider the closure ℓ-monoid ℘(EndA)+ = ⟨℘(EndA), ◦,∩,∪,◇,q, {idA}, ∅,EndA⟩,
where ◇ = ◇|l , q = q|l , and for all F,G ⊆ EndA, F ◦G := {f ◦ g | f ∈ F, g ∈ G}.

We begin by observing that, for f, g ∈ EndA, f |l g iff there exists f ′ ∈ EndA such
that g = f ◦ f ′, i.e., the diagram in Figure 3.1 is commutative.

A A

A

f ′

g
f

Figure 3.1: Left divisibility in EndA.

We now establish that ℘(EndZ)+ ̸|= ◇(x · y) ≤ ◇x∨ (x ·◇y). If the opposite were
true, then, in particular ◇({f ◦ g}) ⊆ ◇{f} ∪ ({f} ◦◇{g}), for all f, g ∈ EndZ

11. We
show that, for a suitable choice of f, g ∈ EndZ, there exists k ∈ EndZ such that k |l f ◦g
and both of the following conditions hold:

1. k ∤l f ;

2. for all m ∈ EndZ such that m |l g, it holds that k ̸= f ◦m.

Let f, g ∈ EndZ be defined as follows, for n ∈ Z:

f(n) :=

⎧⎨⎩1 if n ≤ 0,

2 if n > 0
g(n) := −1

Then f ◦ g is a constant map, as f(g(n)) = 1 for all n ∈ Z. We now seek a left divisor k
of f ◦ g (with respect to ◦) such that there is no h ∈ EndZ satisfying k ◦ h = f . Define

k(n) :=

⎧⎨⎩0 if n ≤ 0,

1 if n > 0

and let k′ : n ↦→ 2. Clearly, for all n ∈ Z, k(k′(n)) = 1 = f(g(n)) and therefore k |l f ◦g.
The functions f and k have, respectively, ranges {1, 2} and {0, 1}, hence k ◦ h ̸= f for
all h ∈ EndZ. This establishes (1). The proof of (2) is immediate: as f takes only the
values 1 and 2, it is clear that k ̸= f ◦m for all m ∈ EndZ, and hence (2) holds.

11Note that ◇({f} ◦ {g}) = ◇({f ◦ g}).
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Chapter 4

The Gentzen-style system LMC

In this chapter, we introduce the Gentzen-style calculus LMC for closure ℓ-monoids.

4.1 Calculus design

Definition 4.1.1. Let ν1 be the similarity type ⟨2, 2, 2, 1, 1, 0, 0, 0⟩. The set Fm of
LMC-formulas is the set of ν1-terms generated over a denumerable set X of variables
according to the BNF:

φ ::= x | 1 | ⊥ | ⊤ | ψ1 · ψ2 | ψ1 ∧ ψ2 | ψ1 ∨ ψ2 |◇ψ |qψ

where x ∈ X and ψ, ψ1, ψ2 ∈ Fm. We define Fm := Tν1(X).

We now introduce a measure for the complexity of formulas. Let cp: Fm → N be
the map defined as follows:

cp(φ) = 0 if φ ∈ X ∪ {1,⊥,⊤}
cp(φ⋇ ψ) = cp(φ) + cp(ψ) + 1 for ⋇ ∈ {·,∧,∨}
cp(◯φ) = cp(φ) + 1 for ◯ ∈ {◇,q}

The structural terms of LMC are generated inductively from formulas by means of two
binary structural operators ◦ and ⊓, a unary structural operator ⟨−⟩, and a structural
constant ϵ. In particular, ⟨◦, ϵ⟩ and ⊓ correspond, respectively, to monoid- and meet-
semilattice-like term grouping, while ⟨−⟩ is intended to express ◇-like term modalisa-
tion.
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Definition 4.1.2. Let ν2 be the similarity type ⟨2, 2, 1, 0⟩. The set Struct of structural
terms for LMC is the set of ν2-terms generated over Fm according to the BNF:

Γ ::= φ | ϵ |∆1 ◦∆2 |∆1 ⊓∆2 | ⟨∆⟩

where φ ∈ Fm, ∆,∆1,∆2 ∈ Struct . We define Struct := Tν2(Fm).

The complexity of structural terms is measured by the map cps : Struct → N defined
by:

cps(Γ) = 0 if Γ ∈ Fm ∪ {ϵ}
cps(Γ⋇∆) = cps(Γ) + cps(∆) + 1 for ⋇ ∈ {◦,⊓}
cps(⟨Γ⟩) = cps(Γ) + 1

Remark 4.1.3. It is important to observe that the syntax of structural terms is not
two-layered, in the sense that the construction of a formula does not constitute a special
case of constructing a structural term. From an algebraic perspective, each Γ ∈ Struct

is just a polynomial symbol generated over Fm, and therefore LMC-formulas (of any
complexity) should be regarded as atomic structural terms. This means that, e.g., x is
a subformula (but not a structural subterm) of x ∧ y.

Definition 4.1.4. An LMC-sequent is a pair ⟨Γ, φ⟩, denoted Γ�φ, where φ ∈ Fm and
Γ ∈ Struct .

Axioms and inference rules of LMC are provided in Table 4.1 where:

• For Γ,∆ ∈ Struct , we write Γ{∆} to indicate a distinguished occurrence of ∆ as a
structural subterm of Γ. We also stipulate that, in any structural term containing
multiple occurrences of expressions of the form Γ{∆}, each instance refers to the
same specific occurrence of ∆ within Γ.

• A rule of the form Γ � φ
∆ � ψ

is shorthand for the two rules Γ � φ
∆ � ψ

and ∆ � ψ
Γ � φ

In the subsequent discussion, we will often need to easily switch between the proof-
theoretic language of LMC and the algebraic language of closure ℓ-monoids, and vice
versa. By the formula translation of a structural term we mean a map ♮ : Struct → Fm

recursively defined as follows:

Γ♮ = Γ (if Γ ∈ Fm)
(Γ ◦∆)♮ = Γ♮ ·∆♮ (Γ ⊓∆)♮ = Γ♮ ∧∆♮

⟨Γ⟩♮ = ◇Γ♮ ϵ♮ = 1
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Axioms and structural rules

initφ � φ
∆ � φ Γ{φ} � ψ

cut
Γ{∆} � ψ

Γ{((∆1 ◦∆2) ◦∆3)} � φ
◦A

Γ{(∆1 ◦ (∆2 ◦∆3))} � φ

Γ{∆} � φ ◦ ϵ
Γ{∆ ◦ ϵ} � φ

Γ{∆} � φ
ϵ ◦

Γ{ϵ ◦∆} � φ
Γ{((∆1 ⊓∆2) ⊓∆3)} � φ

⊓A
Γ{(∆1 ⊓ (∆2 ⊓∆3))} � φ

Γ{∆1} � φ
⊓W1

Γ{∆1 ⊓∆2} � φ
Γ{∆1 ⊓∆2} � φ

⊓E
Γ{∆2 ⊓∆1} � φ

Γ{∆ ⊓∆} � φ
⊓C

Γ{∆} � φ

Γ{⟨∆1⟩ ◦ ⟨∆2⟩} � φ
K

Γ{⟨∆1 ◦∆2⟩} � φ
Γ{⟨∆⟩} � φ

T
Γ{∆} � φ

Γ{⟨∆⟩} � φ
4

Γ{⟨⟨∆⟩⟩} � φ

Logical rules

Γ{φ ◦ ψ} � χ
· L

Γ{φ · ψ} � χ
Γ1 � φ Γ2 � ψ

·R
Γ1 ◦ Γ2 � φ · ψ

Γ � φ
·1

Γ � φ · 1
Γ � φ

1·
Γ � 1 · φ

Γ{φ ⊓ ψ} � χ
∧L

Γ{φ ∧ ψ} � χ
Γ � φ Γ � ψ

∧R
Γ � φ ∧ ψ

Γ{φ} � χ Γ{ψ} � χ
∨L

Γ{φ ∨ ψ} � χ
Γ � φ ∨R1Γ � φ ∨ ψ

Γ � ψ ∨R2Γ � φ ∨ ψ

Γ{⟨φ⟩} � ψ
◇L

Γ{◇φ} � ψ
Γ � φ

◇R⟨Γ⟩ �◇φ
Γ{φ} � ψ

qL
Γ{⟨qφ⟩} � ψ

⟨Γ⟩ � φ
qR

Γ �qφ

Γ{ϵ} � φ
1L

Γ{1} � φ 1R
ϵ � 1

⊥L
Γ{⊥} � φ ⊤R

Γ � ⊤

Table 4.1: The Gentzen-style system LMC.

The reader can easily check that ♮ is a surjective homomorphism of Struct onto the
{∨,q,⊥}-free reduct of Fm. Formula translations of structural terms enable us to
give an (in)equational translation for LMC-sequents, i.e. a map ♯ : Struct ×Fm → Fm2

defined by (Γ � φ)♯ = Γ♮ ≤ φ. Now we want to go the other way round and introduce
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a sequent translation for equations of type ν. Since every equation φ ≈ ψ may be seen
as a pair of inequations {φ ≤ ψ, ψ ≤ φ}, we define a function

♭ : Fm2 ⊎ Fm2 → (Struct × Fm) ∪ ℘(Struct × Fm)

such that: (φ ≤ ψ)♭ = φ � ψ, for every inequation φ ≤ ψ; (φ ≈ ψ)♭ = {φ � ψ, ψ � φ},
for every equation φ ≈ ψ.

Proposition 4.1.5. The following inference rules are derivable in LMC.
Γ{∆2} � φ

⊓W2
Γ{∆1 ⊓∆2} � φ

Γ{φ1} � χ
∧L1

Γ{φ1 ∧ φ2} � χ
Γ{φ2} � χ

∧L2
Γ{φ1 ∧ φ2} � χ

φ1 � ψ1 φ2 � ψ2 ·iso
φ1 · φ2 � ψ1 · ψ2

φ1 � ψ1 φ2 � ψ2 ∧iso
φ1 ∧ φ2 � ψ1 ∧ ψ2

φ1 � ψ1 φ2 � ψ2 ∨iso
φ1 ∨ φ2 � ψ1 ∨ ψ2

Proof. Left to the reader.

In what follows, for r a rule of LMC, (r)↓n denotes n successive applications of r.

Lemma 4.1.6. The sequent translations of all equations in Def. 3.3.1 are derivable in
LMC.

Proof. We first give derivations for equations (1), (2), (5), (6), and (7).
initx � x
◇R⟨x⟩ �◇x
T

x �◇x

initx � x
q L⟨qx⟩ � x
◇L

◇qx � x

initx � x
◇R⟨x⟩ �◇x
qR

x �q◇x

initx � x
◇R⟨x⟩ �◇x
4⟨⟨x⟩⟩ �◇x
(◇L)↓2

◇◇x �◇x

initx � x
◇R⟨x⟩ �◇x

inity � y
◇R⟨y⟩ �◇y
·R⟨x⟩ ◦ ⟨y⟩ �◇x ·◇y

K⟨x ◦ y⟩ �◇x ·◇y
· L⟨x · y⟩ �◇x ·◇y
◇L

◇(x · y) �◇x ·◇y

initx � x
◇R⟨x⟩ �◇x
T

x �◇x
◇R⟨x⟩ �◇◇x
◇L

◇x �◇◇x

Note that, since (◇◇x ≈ ◇x)♭ = {◇◇x � ◇x,◇x � ◇◇x} the equation (2)
corresponds to two derivations (on the bottom right and on the bottom left). The same
applies to (3) and (4). By way of example, we provide the derivations of ◇(x ∨ y) �
◇x ∨◇y and qx ∧qy �q(x ∧ y).

initx � x
◇R⟨x⟩ �◇x

∨R1⟨x⟩ �◇x ∨◇y

inity � y
◇R⟨y⟩ �◇y

∨R2⟨y⟩ �◇x ∨◇y
∨L⟨x ∨ y⟩ �◇x ∨◇y

◇L
◇(x ∨ y) �◇x ∨◇y

initx � x
qL⟨qx⟩ � x

∧L1⟨qx ∧qy⟩ � x

inity � y
qL⟨qy⟩ � y

∧L2⟨qx ∧qy⟩ � y
∧R⟨qx ∧qy⟩ � x ∧ y

qR
qx ∧qy �q(x ∧ y)

The converse cases are left to the reader.
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Example 4.1.7. It is not difficult to exhibit derivations in LMC for the equations proved
in Lemmas 3.3.3 and 3.3.4. For example, here are proofs for the weak co-nuclearity of q.

initx � x
qL⟨qx⟩ � x
4⟨⟨qx⟩⟩ � x
qR⟨qx⟩ �qx

inity � y
qL⟨qy⟩ � y
4⟨⟨qy⟩⟩ � y
qR⟨qy⟩ �qy
·R⟨qx⟩ ◦ ⟨qy⟩ �qx ·qy

K⟨qx ◦qy⟩ �qx ·qy
·L⟨qx ·qy⟩ �qx ·qy
qL⟨⟨q(qx ·qy)⟩⟩ �qx ·qy
(T)↓2

q(qx ·qy) �qx ·qy

initx � x
qL⟨qx⟩ � x
4⟨⟨qx⟩⟩ � x
qR⟨qx⟩ �qx

inity � y
qL⟨qy⟩ � y
4⟨⟨qy⟩⟩ � y
qR⟨qy⟩ �qy
·R⟨qx⟩ ◦ ⟨qy⟩ �qx ·qy

K⟨qx ◦qy⟩ �qx ·qy
qR

qx ◦qy �q(qx ·qy)
·L

qx ·qy �q(qx ·qy)

4.2 Algebraic completeness

We are now going to show that LMC is sound and complete with respect to the variety
of closure ℓ-monoids. First, we check the soundness of individual inference rules.

Lemma 4.2.1. Let s1, . . . , sn
s be a rule of LMC. Then s♯1, . . . , s

♯
n ⊨LMC s

♯.

Proof. The proof is trivial for almost all the rules displayed in Table 4.1. The only rules
for which some caution is required are cut, ⊓W1, K, ∨L, and qL. The reason is that, in
these cases, the subterms appearing in the left-hand sides of sequents are permitted to
occur at an arbitrary depth, yet the rule’s structure alone does not guarantee soundness
(unlike, for instance, with ◦ ϵ, ⊓A, or ◇L).

• Let us start by considering the rules cut, ⊓W1, K, and qL. We first note that all
fundamental operations of closure ℓ-monoids are order-preserving. This implies
that the interpretation of formula translations for structural terms results in term
operations that are inherently order-preserving. Take now Γ{−} to be a structural
term with an empty argument place. For ∆ ∈ Struct and φ, ψ ∈ Fm, suppose
that LMC satisfies Γ{φ}♮ ≤ ψ and ∆♮ ≤ φ. But then LMC |= Γ{∆}♮ ≤ Γ{φ}♮

whence, by transitivity, LMC |= Γ{∆}♮ ≤ ψ. This establishes the soundness of
cut. Analogous arguments apply to the remaining cases.

• We now turn to ∨L. Here, it is easy to see that order preservation is of no help in
checking soundness for this rule. However, by examining the syntax of structural
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terms, we can observe that the counterpart of each structural operator is a join-
distributive connective. Therefore, to prove that ∨L is sound, it is enough to show
that the equation

E := Γ{φ}♮ ∨ Γ{ψ}♮ ≈ Γ{φ ∨ ψ}♮

is satisfied by LMC. We proceed by induction on cps(Γ), recalling that the
formulas, understood as structural terms, have complexity 0. In the base case our
claim clearly holds. Suppose now that LMC |= E for all the instances of ∨L with
structural terms of complexity ≤ n. For ξ ∈ {φ, ψ, φ∨ψ}, let Γ{ξ} := ∆ ◦ Γ′{ξ},
where cps(Γ

′) = n. Since

∆♮ · (Γ′{φ}♮ ∨ Γ′{ψ}♮) ≈ (∆♮ · Γ′{φ}♮) ∨ (∆♮ · Γ′{ψ}♮)

is an instance of a defining equation of LMC and, by induction hypothesis,
LMC |= Γ′{φ}♮ ∨ Γ′{ψ}♮ ≈ Γ′{φ ∨ ψ}♮, we immediately obtain that

LMC |= (∆♮ · Γ′{φ}♮) ∨ (∆♮ · Γ′{ψ}♮) ≈ ∆♮ · Γ′{φ ∨ ψ}♮.

We leave it to the reader to check the cases in which Γ{ξ} is defined as Γ′{ξ} ◦∆,
∆ ⊓ Γ′{ξ}, Γ′{ξ} ⊓∆, and ⟨Γ′{ξ}⟩.

Corollary 4.2.2. Any derivable rule of LMC is sound.

Theorem 4.2.3. Let Γ � φ be an LMC-sequent. Then ⊢LMC Γ � φ iff LMC |= (Γ � φ)♯.

Proof. Drawing upon Lemma 4.2.1, soundness is obtained via a straightforward induc-
tion on the height of derivations in LMC. We establish completeness via the Lindenbaum-
Tarski method. Let Θ(LMC) ⊆ Fm2 be defined by

Θ(LMC) :=
{︁
⟨φ, ψ⟩ ∈ Fm2 | ⊢LMC φ � ψ and ⊢LMC ψ � φ

}︁
.

It is easy to see that Θ(LMC) is an equivalence relation on Fm: it is symmetric by design,
while reflexivity and transitivity follow from the rules init and cut, respectively. We
now show that Θ(LMC) is a congruence on Fm. For φ1, φ2, ψ1, ψ2 ∈ Fm, suppose that
⟨φ1, ψ1⟩, ⟨φ2, ψ2⟩ ∈ Θ(LMC). By using the rules ·iso, ∧iso, and ∨iso from Proposition
4.1.5, we can derive in one step the sequents:

φ1 · φ2 � ψ1 · ψ2 ψ1 · ψ2 � φ1 · φ2

φ1 ∧ φ2 � ψ1 ∧ ψ2 ψ1 ∧ ψ2 � φ1 ∧ φ2

φ1 ∨ φ2 � ψ1 ∨ ψ2 ψ1 ∨ ψ2 � φ1 ∨ φ2
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Therefore ⟨φ1 ⋇ φ2, ψ1 ⋇ ψ2⟩ ∈ Θ(LMC), for ⋇ ∈ {·,∧,∨}. Suppose now that ⟨φ, ψ⟩ ∈
Θ(LMC). Then ⟨◇φ,◇ψ⟩, ⟨qφ,qψ⟩ ∈ Θ(LMC), as shown by the following proofs:

d
φ � ψ

◇R⟨φ⟩ �◇ψ
◇L

◇φ �◇ψ

d′

ψ � φ
◇R⟨ψ⟩ �◇φ
◇L

◇ψ �◇φ

d
φ � ψ

q L⟨qφ⟩ � ψ
qR

qφ �qψ

d′

ψ � φ
q L⟨qψ⟩ � φ
qR

qψ �qφ

We conclude that Θ(LMC) ∈ Con(Fm). We proceed to show that the quotient algebra
Fm/Θ(LMC) is a closure ℓ-monoid. Let ≤LMC be the binary relation on Fm/Θ(LMC)

defined by [φ] ≤LMC [ψ] iff ⊢LMC φ � ψ, for φ, ψ ∈ Fm. Clearly, ≤LMC is a partial order
(reflexifity and transitivity again follow from the rules init and cut; antisymmetry holds
by design). Most importantly, ≤LMC is a lattice order. Indeed it is immediate to check
that [φ] ≤LMC [ψ] is equivalent to [φ] ∧ [ψ] = [φ]. Therefore ⟨Fm/Θ(LMC),∧,∨⟩ is
a lattice. By constructing suitable derivations, it can be readily verified that, for all
φ, ψ, χ ∈ Fm:

([φ] · [ψ]) · [χ] = [φ] · ([ψ] · [χ])
[φ] · [1] = [1] · [φ] = [φ]

[φ] · [⊥] = [⊥] · [φ] = [⊥]

[⊥] ≤LMC [φ] and [φ] ≤LMC [⊤]

[φ] ≤LMC [ψ] ⇒ [φ] · [χ] ≤LMC [ψ] · [χ]
[φ] ≤LMC [ψ] ⇒ [χ] · [φ] ≤LMC [χ] · [ψ]

Hence ⟨Fm/Θ(LMC),∧,∨, ·, [1], [⊥], [⊤]⟩ is a bounded ℓ-monoid with [⊥] an absorbing
element for multiplication. In order to prove distributive laws for lattice operations,
the role of ⊓ is crucial. We just construct derivations for x ∧ (y ∨ z) � (x ∧ y) ∨ (x ∧ z)
and (x ∨ y) ∧ (x ∨ z) � x ∨ (y ∧ z).

initx � x ⊓W1x ⊓ y � x
inity � y ⊓W2x ⊓ y � y
∧Rx ⊓ y � x ∧ y ∨R1

x ⊓ y � (x ∧ y) ∨ (x ∧ z)

initx � x ⊓W1x ⊓ z � x
initz � z ⊓W2x ⊓ z � z ∧Rx ⊓ z � x ∧ z ∨R2

x ⊓ y � (x ∧ y) ∨ (x ∧ z)
∨L

x ⊓ (y ∨ z) � (x ∧ y) ∨ (x ∧ z)
∧L

x ∧ (y ∨ z) � (x ∧ y) ∨ (x ∧ z)
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initx � x ⊓W2
(x ∨ y) ⊓ x � x

∨R1
(x ∨ y) ⊓ x � x ∨ (y ∧ z)

initx � x ⊓W1x ⊓ z � x ∨R1
x ⊓ z � x ∨ (y ∧ z)

inity � y ⊓W1y ⊓ z � y
initz � z ⊓W2y ⊓ z � z
∧Ry ⊓ z � y ∧ z ∨R2

y ⊓ z � x ∨ (y ∧ z)
∨L

(x ∨ y) ⊓ z � x ∨ (y ∧ z)
∨L

(x ∨ y) ⊓ (x ∨ z) � x ∨ (y ∧ z)
∧L

(x ∨ y) ∧ (x ∨ z) � x ∨ (y ∧ z)

Finally, by using Lemma 4.1.6, we immediately see that operations ◇[φ] := [◇φ] and
q[φ] := [qφ] satisfy equations (1)-(7) in Def. 3.3.1. Therefore Fm/Θ(LMC) ∈ LMC.
Let now h : Fm → Fm/Θ(LMC) be the natural homomorphism defined by φ ↦→ [φ] and
suppose that, for Γ � φ an LMC-sequent, LMC |= (Γ � φ)♯. Therefore LMC |= Γ♮ ≤ φ

and, in particular, h(Γ♮) ≤LMC h(φ) in Fm/Θ(LMC). But then, by the definition of
≤LMC, we have ⊢LMC Γ♮ � φ. Since obviously ⊢LMC Γ � Γ♮, by applying cut we get
⊢LMC Γ � φ.

Remark 4.2.4. The sequent translation of the equation ◇(x ·y) ≈ ◇x∨ (x ·◇y) is not
derivable in LMC. In particular, by Lemma 3.3.5, LMC ̸|= ◇(x · y) ≤ ◇x ∨ (x ·◇y).
Therefore, by Theorem 4.2.3, ⊬LMC ◇(x · y) �◇x ∨ (x ·◇y).

4.3 Cut elimination

This section is devoted to proving a cut elimination result for LMC. As the reader will
have observed, in derivations of the form

d1
∆ � φ

d2
Γ{Π{φ} ⊓ Π{φ}} � ψ

⊓C
Γ{Π{φ}} � ψ

cut
Γ{Π{∆}} � ψ

permuting the ⊓C with cut does not result in a decrease in the height of d2. A direct
proof of cut elimination for LMC is therefore precluded. This comes as no surprise, since
analogous situations arise (with respect to contraction rules for different connectives) in
many well-known logical calculi. We follow the standard approach of introducing a mix
rule—which subsumes cut as a special case—to simplify the structure of derivations by
eliminating, in a single move, derivation steps that obstruct induction in cut elimination
arguments. We then establish a mix elimination theorem for LMC (without cut and with
the mix rule), from which cut elimination is obtained as a direct corollary.
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4.3.1 A (weak) mix rule for LMC

The form of a mix rule depends on the intrinsic features of the calculus for which it is
designed. In our framework, two central aspects must be addressed. First, structural
terms of LMC are not sets or multisets, but rather have a tree structure. Second, as in
the case of the substructural logic FLgc [158], the rule ⊓C operates on structural terms,
hence it is a global contraction rule.

For n ≥ 0, let us write Γ⦃∆⦄n to denote a structural term Γ where we distinguish a
family of n occurrences of ∆. Note that each of these occurrences corresponds to a node
in the syntactic tree associated with Γ. Clearly, Γ⦃∆⦄1 is just an alternative notation
for Γ{∆}. The notations Γ{−} and Γ⦃−⦄n can also be combined: we thus write
Γ{Π}⦃∆⦄n to denote a structural term Γ in which both a single occurrence of Π and n
occurrences of ∆ are distinguished. In the case where Π contains an occurrence of ∆, we
write Γ{Π{∆}}⦃∆⦄n if the selected ∆ in Π is included in ⦃∆⦄n, and Γ{Π{∆}}⦃∆⦄n

otherwise. In this setting, assuming the choice of all occurrences of ∆ to be fixed, it is
clear that structural terms of the form Γ{Π{∆}}⦃∆⦄n and Γ{Π{∆}}⦃∆⦄n−1 coincide.

We are now ready to define a mix rule for LMC.

Definition 4.3.1. Let us denote by mix the inference rule

∆ � φ Γ⦃φ⦄n � ψ
Γ⦃∆⦄n � ψ

where Γ⦃∆⦄n is the structural term obtained by replacing, in Γ⦃φ⦄n, each of the n
occurrences of φ with an occurrence of ∆. In an instance of mix, φ is called the mix-
formula. We define LMC⋉ as the system (LMC− cut) +mix.

Note that mix is close in spirit to Kiriyama and Ono’s weak-mix rule for (the propo-
sitional fragment of) FLec [99], in that it permits the simultaneous substitution of some,
but not necessarily all, occurrences of the mix-formula.

Remark 4.3.2. Every instance of cut is nothing but an instance of mix where just one
occurrence of the mix-formula has been singled out. Conversely, every instance of mix

over n occurrences of the mix-formula can be replaced by a sequence of n instances
of cut.
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4.3.2 Mix elimination for LMC⋉

We establish a mix elimination theorem for LMC⋉ by adapting the method of Metcalfe
et al. [120], developed for cut elimination in hypersequent systems for fuzzy logics and
subsequently applied to the hypersequent calculus CSemFL [121]. In what follows, for
d a derivation in LMC⋉, we denote by h(d) its height.

Definition 4.3.3. The rank of an instance of mix

d1
∆ � φ

d2
Γ⦃φ⦄n � ψ

mix
Γ⦃∆⦄n � ψ

is the ordered triple ⟨cp(φ), p(d1), h(d1) + h(d2)⟩, where p(d1) = 0 if d1 ends with an
application of a rule that (read backwards) decomposes φ, and p(d1) = 1 otherwise.
We regard ranks as elements of the partially ordered set ⟨N3,≤lex⟩, where ≤lex is the
lexicographic order defined from three copies of N.

We write ⊢mf
LMC⋉Γ�φ to denote that an LMC⋉-sequent Γ�φ admits a mix-free proof.

Theorem 4.3.4. The rule mix can be eliminated from LMC⋉.

Proof. Our goal is to show that any derivation in LMC⋉ making use of mix can be
transformed into a mix-free one. To this end, it suffices to consider uppermost instances
of mix in derivations. We prove by induction on the mix rank that, if d1 is a mix-free
derivation of ∆ � φ and d2 is a mix-free derivation of Γ⦃φ⦄n � ψ, then it is possible to
construct a mix-free proof of Γ⦃∆⦄n � ψ.

As for the base case, suppose that h(d1) + h(d2) = 2. We consider the following
alternatives:

1. If d1 and d2 are instances of init, then φ = ψ and our claim trivially holds.

2. If d1 is an instance of ⊥L and d2 is an instance of ⊤R, then we have the following
transformation:

⊥L
∆{⊥} � φ ⊤R

Γ⦃φ⦄n � ⊤
mix

Γ⦃∆{⊥}⦄n � ⊤
‧‧➡ ⊥L/⊤R

Γ⦃∆{⊥}⦄n � ⊤

3. If d1 is 1R and d2 is the initial sequent 1�1, then by applying mix we would obtain
ϵ � 1 and so the whole derivation reduces to 1R. The same reasoning applies if:
d1 is the initial sequent ⊥ � ⊥ and d2 is any instance of ⊥L; d1 (d2) is the initial
sequent ⊤ � ⊤ and the endsequent of d2 (d1) is of the form Γ{⊤} � ⊤.
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For the induction step, we distinguish two possible classes of cases:

(i) Either no new occurrence of the mix-formula is introduced on the right side of the
endsequent of d1 or no new occurrence of the mix-formula is introduced on the
left side of the endsequent of d2.

(ii) A new occurrence of the mix-formula is introduced both on the right side of the
endsequent of d1 and on the left side of the endsequent of d2.

Let us begin with the cases falling under (i). Suppose that d1 and d2 end with appli-
cations of unary rules that, respectively, do not introduce any new occurrences of the
mix-formula on the right side of the endsequent of d1 and the left side of the endsequent
of d2. In this case, we have the following transformation:

d1
∆′ � φ

r1
∆ � φ

d2
Γ′ � ψ′

r2
Γ⦃φ⦄n � ψ

mix
Γ⦃∆⦄n � ψ

‧‧➡

d1
∆′ � φ

r1
∆ � φ

d′2
Γ′
⦃φ⦄m � ψ′

mix
Γ′
⦃∆⦄m � ψ′

r2
Γ⦃∆⦄n � ψ

(4.1)

Observe that, although r2 cannot introduce any new occurrence of φ, it may still remove
one (this is the case where r2 = ⊓C). Accordingly, in the right derivation pattern we
require m to be either n or n + 1. As h(d′2) < h(d2), the induction hypothesis (IH)
applies, enabling us to conclude that ⊢mf

LMC⋉ Γ⦃∆⦄n � ψ.
If instead r2 introduces a new occurrence of φ within Γ, then two cases must be

considered. If r2 is ⊓W1, then mix can be smoothly permuted with ⊓W1 as illustrated
in the following transformation schema:

d1
∆′ � φ

r1
∆ � φ

d2
Γ{Π} � ψ

⊓W1
Γ{Π ⊓ φ}⦃φ⦄n � ψ

mix
Γ{Π ⊓∆}⦃∆⦄n � ψ

‧‧➡

d1
∆′ � φ

r1
∆ � φ

d′2
Γ{Π}⦃φ⦄n−1 � ψ

mix
Γ{Π}⦃∆⦄n−1 � ψ

⊓W1
Γ{Π ⊓∆}⦃∆⦄n−1 � ψ

(4.2)

Since Γ{Π ⊓ ∆}⦃∆⦄n−1 = Γ{Π ⊓ ∆}⦃∆⦄n and h(d′2) < h(d2), by the IH we have
⊢mf
LMC⋉ Γ{Π ⊓∆}⦃∆⦄n � ψ.

If r2 is of · L, ∧L, ◇L, or qL, then we start from derivations of the form:

d1
∆′ � φ

r1
∆ � φ

d2
Γ{Π′} � ψ

r2
Γ{Π{φ}}⦃φ⦄n � ψ

mix
Γ{Π{∆}}⦃∆⦄n � ψ

(4.3)
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First, we consider the penultimate step of r2 and replace the possible n− 1 occurrences
of φ that appear in Γ{Π′}:

d1
∆′ � φ

r1
∆ � φ

d′2
Γ{Π′}⦃φ⦄n−1 � ψ

mix
Γ{Π′}⦃∆⦄n−1 � ψ

(4.4)

Observe that, as h(d′2) < h(d2), ⊢mf
LMC⋉ Γ{Π′}⦃∆⦄n−1 � ψ by the IH. We now move up-

wards along d1 until the rule decomposing the mix-formula φ is reached, and, depending
on the structure of Π′, we derive Γ{Π{∆}}⦃∆⦄n�ψ by using (one or more times) lower
ranked applications of mix, each one possibly followed by applications of other rules.
To clarify this point, let us consider the case where r2 = · L, Π′ := φ1 ◦φ2, φ := φ1 ·φ2,
and d1 has the following structure:

d11
∆1{ξ1} � φ1

d12
∆2 � φ2 ·R

∆1{ξ1} ◦∆2 � φ1 · φ2

d13
∆1{ξ2} � φ1

d14
∆2 � φ2 ·R

∆1{ξ2} ◦∆2 � φ1 · φ2 ∨L
∆1{ξ1 ∨ ξ2} ◦∆2 � φ1 · φ2 r1
∆1{ξ1 ∨ ξ2} ◦∆′

2 � φ1 · φ2

(4.5)

Let us define Γ′ := Γ{φ1 ◦φ2}⦃∆1{ξ1∨ξ2}◦∆′
2⦄n−1. We can now apply mix and replace

φ1 by ∆1{ξ1}:
d11

∆1{ξ1} � φ1

(4.4)
Γ′{φ1 ◦ φ2}⦃φ⦄1 � ψ

mix
Γ′{∆1{ξ1} ◦ φ2}⦃∆1{ξ1}⦄1 � ψ

(4.6)

Since cp(φ1) < cp(φ1 · φ2), we have that ⊢mf
LMC⋉ Γ′{∆1{ξ1} ◦ φ2}⦃∆1{ξ1}⦄1 � ψ. Upon

defining Γ′′ := Γ′{∆1{ξ1} ◦ φ2}⦃∆1{ξ1}⦄1, we apply mix to the premisses ∆2 � φ2 and
Γ′′{∆1{ξ1} ◦φ2}⦃φ2⦄1 �ψ and derive Γ′′{∆1{ξ1} ◦∆2}⦃∆2⦄1 �ψ, which admits a mix-
free proof by the IH. By the same procedure, using the derivations d13 and d14, it is
possible to obtain ⊢mf

LMC⋉ Γ′′{∆1{ξ2} ◦∆2}⦃∆2⦄1 �ψ. Finally, by applying ∨L and then
r1 to these last two sequents, it is not difficult to see that one obtains a proof of the
conclusion of (4.3)—for r2 = · L, Π′ := φ1 ◦ φ2, φ := φ1 · φ2, and d1 as in (4.5)—where
only lower ranked instances of mix have been applied. The proof for r1/∧L is analogous.
The cases r1/◇L, r1/qL, and r1/1L are simpler and are left to the reader.

If r2 is either ·R, ∧R, or ∨L, then it suffices to permute mix with r1 as illustrated in
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the transformation schema below:

d1
∆′ � φ

r1
∆ � φ

d21
Γ′ � ψ′

d22
Γ′′ � ψ′′

r2
Γ⦃φ⦄n � ψ

mix
Γ⦃∆⦄n � ψ

‧‧➡
d′1

∆′ � φ

d21
Γ′ � ψ′

d22
Γ′′ � ψ′′

r2
Γ⦃φ⦄n � ψ

mix
Γ⦃∆′

⦄n � ψ
(r1)↓n

Γ⦃∆⦄n � ψ

(4.7)

Suppose now that ∆ � φ is obtained via an application of ∨L. This is the only binary
rule that does not decompose the mix-formula in the right side of the endsequent of d1.
We start with a derivation

d11
∆{ξ1} � φ

d12
∆{ξ2} � φ

∨L
∆{ξ1 ∨ ξ2} � φ

d2
Γ{Π′} � ψ

r2
Γ{Π{φ}}⦃φ⦄n � ψ

mix
Γ{Π{∆{ξ1 ∨ ξ2}}}⦃∆{ξ1 ∨ ξ2}⦄n � ψ

(4.8)

We first proceed as in (4.4) and replace the n− 1 selected occurrences of φ appearing
in Γ{Π′}. Then we apply r2 and introduce φ. By the IH, we conclude that ⊢mf

LMC⋉

Γ{Π{φ}}⦃∆{ξ1 ∨ ξ2}⦄n−1 � ψ. We now trace back along d11 and d12 until we reach
the two instances of the rule rφ decomposing φ. Consider, for instance, the derivation
schema (4.9). For convenience, and without loss of generality, we assume that rφ is
unary, and that no applications of ∨L occur in the intermediate derivation steps between
∆11 � φ and ∆{ξ1} � φ, or between ∆12 � φ and ∆{ξ2} � φ.

d11
∆′

11 � φ′
11 rφ

∆11 � φ
some

derivation
steps

∆{ξ1} � φ

d12
∆′

12 � φ′
12 rφ

∆12 � φ
some

derivation
steps

∆{ξ2} � φ
∨L

∆{ξ1 ∨ ξ2} � φ
d′2

Γ{Π′}⦃φ⦄n−1 � ψ
mix

Γ{Π′}⦃∆{ξ1 ∨ ξ2}⦄n−1 � ψ
r2

Γ{Π{φ}}⦃∆{ξ1 ∨ ξ2}⦄n−1 � ψ

(4.9)

Let us call d′11 and d′12 the subderivations of d11 and d12 that end with the sequents
∆11�φ and ∆12�φ, respectively. Setting Γ′ := Γ{Π{φ}}⦃∆{ξ1∨ξ2}⦄n−1, we construct
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the following derivation:

d′11
∆′

11 � φ′
11 r11

∆11 � φ
(4.9)

Γ′{Π{φ}}⦃φ⦄1 � ψ
mix

Γ′{Π{∆11}}⦃∆11⦄1 � ψ
some

derivation
steps

Γ′{Π{∆{ξ1}}} � ψ

d′12
∆′

12 � φ′
12 r12

∆12 � φ
(4.9)

Γ′{Π{φ}}⦃φ⦄1 � ψ
mix

Γ′{Π{∆12}}⦃∆12⦄1 � ψ
some

derivation
steps

Γ′{Π{∆{ξ2}}} � ψ
∨L

Γ′{Π{∆{ξ1 ∨ ξ2}}} � ψ

Note that p(d′11) = p(d′12) = 0, whereas in (4.8) we have p(d1) = 1; hence, the IH applies
yielding ⊢mf

LMC⋉ Γ′{Π{∆11}}⦃∆11⦄1 � ψ and ⊢mf
LMC⋉Γ

′{Π{∆12}}⦃∆12⦄1 � ψ. Therefore
⊢mf
LMC⋉ Γ′{Π{∆{ξ1 ∨ ξ2}}} � ψ. It is immediate to check that the latter sequent is

precisely the conclusion of (4.8). We leave to the reader the cases in which r1 = ∨L and
r2 is a binary rule: the proofs for the ∨L/∧R and ∨L/·R combinations proceed similarly
to (4.7), the only difference being that the IH must be applied twice. As for the ∨L/∨L
case, one must first replace the n − 1 occurrences of the mix-formula on the left sides
of the two premisses of ∨L in the last step of d2; the proof then proceeds as above.

If a new occurrence of the mix-formula is introduced on the right side of the endse-
quent of d1, and nothing happens on the left side of the endsequent of d2, the proof is
straightforward as it suffices to permute mix with (possibly iterated applications) of r1.

As for (ii), we restrict our attention to cases involving logical rules. Instances where
d2 ends with an application of ⊓W1 are treated as in (4.2).

Let us consider the following instance of mix:

d11
∆1 � φ

d12
∆2 � ψ

·R
∆1 ◦∆2 � φ · ψ

d2
Γ{φ ◦ ψ} � χ

· L
Γ{φ · ψ}⦃φ · ψ⦄n � χ

mix
Γ{∆1 ◦∆2}⦃∆1 ◦∆2⦄n � χ

(4.10)

In order to apply the IH, just like in some of the previous cases, we first replace possible
occurrences of φ · ψ that appear in Γ{φ ◦ ψ}:

d11
∆1 � φ

d12
∆2 � ψ

·R
∆1 ◦∆2 � φ · ψ

d′2
Γ{φ ◦ ψ}⦃φ · ψ⦄n−1 � χ

mix
Γ{φ ◦ ψ}⦃∆1 ◦∆2⦄n−1 � χ

(4.11)
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Since h(d′2) < h(d2), by the IH ⊢mf
LMC⋉ Γ{φ ◦ψ}⦃∆1 ◦∆2⦄n−1 �χ. We now proceed with

the replacement of φ by ∆1 and ψ by ∆2 in φ ◦ ψ. Let us define Γ′ := Γ{φ ◦ ψ}⦃∆1 ◦
∆2⦄n−1. We have:

d′11
∆1 � φ

(4.11)
Γ′{φ ◦ ψ}⦃φ⦄1 � χ

mix
Γ′{∆1 ◦ ψ}⦃∆1⦄1 � χ

(4.12)

where ⊢mf
LMC⋉ Γ′{∆1 ◦ ψ}⦃∆1⦄1 � χ, since cp(φ) < cp(φ · ψ) and (4.11) applies a lower

ranked instance of mix. Let us now define Γ′′ := Γ′{∆1 ◦ ψ}⦃∆1⦄m. We replace ψ by
∆2:

d′12
∆2 � ψ

(4.12)
Γ′′{∆1 ◦ ψ}⦃ψ⦄1 � χ

mix
Γ′′{∆1 ◦∆2}⦃∆2⦄1 � χ

(4.13)

As before, since cp(ψ) < cp(φ ·ψ) and (4.12) applies a lower ranked instance of mix, we
have ⊢mf

LMC⋉ Γ′′{∆1 ◦∆2}⦃∆2⦄1 � χ. It is immediate that Γ′′{∆1 ◦∆2}⦃∆2⦄1 coincides
with Γ{∆1 ◦∆2}⦃∆1 ◦∆2⦄n in (4.10), whence ⊢mf

LMC⋉ Γ{∆1 ◦∆2}⦃∆1 ◦∆2⦄n � χ. The
treatment of the case ∧R/∧L is similar. Let us now consider the derivation:

d1
∆ � φ ∨R1∆ � φ ∨ ψ

d21
Γ{φ} � χ

d22
Γ{ψ} � χ

∨L
Γ{φ ∨ ψ}⦃φ ∨ ψ⦄n � χ

mix
Γ{∆}⦃∆⦄n � χ

(4.14)

Here too, we begin by replacing selected occurrences of the mix-formula that appear in
Γ{φ} (or, equivalently, in Γ{ψ}):

d1
∆ � φ ∨R1∆ � φ ∨ ψ

d′21
Γ{φ}⦃φ ∨ ψ⦄n−1 � χ

mix
Γ{φ}⦃∆⦄n−1 � χ

(4.15)

By the IH, ⊢mf
LMC⋉ Γ{φ}⦃∆⦄n−1 � χ. Upon defining Γ′ := Γ{φ}⦃∆⦄n−1, we construct

the derivation:
d′1

∆ � φ
(4.15)

Γ′{φ}⦃φ⦄1 � χ
mix

Γ′{∆}⦃∆⦄1 � χ
So we have ⊢mf

LMC⋉ Γ′{∆}⦃∆⦄1 � χ, and since Γ′{∆}⦃∆⦄1 coincides with Γ{∆}⦃∆⦄n

in (4.14), we obtain ⊢mf
LMC⋉ Γ{∆}⦃∆⦄n � χ. The case ∨R2/∨L follows exactly the same

pattern. The proof for the ◇R/◇L and qR/qL combinations follow by analogous, yet
simpler, reasoning, and are thus left to the reader.
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Corollary 4.3.5. The rule cut can be eliminated from LMC.

Proof. Immediate from Remark 4.3.2 and Theorem 4.3.4.

Remark 4.3.6. By Corollary 4.3.5, we immediately obtain that the equations ◇1 ≈ 1,
qx ·q1 ≈ qx, and q1 ·qx ≈ qx do not admit derivable counterparts in our system.
Indeed, one readily checks that there are no cut-free derivations of the sequents ◇1� 1,
qx � qx · q1, and qx � q1 · qx, and hence they are not derivable in LMC. This
clearly highlights the extent to which closure ℓ-monoids approximate algebras of the
form ℘(FΣ)+, in which, by contrast, the above equations are satisfied.

4.4 Decidability

Corollary 4.3.5 guarantees that LMC enjoys the subformula property, that is, every for-
mula occurring in the sequents of any cut-free derivation d in LMC is a subformula of
some formula occurring in the endsequent of d. However, the presence of rules such as
⊓C and T prevents the system from enjoying a corresponding substructure property, in
the sense that there exist cut-free derivations in which certain structural terms occur-
ring in the sequents are not subterms of the structural term appearing on the left side
of the endsequent. More precisely, from this perspective many of the rules of LMC are
non-analytic: this is the case for ◦A, ⊓A, ⊓E, ⊓C, K, T, · L, ∧L, ◇L, qL, and 1L. This
situation is common in display and display-like calculi, and implies that cut elimination
may not automatically entail the decidability of the proof system [38]. Moreover, by
a well-known result due to Kracht [107] (see also [106]), the problem of determining
whether a given display calculus is decidable is itself undecidable. Consequently, decid-
ability proofs must be developed on a case-by-case basis, relying on proof strategies that
depend on the intrinsic features of the calculus under consideration (see, for instance,
[147, 168, 169]).

In this section we provide a decidability proof for LMC, adapting Gentzen’s clas-
sical argument for LK [76] (our presentation follows Paoli’s exposition of Gentzen’s
proof [135, Section 2.1]). Our proof combines three normalisation procedures for LMC-
derivations. The first is, naturally, cut elimination, established in Section 4.3. In
addition, a backward proof search procedure for LMC must incorporate mechanisms
for controlling backward applications of the rules T and ⊓C, as well as for preventing
proof-search loops arising from sequences of inference steps in which rule applications
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undo the effects of previous ones. In Subsection 4.4.1 we address the normalisation
of proofs with respect to applications of T, while Subsection 4.4.2 adapts Gentzen’s
classical contraction-control procedure for LK to our logic. We provide the decidability
theorem in Subsection 4.4.3.

4.4.1 T-normalisation

We begin by studying how T interacts with the rules of LMC − cut. In particular, we
address the following problem:

Given a cut-free derivation containing subderivations of the forms

∆ � ψ
r

Γ � φ
T

Γ′ � φ

∆ � ψ Π � χ
r

Γ � φ
T

Γ′ � φ

under which conditions can the application of T can be permuted with the
application of r so as to leave Γ′ � φ unchanged?

We therefore focus on the upward permutability of applications of T in cut-free deriva-
tions, with respect to rule applications occurring immediately above them. In what
follows, for r a rule of LMC, we refer to applications of r in derivations as r-applications.

Definition 4.4.1. Let d be a cut-free derivation in LMC. A T-application in d is said
to be frozen if it does not admit upward permutation with the immediately preceding
rule application.

Structural rules We first consider the case of the structural rules ◦A, ◦ ϵ, ϵ ◦,
⊓A, ⊓W1, ⊓E, ⊓C, K, and 4.

1. Consider an inference pattern of the form

Γ{((∆1 ◦∆2) ◦∆3)} � φ
◦A

Γ{(∆1 ◦ (∆2 ◦∆3))} � φ
T

Γ′ � φ

Here, the T-application may act on one of the structural subterms ∆1, ∆2, or
∆3, on structural subterms occurring elsewhere within Γ{(∆1 ◦ (∆2 ◦ ∆3))}, or
on the entire Γ{(∆1 ◦ (∆2 ◦ ∆3))}, in the case where it is of the form ⟨Π⟩, for
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some Π ∈ Struct . In all these situations, the T-application is never frozen, since
it neither interferes with nor depends in any way on the preceding ◦A-application.
An analogous argument can be given for the rules ◦ ϵ, ϵ ◦, ⊓A, ⊓E, and ⊓C.

2. We now examine the following derivation pattern:

Γ{∆1} � φ
⊓W1

Γ{∆1 ⊓∆2} � φ
T

Γ′ � φ

If the T-application does not act on the newly introduced term ∆2, then the per-
mutation is admissible. What happens instead if the T-application modifies ∆2?
Clearly, in this case we are dealing with a frozen occurrence. Nevertheless, observe
that in this particular situation the T-application can be eliminated altogether by
performing the following transformation:

Γ{∆1} � φ
⊓W1

Γ{∆1 ⊓∆2{⟨Ξ⟩}} � φ
T

Γ{∆1 ⊓∆2{Ξ}} � φ

‧‧➡ Γ{∆1} � φ
⊓W1

Γ{∆1 ⊓∆2{Ξ}} � φ
(RE1)

More generally, in an LMC-derivation, we call a ⊓W1-application T-redundant if it
introduces a structural term containing a structural diamond that is subsequently
removed by a T-application.

3. It remains to account for K and 4. Let us start from the following inference
pattern:

Γ{⟨∆1⟩ ◦ ⟨∆2⟩} � φ
K

Γ{⟨∆1 ◦∆2⟩} � φ
T

Γ′ � φ
The T-application is frozen whenever ⟨∆1◦∆2⟩ does not occur within the scope of
a structural diamond and the T-application transforms Γ{⟨∆1 ◦∆2⟩} into Γ{∆1 ◦
∆2}. Otherwise, the permutation is allowed, including the cases in which the
T-application acts on ∆1 or ∆2.

As for the rule 4, we consider inference patterns of the following form:

Γ{⟨∆⟩} � φ
4

Γ{⟨⟨∆⟩⟩} � φ
T

Γ′ � φ
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If the T-application removes one of the two structural diamonds surrounding ∆,
we call the corresponding 4-application T-redundant and perform the following
transformation:

Ξ � ψ
r

Γ{⟨∆⟩} � φ
4

Γ{⟨⟨∆⟩⟩} � φ
T

Γ{⟨∆⟩} � φ

‧‧➡
Ξ � ψ

r
Γ{⟨∆⟩} � φ

(RE2)

If, instead, when traversing the syntactic tree of ⟨⟨∆⟩⟩ top-down, the T-application
operates within the first subterm ∆′ of ⟨⟨∆⟩⟩ that is not of the form ⟨Π⟩ for any
Π ∈ Struct , then the permutation is unproblematic. The same holds if the T-
application acts elsewhere within Γ (outside ⟨⟨∆⟩⟩).

Logical rules We begin by observing that T can never be applied immediately
after an instance of 1R, and that applying T—when possible—after instances of ⊥L and
⊤R yields, in any case, further instances of ⊥L and ⊤R, respectively.

4. Let r be a right-introduction rule that does not modify the left side(s) of its
premiss(es). When a T-application occurs immediately after an r-application, the
permutation is always allowed. Consider, for instance, the case r = ∧R. We have
the transformation:

Γ � φ Γ � ψ
∧R

Γ � φ ∧ ψ
T

Γ′ � φ ∧ ψ
‧‧➡

Γ � φ
T

Γ′ � φ
Γ � ψ

T
Γ′ � ψ

∧R
Γ′ � φ ∧ ψ

The cases of ∨R1, ∨R2, ·1, and 1· are analogous.

5. Let r now be a right-introduction rule that modifies the left side(s) of its pre-
miss(es). The only such rule that is binary is ·R. Without loss of generality, we
start from an inference pattern of the following form:

Γ1 � φ Γ2 � ψ
·R

Γ1 ◦ Γ2 � φ · ψ
T

Γ′
1 ◦ Γ2 � φ · ψ

that is, the T-application removes a structural diamond occurring in Γ1. The
permutation is then carried out by commuting T solely with respect to the left
premiss of ·R:

Γ1 � φ
T

Γ′
1 � φ Γ2 � ψ

·R
Γ′
1 ◦ Γ2 � φ · ψ
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The symmetric case, in which the T-application acts on Γ2, is treated analogously.

If r is unary, then either r = ◇R or r = qR. In the latter case, it is clear that a
T-application occurring immediately after a qR-application can never be frozen,
as—whenever applied in this order—the two rules do not interfere with each other.
The following transformation is thus allowed:

⟨Γ⟩ � φ
qR

Γ �qφ
T

Γ′ �qφ
‧‧➡

⟨Γ⟩ � φ
T⟨Γ′⟩ � φ
qR

Γ �qφ

Let now r = ◇R. Consider the following inference pattern:

Γ � φ
◇R⟨Γ⟩ �◇φ
T

∆ �◇φ

If ∆ = Γ (that is, if the T-application removes the structural diamond introduced
by the ◇R-application), we distinguish the following two cases:

• Γ = ⟨Π⟩ for some Π ∈ Struct . The permutation can be carried out via the
following transformation:

⟨Π⟩ � φ
◇R⟨⟨Π⟩⟩ �◇φ
T⟨Π⟩ �◇φ

‧‧➡
⟨Π⟩ � φ

T
Π � φ

◇R⟨Π⟩ �◇φ

• Γ ̸= ⟨Π⟩ for every Π ∈ Struct . The T-application is frozen.

If ∆ ̸= Γ, then permutation is always permitted. In particular, we have two cases:

• Γ ̸= ⟨Π⟩ for every Π ∈ Struct and the T-application removes a structural
diamond within Γ. We have the transformation:

Γ � φ
◇R⟨Γ⟩ �◇φ
T⟨Γ′⟩ �◇φ

‧‧➡
Γ � φ

T
Γ′ � φ

◇R⟨Γ′⟩ �◇φ

• Γ = ⟨Π⟩ for some Π ∈ Struct and the T-application removes a structural
diamond within Π:

⟨Π⟩ � φ
◇R⟨⟨Π⟩⟩ �◇φ
T⟨⟨Π′⟩⟩ �◇φ

‧‧➡
⟨Π⟩ � φ

T⟨Π′⟩ � φ
◇R⟨⟨Π′⟩⟩ �◇φ
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6. We conclude with the left-introduction rules. It is immediate that permutation
is unproblematic with respect to · L, ∧L, ∨L, ◇L, and 1L. Indeed, when a T-
application occurs immediately after an application of any of these rules, it can
never be frozen, even in the case where the introduced formula occurs within
the structural diamond eliminated by T. For instance, consider the following
transformation:

Γ{⟨φ⟩} � χ Γ{⟨ψ⟩} � χ
∨L

Γ{⟨φ ∨ ψ⟩} � χ
T

Γ{φ ∨ ψ} � χ
‧‧➡

Γ{⟨φ⟩} � χ
T

Γ{φ} � χ
Γ{⟨ψ⟩} � χ

T
Γ{ψ} � χ

Γ{φ ∨ ψ} � χ

The only left-introduction rule for which permutation with T requires a side con-
dition is qL, where the formula qφ is introduced together with a surrounding
structural diamond:

Γ{φ} � ψ
qL

Γ{⟨qφ⟩} � ψ
T

Γ′ � ψ
Here, T is frozen if and only if the replacement of φ for ⟨qφ⟩ via qL is not per-
formed within the scope of any pre-existing structural diamond and T transforms
Γ{⟨qφ⟩} into Γ{qφ}. Otherwise, the permutation is allowed (details are left to
the reader).

In light of the foregoing discussion, we introduce a notion of normal form for cut-free
proofs in LMC, formulated in terms of the non-permutability of T-applications.

Definition 4.4.2. Let d be a cut-free derivation in LMC. We say that d is in T-normal
form if every T-application occurring in d is frozen and d contains neither T-redundant
⊓W1-applications nor detours induced by T-redundant 4-applications.

Lemma 4.4.3. If ⊢LMC Γ � φ, then Γ � φ admits a derivation in T-normal form.

Proof. Suppose that Γ � φ is provable in LMC. By Corollary 4.3.5, it admits a cut-free
derivation d. If d contains no T-applications, the claim holds trivially. Otherwise, d
can be transformed into a derivation in T-normal form by maximally permuting all
T-applications upwards and, by applying the transformations in (RE1) and (RE2),
progressively eliminating any frozen T-applications that result from T-redundant ⊓W1-
applications, as well as any detours arising from T-redundant 4-applications.
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Lemma 4.4.4. Let d be a derivation in T-normal form. The number of T-applications
occurring in d is bounded above by the total number of ◇R- and qL-applications occur-
ring in d.

Proof. Left to the reader.

4.4.2 Contraction control

Definition 4.4.5. Let Γ ∈ Struct . The set T (Γ,⊓) is defined by the grammar

Π ::= Γ | Π1 ⊓ Π2,

where Π1,Π2 ∈ T (Γ,⊓). Elements of T (Γ,⊓) are called (Γ,⊓)-terms. The Γ-multiplicity
µΓ(Π) of a (Γ,⊓)-term Π is defined by induction on the structure of Π as follows:

µΓ(Π) =

⎧⎨⎩1 if Π = Γ,

µΓ(Π1) + µΓ(Π2) if Π = Π1 ⊓ Π2.

Definition 4.4.6. For n ∈ N, a structural term Γ ∈ Struct is n-reduced if, for every
∆ ≺ Γ, and for every Π ∈ T (∆,⊓) such that Π ⪯ Γ, we have µ∆(Π) ≤ n.

Definition 4.4.6 involves two levels of universal quantification, which require careful
unfolding. To determine whether a structural term Γ is n-reduced, proceed as follows:

1. Identify all ∆ ∈ Struct such that ∆ ≺ Γ.

2. For each such ∆, compute the ∆-multiplicity of every (∆,⊓)-term occurring in
Γ, that is, the number of occurrences of ∆ in each (∆,⊓)-term that is a proper
subterm of Γ. Define M∆ := max{µ∆(Π) | Π ∈ T (∆,⊓) and Π ≺ Γ}.

3. Compute M := max{M∆ | ∆ ≺ Γ}. If M ≤ n, then Γ is n-reduced; otherwise, it
is not.

For the reader’s benefit, we provide a concrete example.

Example 4.4.7. Let Γ := ((φ⊓φ)⊓φ)⊓ (ψ ⊓ (φ⊓φ)). The proper subterms of Γ are:

φ ψ φ ⊓ φ (φ ⊓ φ) ⊓ φ ψ ⊓ (φ ⊓ φ).
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For ∆ ≺ Γ, we can list all (∆,⊓)-terms occurring in Γ, together with their ∆-multiplicities.
For instance, in the case ∆ = φ we have:

φ, 1 φ ⊓ φ, 2 (φ ⊓ φ) ⊓ φ, 3.

Thus, Mφ = 3. We repeat this procedure for the remaining terms. The resulting
data are summarised in Table 4.2.

∆ (∆,⊓)-terms occurring in Γ1 M∆

φ φ, φ ⊓ φ, (φ ⊓ φ) ⊓ φ 3

ψ ψ 1

φ ⊓ φ φ ⊓ φ 1

(φ ⊓ φ) ⊓ φ (φ ⊓ φ) ⊓ φ 1

ψ ⊓ (φ ⊓ φ) ψ ⊓ (φ ⊓ φ) 1

Table 4.2: Multiplicity maxima for elements of
⋃︁

∆≺Γ T (∆,⊓) occurring in Γ.

We conclude that Γ is a 3-reduced term.

We now define a translation to convert each structural term into its 1-reduced coun-
terpart (which is unique by Definition 4.4.6).

Definition 4.4.8. Let ● : Struct → Struct be the function such that:

1. Γ● = Γ, for all Γ ∈ Fm ∪ {ϵ};

2. ● behaves homomorphically with respect to ◦ and ⟨−⟩;

3. If Γ = ∆1 ⊓∆2 and Γ /∈ T (Ξ,⊓) for any Ξ ∈ Struct , then Γ● = ∆●1 ⊓∆●2;

4. For all Γ ∈ Struct and all Π ∈ T (Γ,⊓), Π● = Γ●.

Proposition 4.4.9. The following conditions hold:

1. For all Γ ∈ Struct , Γ● is 1-reduced;

2. ● is idempotent;

3. A structural term is a fixed point of ● iff it is 1-reduced.
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Proof. The proofs of items 1 and 2 are left to the reader. We only show item 3. Let
Γ ∈ Struct . If Γ is not 1-reduced, then there exist ∆,Π ≺ Γ such that Π ∈ T (∆,⊓)
and µ∆(Π) > 1. It follows that Γ ̸= Γ●, since in Γ●, Π is reduced to ∆●. This
establishes the left-to-right implication. Conversely, suppose that Γ is 1-reduced. In
this case, ● commutes with all structural connectives occurring in Γ without performing
any reduction. It follows that Γ = Γ●.

Definition 4.4.10. A sequent ∆�φ is a contraction of a sequent Γ�φ if it is derivable
in LMC from Γ � φ by a finite, possibly empty sequence of applications of the rule ⊓C.
We say that ∆ � φ is an n-reduced contraction (n-reduction, for short) of Γ � φ if it is
a contraction of Γ � φ and ∆ is n-reduced.

It is immediate that every sequent of the form Γ● � φ is the 1-reduction of Γ � φ.

Proposition 4.4.11. Let ∆�φ be any n-reduced contraction of an LMC-sequent Γ�φ.
Then ⊢LMC Γ � φ iff ⊢LMC ∆ � φ

Proof. The proof is straightforward. If ⊢LMC Γ�φ, then ∆�φ can be derived from Γ�φ
by a possibly empty sequence of iterated applications of ⊓C. Conversely, if ⊢LMC ∆�φ,
then Γ � φ can be obtained from ∆ � φ by some (possibly zero) successive applications
of ⊓W1 and/or ⊓W2.

Corollary 4.4.12. ⊢LMC Γ � φ iff ⊢LMC Γ● � φ, for any LMC-sequent Γ � φ.

Let d be an LMC-derivation. We denote by β(d) the set of branches of d, understood
as maximal paths in the derivation tree from the end-sequent of d to an instance of an
initial sequent. For b ∈ β(d), we write |b| for the length of b.

Definition 4.4.13. An LMC-derivation d is n-reduced if, for every b ∈ β(d), every
sequent occurring in b is n-reduced.

Lemma 4.4.14. Let a sequent Γ � φ be provable in LMC. Then there exists a cut-free,
3-reduced derivation of Γ● � φ.

Proof. By virtue of Corollary 4.3.5, we shall consider a cut-free derivation d of Γ � φ.
The proof proceeds by induction on the height of derivations.

The base case is immediate. For the inductive step, we prove the Lemma with
respect to the following classes of rules.
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(A) Structural rules for ◦, ⟨−⟩, and ϵ. Let Γ �φ be a sequent of the form Γ{(∆1 ◦
(∆2 ◦∆3))} � φ, and suppose it is derived as follows:

d
Γ{((∆1 ◦∆2) ◦∆3)} � φ

◦A
Γ{(∆1 ◦ (∆2 ◦∆3))} � φ

(4.16)

We denote by ((∆1 ◦∆2) ◦∆3) the occurrence of ((∆1 ◦∆2) ◦∆3) distinguished in the
premiss of ◦A. By the induction hypothesis (IH), there exists a cut-free, 3-reduced
derivation

d′

[Γ{((∆1 ◦∆2) ◦∆3)}]● � φ
(4.17)

Let us define the shorthands Γp := Γ{((∆1 ◦∆2) ◦∆3)} and Γ′ := Γ●p. The occurrence
((∆1 ◦∆2) ◦∆3) may appear in Γp in three guises:

(a) As an immediate subterm of a structural term Ξ whose main operator is not ⊓,
where Ξ possibly occurs within a larger (Π,⊓)-term, with Ξ ⪯ Π;

(b) As an immediate subterm of a structural term Ξ whose main connective is ⊓, but
whose other immediate subterm is not a ((∆1 ◦∆2) ◦∆3,⊓)-term, where, again,
Ξ possibly occurs within a larger (Π,⊓)-term, with Ξ ⪯ Π;

(c) As a subterm of a ((∆1 ◦ ∆2) ◦ ∆3,⊓)-term Ξ, itself possibly occurring within a
larger (Π,⊓)-term, with ((∆1 ◦∆2) ◦∆3) ⪯ Π.

In all cases, Γ′ will contain an occurrence of the term

((∆1 ◦∆2) ◦∆3)
● = (∆●1 ◦∆●2) ◦∆●3,

appearing within Ξ●, where Ξ is as in (a), (b), or (c) above, depending on the shape of
Γp. The inference steps leading to the 1-reduction of the endsequent of (4.16) must be
carried out with respect to such occurrence of (∆●1 ◦∆●2)◦∆●3, thus we rewrite (4.17) as

d′

Γ′{((∆●1 ◦∆●2) ◦∆●3)} � φ

Example 4.4.15. The identification of the aforementioned occurrence of (∆●1◦∆●2)◦∆●3
in Γ′ is a crucial step in our proof. We therefore present three examples corresponding
to cases (a), (b), and (c), in which we single out (by underlining) the relevant occurrence
of (∆●1 ◦∆●2) ◦∆●3.
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(a) If Γp := ∆ ◦ ⟨((∆1 ◦∆2) ◦∆3)⟩, then Γ′ := ∆● ◦ ⟨((∆●1 ◦∆●2) ◦∆●3)⟩

(b) If Γp := ((∆1 ◦∆2) ◦∆3)⊓ [(((∆1 ◦∆2) ◦∆3)⊓Π)⊓ (((∆1 ◦∆2) ◦∆3)⊓Π)], then
Γ′ := ((∆●1 ◦∆●2) ◦∆●3) ⊓ (((∆●1 ◦∆●2) ◦∆●3) ⊓ Π●)

(c) If Γp := ((∆1 ◦∆2) ◦∆3) ⊓ ((∆1 ◦∆2) ◦∆3), then Γ′ := ((∆●1 ◦∆●2) ◦∆●3)

We now continue with the proof. We extend (4.17) so as to obtain:

d′

Γ′{((∆●1 ◦∆●2) ◦∆●3)} � φ
◦A

Γ′{(∆●1 ◦ (∆●2 ◦∆●3))} � φ
(4.18)

Within the endsequent of (4.18), the distinguished occurrence of (∆●1 ◦ (∆●2 ◦ ∆●3))

resulting by the ◦A-application, satisfies one of the following conditions:

• It is an immediate subterm of a structural term whose main operator is not ⊓;

• It is an immediate subterm of a structural term whose main operator is ⊓, but
whose other immediate subterm is not a copy of (∆●1 ◦ (∆●2 ◦∆●3));

• It is the immediate subterm of a structural term whose main operator is ⊓ and
whose other immediate subterm is itself a copy of (∆●1 ◦ (∆●2 ◦∆●3)).

Since Γ′{((∆●1 ◦∆●2) ◦∆●3)} is 1-reduced, in the first two cases (4.18) directly yields
the 1-reduction of the sequent Γ{(∆1 ◦ (∆2 ◦∆3))} �φ in (4.16). In the third case, one
has to extend (4.18) by a single application of ⊓C. In all cases, the resulting derivation
is 3-reduced.

The rules ◦ ϵ, ϵ ◦, K, T, and 4 are treated analogously.

(B) Structural rules for ⊓. Now let Γ � φ be the sequent Γ{∆1 ⊓ ∆2} � φ, and
suppose it is derived as follows:

d
Γ{∆1} � φ

⊓W1
Γ{∆1 ⊓∆2} � φ

(4.19)

By the IH, there exists a 3-reduced derivation

d′

[Γ{∆1}]● � φ
(4.20)
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Setting Γp := Γ{∆1} and Γ′ := Γ●p, and applying the same line of reasoning used in (A),
we conclude that Γ′ contains an occurrence of ∆●1 relative to which the inference rules
leading to the 1-reduction of the endsequent of (4.19) must be applied (details are left
to the reader). Hence, (4.20) can be rewritten as

d′

Γ′{∆●1} � φ
(4.21)

If ∆1⊓∆2 does not belong to T (Ξ,⊓) for any Ξ ∈ Struct , then (4.21) can be extended
by a ⊓W1-application to yield the 1-reduction of Γ{∆1 ⊓ ∆2} � φ. Otherwise, (4.21)
itself is the desired derivation.

We now turn to the rule ⊓A. Consider a derivation of the form

d
Γ{((∆1 ⊓∆2) ⊓∆3)} � φ

⊓A
Γ{(∆1 ⊓ (∆2 ⊓∆3))} � φ

(4.22)

We denote by ((∆1 ⊓∆2) ⊓∆3) the occurrence of ((∆1⊓∆2)⊓∆3) distinguished in the
premiss of ⊓A. By the IH, there exists a cut-free, 3-reduced derivation

d′

[Γ{((∆1 ⊓∆2) ⊓∆3)}]● � φ
(4.23)

We set Γp := Γ{((∆1 ⊓∆2) ⊓∆3)} and Γ′ := Γ●p. Once again (details are routine and
therefore omitted), Γ′ must contain an occurrence of the term ((∆1⊓∆2)⊓∆3)

● relative
to which the inference rules leading to the 1-reduction of the endsequent of (4.22) must
be applied. Accordingly, we rewrite (4.23) as

d′

Γ′{((∆1 ⊓∆2) ⊓∆3)
●} � φ

A cut-free, 3-reduced derivation of [Γ{(∆1 ⊓ (∆2 ⊓∆3))}]● � φ can now be obtained
in one of the following ways:

• If ((∆1 ⊓∆2) ⊓∆3) ∈ T (Ξ,⊓) for some Ξ ∈ Struct , then

((∆1 ⊓∆2) ⊓∆3)
● = Ξ● = (∆1 ⊓ (∆2 ⊓∆3))

●

by Definition 4.4.8(4), and hence (4.23) itself is the required derivation;

• If ((∆1 ⊓∆2) ⊓∆3) /∈ T (Ξ,⊓) for all Ξ ∈ Struct , we have two cases:
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– If ∆1 ⊓∆2 ∈ T (Ξ′,⊓) for some Ξ′ ∈ Struct , then

((∆1 ⊓∆2) ⊓∆3)
● = Ξ′● ⊓∆●3.

Observe that ∆●1 = ∆●2 = Ξ′●. Hence the required derivation is

d′

Γ′{Ξ′● ⊓∆●3} � φ
⊓W2

Γ′{Ξ′● ⊓ (Ξ′● ⊓∆●3)} � φ

where clearly Γ′{Ξ′● ⊓ (Ξ′● ⊓∆●3)} = [Γ{(∆1 ⊓ (∆2 ⊓∆3))}]●;

– If ∆1 ⊓∆2 /∈ T (Ξ′,⊓) for all Ξ′ ∈ Struct , then

((∆1 ⊓∆2) ⊓∆3)
● = ((∆●1 ⊓∆●2) ⊓∆●3),

and the required derivation is

d′

Γ′{((∆●1 ⊓∆●2) ⊓∆●3)} � φ
⊓A

Γ′{(∆●1 ⊓ (∆●2 ⊓∆●3))} � φ

where again Γ′{(∆●1 ⊓ (∆●2 ⊓∆●3))} = [Γ{(∆1 ⊓ (∆2 ⊓∆3))}]●.

The proofs for ⊓E and ⊓C are simpler, and are therefore left to the reader.

(C) Logical rules. For right-introduction rules, the argument is straightforward; for
example, let Γ � φ be the sequent Γ1 ◦ Γ2 � φ · ψ, and consider a cut-free derivation

d1
Γ1 � φ

d2
Γ2 � ψ

·R
Γ1 ◦ Γ2 � φ · ψ

(4.24)

By the IH, there exist cut-free, 3-reduced derivations of Γ●1 �φ and Γ●2 �ψ. Applying ·R
to the latter sequents, and using Definition 4.4.8(2), we immediately obtain a derivation
of (Γ1 ◦ Γ2)

● � φ · ψ.
As for the left-introduction rules, we consider only ∧L, leaving the remaining cases

to the reader. Let Γ�φ have the form Γ{ψ∧χ}�φ, and suppose it is derived as follows:

d
Γ{ψ ⊓ χ} � φ

∧L
Γ{ψ ∧ χ} � φ

(4.25)
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By the IH, there exists a cut-free, 3-reduced derivation

d′

[Γ{ψ ⊓ χ}]● � φ
(4.26)

We define Γp := Γ{ψ ⊓ χ} and Γ′ := Γ●p. By proceeding similarly to (A) and (B), we
can identify in Γ′ an occurrence of (ψ⊓χ)● relative to which the inference steps leading
to [Γ{ψ ∧ χ}]● � φ must be applied. Hence (4.26) can be rewritten as

d′

Γ′{(ψ ⊓ χ)●} � φ

We now consider the following cases:

• If ψ = χ, then (ψ ⊓ χ)● = ψ● = ψ by Definition 4.4.8(1,4). We can therefore
replace the reference occurrence of (ψ ⊓ χ)● in Γ′ with an occurrence of φ and
extend (4.26) as follows:

d′

Γ′{ψ} � φ
∧W1

Γ′{ψ ∧ ψ} � φ

If the newly introduced formula ψ ∧ ψ occurs within the scope of a structural
meet whose other operand is also a copy of φ ∧ φ, then a single application of
⊓C suffices to obtain the desired derivation; otherwise, we already obtained the
desired derivation.

• If ψ ̸= χ, then (ψ ⊓ χ)● = ψ● ⊓ χ● = ψ ⊓ χ by Definition 4.4.8(1,3). We can
therefore replace the reference occurrence of (ψ ⊓ χ)● in Γ′ with an occurrence of
φ ⊓ ψ and proceed to extending (4.26) as follows:

d′

Γ′{ψ ⊓ χ} � φ
∧L

Γ′{(ψ ∧ χ)} � φ

As in the previous case, if the newly introduced formula ψ ∧ χ occurs within
the scope of a structural meet whose other operand is a copy of ψ ∧ χ, then an
application of ⊓C yields the required derivation; otherwise, we are done.

4.4.3 Concise proofs

Definition 4.4.16. A cut-free LMC-derivation d is said to be concise iff all of the
following conditions are satisfied:
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1. d is 3-reduced;

2. d is in T-normal form;

3. no sequent occurs more than once in d.

Proposition 4.4.17. ⊢LMC Γ � φ iff there exists a concise proof of Γ● � φ.

Proof. If Γ � φ is provable, then, by Corollary 4.3.5 and Lemma 4.4.14, there exists
a cut-free, 3-reduced derivation d of Γ● � φ. Applying T-normalisation to d yields a
derivation d′ of Γ●�φ in T-normal form. We prune the proof tree by removing all paths
instantiating sequences of inference steps (if any) that give rise to repeated occurrences
of sequents. In doing so, we remove, for example, subderivations of the following forms:

∆{((Ξ1 ⋇ Ξ2)⋇ Ξ3)} � φ
⋇A

∆{(Ξ1 ⋇ (Ξ2 ⋇ Ξ3))} � φ
⋇A

∆{((Ξ1 ⋇ Ξ2)⋇ Ξ3)} � φ

∆{Ξ1 ⊓ Ξ2} � φ
⊓E

∆{Ξ2 ⊓ Ξ1} � φ
⊓E

∆{Ξ1 ⊓ Ξ2} � φ

∆{Ξ} � φ
⊓W1

∆{Ξ ⊓ Ξ} � φ
⊓W1

∆{(Ξ ⊓ Ξ) ⊓ Ξ} � φ
⊓C

∆{Ξ ⊓ Ξ} � φ
⊓C

∆{Ξ} � φ

where ⋇ ∈ {◦,⊓}. We thus obtain a concise derivation of Γ● � φ. Conversely, if there
exists a concise derivation of Γ● � φ, then ⊢LMC Γ � φ by Corollary 4.4.12.

Proposition 4.4.18. For any provable 1-reduced sequent Γ●�φ, there exist only finitely
many concise proofs of it.

Proof. By Corollary 4.3.5, in any concise derivation d of Γ● � φ there is an upper
bound on the number of structural terms occurring in d. Moreover, by Lemmas 4.4.4
and 4.4.14, together with Definition 4.4.16, the number of occurrences of structural
terms in d is bounded from above. It follows that there is likewise an upper bound on
the number of sequent occurrences in d. Finally, d is finitely branching, since |β(d)|
coincides with the number of initial sequents occurring in d, which is finite.

Theorem 4.4.19. LMC is decidable.
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Proof. Given a sequent Γ � φ, by Proposition 4.4.17, in order to decide whether it is a
theorem of LMC it suffices to exhibit a concise derivation of Γ●�φ. By Proposition 4.4.18,
if ⊢LMC Γ � φ, then the backward proof search for a concise derivation of Γ● � φ is
terminating. If the search fails, then no concise derivation of Γ● � φ exists, and hence
⊬LMC Γ � φ.

Corollary 4.4.20. LMC has a decidable equational theory.

Proof. Immediate from Theorems 4.2.3 and 4.4.19.

4.5 Related work

LMC is not the first substructural logic to feature a residuated pair of modal opera-
tors. The fundamental role played by adjunction in modal logic is well established,
as evidenced by Dunn’s Gaggle Theory [57, 58, 59] and related display calculi (see,
e.g., [79]), as well as by the extensive body of work on categorial type logics developed
over the past three decades [13, 14, 110, 127, 128, 129]. It is to the latter research
programme that we owe significant advances in the proof-theoretic treatment of residu-
ated or Galois-connected unary modalities, beginning with Moortgat’s (non-associative)
modal Lambek calculus NL(◇) [127], from which we took both the logical and the struc-
tural modal rules for LMC.

However, as noted in [119], despite such a large number of contributions, the devel-
opment of Gentzen-style systems for positive, implication-free structures equipped with
adjoint pairs of unary operators is a relatively recent research direction. Inspired by
Kashima’s nested sequents for tense logic [97], Sadrzadeh and Dyckhoff [152] initiated
this line of inquiry by introducing a tree-style sequent calculus for bounded distribu-
tive lattices endowed with families of residuated pairs of the form ⟨y,◻⟩ (backward
dimond/forward box). Here, although we focus on structures equipped with a single
residuated pair, we work within a richer algebraic framework that includes a (non-
commutative) monoid multiplication and imposes stronger conditions on the modal
operators. In developing both our algebraic model for f-properties and LMC, we have
deliberately chosen to begin with a small set of fundamental operations. From the
viewpoint of rule apparatus, however, the calculus is not strictly minimal due to the
inclusion of K, T, and 4.
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Part II

Behavioural analysis of dynamic
epistemic multi-agent systems



Chapter 5

Epistemic Hennessy–Milner Logic

The formal descriptions of the evolution of concurrent systems, used for specifying (and
verifying) behavioural properties, rely on different families of modal logics.

In state-based approaches, the aim is to specify what happens in systems’ states along
particular executions. In this setting, system configurations correspond to “snapshots”
at specific instants in time. Depending on whether a linear-time or branching-time
framework is adopted, behavioural properties can be expressed in a wide range of for-
malisms, ranging from the classical Linear Temporal Logic (LTL) [139], Computation
Tree Logic (CTL) [40], and CTL∗ [61] (which famously subsumes LTL and CTL), to
hyperlogics [44].

In action-based approaches, the focus shifts to capturing how a system can evolve
once a particular state is reached. The inherently temporal aspect of configuration
change is therefore secondary to the formal specification of which actions a system can
or cannot perform while executing a program. In this context, behavioural proper-
ties are most effectively captured using dynamic logics [88], a family of non-classical
formalisms with modal operators indexed over (variables for) individual elementary ac-
tions or structured sets of actions (programs). The intended models are clearly based
on LTSs. The development of such logics was initiated in [143] to provide a semantical
counterpart to Hoare Logic [92]. The simplest dynamic logic is Hennessy–Milner Logic
(HML) [91], which extends classical propositional logic with connectives of the form ⟨π⟩
and [π] (for π an action tag) specifying conditions satisfied by a system in states reached
by executing the action π. It is worth noting that both HML and CTL∗ naturally embed
into the modal µ-calculus [104].
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In both of these frameworks, computational infrastructures are modelled by con-
sidering each system as a whole. In multi-agent approaches to behavioural analysis,
properties are described in terms of system components viewed as agents performing
different tasks, interacting, and exchanging information. On the one hand, temporal for-
malisms for multi-agent systems are abundant in the literature, including Alternating-
time Temporal Logic (ATL) [11], Strategic Logic (SL) [36], Alternating-time Temporal
Epistemic Logic (ATEL) [163], as well as many extensions of standard temporal logics
with agent-based modalities (see, e.g., [151]). On the other hand, extensions of action-
based logics have been successfully applied to modelling and verification of multi-agent
systems, building on the rich framework of Dynamic Epistemic Logic (DEL) [165].

By adopting a multi-agent perspective, this chapter introduces EHML (Epistemic
Hennessy–Milner Logic), a logic for the analysis of dynamic epistemic multi-agent sys-
tems. These systems are represented using a novel model of computation, which we call
a Kripke labelled transition system (KLTS ). Informally, a KLTS is a two-layer struc-
ture consisting of an underlying LTS, where each state is associated with a multi-agent
Kripke frame, and whose actions represent frame-transforming operations. When the
associated frames are epistemic, the transitions of a KLTS naturally model the evolu-
tion of each agent’s knowledge along system executions. We therefore begin by defining
KLTSs.

5.1 Kripke labelled transition systems

As anticipated above, the notion of a KLTS combines that of an LTS with that of a
multi-modal Kripke frame. For LTSs, we adopt Definition 2.1.1, with the additional
assumption that the action set Act is finite. We denote by LTS the class of LTSs so
defined. We now proceed to define frames.

Definition 5.1.1. A (multi-modal) Kripke frame is a pair F = ⟨W, {Ri}i∈I⟩ where W
is a non-empty set of possible worlds and {Ri}i∈I is a finite family of binary accessibility
relations over W . We denote by K the class of all Kripke frames. By a pointed Kripke
frame we mean a pair ⟨F , w0⟩, where F = ⟨W, {Ri}i∈I⟩ is a Kripke frame and w0 is a
distinguished element of W called the current world.

LTSs and Kripke frames are formally equivalent structures. Let A1, . . . , An be non-
empty sets and let R ⊆

∏︁n
k=1Ak. For i ≤ n, we can define an Ai-indexed family of
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(n− 1)-ary relations {Ra}a∈Ai
over

i−1∏︂
k=1

Ak ×
n∏︂

k=i+1

Ak

where, for all a1 ∈ A1, . . . , ai−1 ∈ Ai−1, ai+1 ∈ Ai+1, . . . , an ∈ An,

⟨a1, . . . , ai−1, ai+1, . . . , an⟩ ∈ Ra iff ⟨a1, . . . , ai−1, a, ai+1, . . . , an⟩ ∈ R.

It follows that each LTS T = ⟨S,Act , T ⟩ may be viewed as a Kripke frame

ϕ(T ) = ⟨S, {Ta}a∈Act⟩

where each relation Ta is a binary accessibility relation defined from T using the above
construction. Vice versa, suppose we are given non-empty sets A1, . . . , An−1 and a
family of (n − 1)-ary relations {Ra}a∈A over

∏︁n−1
k=1 Ak. Then, for i ≤ n − 1, we can

define a new n-ary relation

R ⊆
i∏︂

k=1

Ak × A×
n−1∏︂
k=i+1

Ak

such that, for all a1 ∈ A1, . . . , an−1 ∈ An−1,

⟨a1, . . . , ai, a, ai+1, . . . , an−1⟩ ∈ R iff ⟨a1, . . . , ai, ai+1, . . . , an⟩ ∈ Ra.

It follows that each Kripke frame F = ⟨W, {R}i∈I⟩ corresponds to an LTS

λ(F) = ⟨W, I,R⟩

where R is a transition relation defined from {Ri}i∈I and I using the above construction.
In light of these considerations, the following holds.

Lemma 5.1.2. There is a one-to-one correspondence between LTS and K implemented
by the maps T ↦→ ϕ(T ) and F ↦→ λ(F).

Remark 5.1.3. Kripke frames can be equivalently defined as triples F = ⟨W, I, r⟩
where W is a non-empty set of possible worlds, I is a non-empty set of indices, and
r : I → ℘(W ×W ) is a map assigning to each i ∈ I a relation r(i) ⊆ W 2.
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Kripke frames form the basis of the semantics of various modal logics. In the case of
epistemic logics, they model knowledge in terms of information accessibility. In such a
setting, the set I represents a set of rational agents, and the relations Ri specify which
worlds are compatible with each agent’s knowledge. As here we focus exclusively on
this perspective, we will henceforth refer to multi-modal Kripke frames as multi-agent
Kripke frames, and write Ag instead of I to emphasise that the indices identifying the
relations—and the corresponding modal operators—refer to agents.

Definition 5.1.4. A Kripke labelled transition system (KLTS ) is a quadruple

S = ⟨T ,At ,Ag , r⟩

where:

• T = ⟨S,Act , T, s0⟩ is an LTS;

• At is a non-emtpy set of atomic propositions;

• Ag is a non-empty set of agents;

• r : Ag × S → ℘(℘(At) × ℘(At)) is a function assigning to each agent i ∈ Ag at
each state s ∈ S an accessibility relation r(i, s) ⊆ ℘(At)2.

We denote by KLTS the class of al KLTSs.

In a KLTS S, the function r associates each state s of the underlying LTS T with a
frame Fs = ⟨℘(At), {r(i, s)}i∈Ag⟩. It is useful to consider the alternative characteriza-
tion provided in Remark 5.1.3: using partial function application, we can parameterise
r over S and decompose it into an S-indexed family{︂

rs : Ag → ℘(℘(At)× ℘(At))
}︂
s∈S

This yields frames of the form Fs = ⟨℘(At),Ag , rs⟩.
When analysing the behaviour of a system modelled by a KLTS, the information

generated as the system evolves through different configurations unfolds at two distinct
levels:

• an external level, corresponding to transitions in the underlying LTS;
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• an internal level, which describes how possible worlds in frames are related
through the accessibility relations.

Note that each accessibility relation rs(i) relates elements of ℘(At) and represents
the actual observational power of agent i in state s with respect to the propositions in
At . In other words, rs(i) describes the agent’s capability of distinguishing the possible
worlds identified by the values of the propositions.

Under the indistinguishability interpretation of epistemic logic, rs(i) encodes infor-
mational indistinguishability between possible worlds. More precisely, ⟨X, Y ⟩ ∈ rs(i)

means that, in state s, agent i cannot determine whether the system is in a state where
exactly the propositions in X hold or in a state where exactly the propositions in Y

hold. Consequently, both X and Y are consistent with the agent’s knowledge in s. By
virtue of this interpretation, we henceforth assume that the accessibility relations are
equivalence relations.

Example 5.1.5. If ⟨{p} ∪X, {p} ∪ Y ⟩ ∈ rs(i) for any choice of X, Y ∈ ℘(At), then in
state s all worlds in which p holds are indistinguishable from the viewpoint of agent i.
Moreover, if ⟨{p}∪X, Y ⟩ ̸∈ rs(i) whenever p ̸∈ Y , we conclude that agent i distinguishes
precisely those pairs of worlds that differ in the valuation of p. As we will later realise,
this means that, in s, agent i knows the truth value of p and is ignorant of any other
proposition.

5.2 Syntax and semantics

We now introduce the syntax and semantics of EHML. Our logic is designed to reason
about KLTSs whose internal frames are epistemic and therefore arises as a combina-
tion of HML and the normal multimodal logic S5n. Unlike previous work in this di-
rection—most notably [100]—EHML prevents knowledge modalities from ranging over
dynamic modalities, as, in the intended semantics, the external behaviour of a KLTS
determines the evolution of the agents’ knowledge, and it is therefore unreasonable to
allow agents to know how the system will evolve.

We base the syntax of EHML on an initial layer of S5n-formulas, which we refer to
as internal.
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Definition 5.2.1. For At a fixed set of atomic propositions and Ag a finite set of agent
tags, the set Int of internal formulas is defined by the BNF

ψ ::= p | ⊤ | ¬β | β1 ∧ β2 | Kiβ

where p ∈ At , i ∈ Ag , and β, β1, β2 ∈ Int .

For ψ ∈ Int , sub(ψ) is the set of all subformulas of ψ, and sub0(ψ) := sub(ψ) ∩ At .
We embed internal formulas into the syntax of EHML by enclosing them within the
delimiters ⌊ and ⌋ so as to mark their occurrences. We thus define the set ⌊Int⌋ :=

{⌊ψ⌋ | ψ ∈ Int} of delimited internal formulas. Accordingly, for any ∆ ⊆ Int , we set
⌊∆⌋ := {⌊ψ⌋ | ψ ∈ ∆}. We can now turn to the definition of EHML-formulas.

Definition 5.2.2. Let At+ := At ∪ ⌊Int⌋. For Act a finite set of action tags, the set
Fm of EHML-formulas is defined by the following grammar

φ ::= ξ | ⊤ | ¬α | α1 ∧ α2 | ⟨π⟩α

where ξ ∈ At+, α, α1, α2 ∈ Fm, and π ∈ Act .

For both grammars introduced in Definitions 5.2.1 and 5.2.2, disjunction (∨), mate-
rial implication (→), and material equivalence (↔) are defined as usual. In the syntax
of internal formulas, Kiψ formulas are read as “agent i knows that ψ”, and are referred
to as epistemic formulas. In the syntax of EHML, ⟨π⟩φ formulas are read as “after the
execution of the action π, φ holds”, and are referred to as dynamic formulas. For an
action tag π, the dual modality [π] of ⟨π⟩ is defined by [π]φ := ¬⟨π⟩¬φ. Analogously
to the case of internal formulas, for φ ∈ Fm, sub(φ) is the set of all subformulas of φ,
and sub0(φ) := sub(φ) ∩ At . Moreover, we set sub+(φ) := sub(φ) ∩ ⌊Int⌋. By a pure
HML-formula we mean an EHML-formula φ such that sub+(φ) = ∅.

We introduce some machinery for formula manipulation. For φ ∈ Fm, we write
φ{ξ1, . . . , ξn} to indicate that ξ1, . . . , ξn ∈ At+ occur in φ, and we denote by φ{ξ1/φ1, . . . , ξn/φn}
the formula obtained from φ by uniformly substituting ξ1 with φ1, . . . , ξn with φn. We
adopt the same convention for internal formulas: ψ{p1, . . . , pn} and ψ{p1/ψ1, . . . , pn/ψn}
denote, respectively, occurrence and uniform substitution in the usual sense. Moreover,
for φ ∈ Fm (resp. ψ ∈ Int) and φ′ ∈ sub(φ) (resp. ψ′ ∈ sub(ψ)), we write φ{φ′} (resp.
ψ{ψ′}) to denote the choice of an arbitrary but fixed occurrence of φ′ (resp. ψ′) within
φ (resp. ψ).

We now provide a Kripke-style semantics for EHML.
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Definition 5.2.3. Let S = ⟨T ,At ,Ag , r⟩ be a KLTS with underlying LTS T =

⟨S,Act , T, s0⟩. A model over S is a pair M = ⟨S, v⟩, where v : S → ℘(At) is a valuation
function.

Just as each state of a KLTS is associated with a Kripke frame, to evaluate epistemic
formulas in a model M = ⟨S, v⟩, an appropriately defined Kripke model Ms must be
associated with each state s of S.

Definition 5.2.4. Let M = ⟨S, v⟩ be a model over a KLTS S = ⟨T,At ,Ag , r⟩ with
T = ⟨S,Act , T, s0⟩. For a state s ∈ S, the s-model relative to M is the Kripke model
Ms = ⟨Fs, id⟩, where Fs = ⟨℘(At),Ag , rs⟩ is the Kripke frame associated with s and
id is the identity function on ℘(At).

We now proceed to define the intended models of EHML.

Definition 5.2.5. Let M be a model over a KLTS S = ⟨T ,At ,Ag , r⟩ with underlying
LTS T = ⟨S,Act , T, s0⟩. We say that M is an EHML-model if the direct image r[Ag×S]
of r is a family of equivalence relations on ℘(At). We define:

EHML := {S ∈ KLTS | ⟨S, v⟩ is an EHML-model, for v a valuation over S}.

This definition implies that, in an EHML-model, every s-model is a model for S5n.

Definition 5.2.6. Let M = ⟨S, v⟩ be an EHML-model over S = ⟨T ,At ,Ag , r⟩, where
T = ⟨S,Act , T, s0⟩. For a state s ∈ S, the satisfaction of an internal formula generated
over At with respect to the s-model Ms = ⟨Fs, id⟩ and a world X ∈ ℘(At) is recursively
defined as follows:

(a) Ms, X ⊩S5n p iff p ∈ id(X)

(b) Ms, X ⊩S5n ⊤
(c) Ms, X ⊩S5n ¬ψ iff Ms, X ⊮S5n ψ

(d) Ms, X ⊩S5n ψ1 ∧ ψ2 iff Ms, X ⊩S5n ψ1 and Ms, X ⊩S5n ψ2

(e) Ms, X ⊩S5n Kiψ iff ∀Y. ⟨X,Y ⟩ ∈ rs(i) implies Ms, Y ⊩S5n ψ

Definition 5.2.7. Let M = ⟨S, v⟩ be an EHML-model over S = ⟨T,At ,Ag , r⟩, where
T = ⟨S,Act , T, s0⟩. We define the satisfaction of an EHML-formula generated over At+
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with respect to M and a state s ∈ S as follows:

(1) M, s ⊩ p iff p ∈ v(s)

(1+) M, s ⊩ ⌊ψ⌋ iff Ms, v(s) ⊩S5n ψ

(2) M, s ⊩ ⊤
(3) M, s ⊩ ¬φ iff M, s ⊮ φ

(4) M, s ⊩ φ1 ∧ φ2 iff M, s ⊩ φ1 and M, s ⊩ φ2

(5) M, s ⊩ ⟨π⟩φ iff ∃s′. ⟨s, π, s′⟩ ∈ T and M, s′ ⊩ φ

Definition 5.2.8. Let φ be an EHML-formula.

1. φ is true in an EHML-model M = ⟨S, v⟩ (written M ⊩ φ) if M, s ⊩ φ, for each
state s of S;

2. φ is valid in S ∈ EHML (written S ⊩ φ) if it is true in every EHML-model over
S;

3. φ is valid in EHML (written EHML ⊩ φ) if S ⊩ φ, for all S ∈ EHML.

Truth and validity are extended to sets of formulas as usual: for Γ ⊆ Fm, we write
M ⊩ Γ (resp. S ⊩ Γ, EHML ⊩ Γ) if M ⊩ φ (resp. S ⊩ φ, EHML ⊩ φ), for all φ ∈ Γ.

Definition 5.2.9. Let Γ∪{φ} ⊆ Fm. The formula φ is a (local) semantic consequence
of Γ over EHML (henceforth, EHML-consequence) if M, s ⊩ Γ implies M, s ⊩ φ, for
every EHML-model M and every state s of M. Two EHML-formulas φ1 and φ2 are
EHML-equivalent if and only if each is an EHML-consequence of the other.

Throughout this section, we shall also make use of the standard notions of validity
and semantic consequence for S5n- and HML-formulas. Let S5 denote the class of
reflexive, transitive, and symmetric Kripke frames. For ψ ∈ Int , we write S5 ⊩ ψ

to indicate that ψ is valid in S5. Given a pure HML-formula φ, we write LTS ⊩ φ

(equivalently, K ⊩ φ) to mean that φ is valid in LTS (equivalently, in K). Local
semantic consequence over S5 and LTS/K will be expressed using the same notation
as in Definition 5.2.9, with the reference class indicated explicitly each time.

We now analyse in greater detail the semantic consequences of allowing delimited
formulas in the syntax of EHML. First, we show that satisfaction of atomic formu-
las is invariant under delimitation, and the application of delimiters “commutes” with
negation and conjunction.
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Lemma 5.2.10. Let p ∈ At and let ψ, ψ1, ψ2 ∈ Int . Then, for any EHML-model
M = ⟨S, v⟩ and any state s of M:

M, s ⊩ ⌊p⌋ ⇔ M, s ⊩ p (INVp)

M, s ⊩ ⌊⊤⌋ ⇔ M, s ⊩ ⊤ (INV⊤)

M, s ⊩ ⌊¬ψ⌋ ⇔ M, s ⊩ ¬⌊ψ⌋ (D¬)

M, s ⊩ ⌊ψ1 ∧ ψ2⌋ ⇔ M, s ⊩ ⌊ψ1⌋ ∧ ⌊ψ2⌋ (D∧)

Proof. The proof of (INVp) follows immediately from condition (a) in Definition 5.2.6
together with conditions (1) and (1+) in Definition 5.2.7. The case of (INV⊤) is analo-
gous, except that (b) and (2) are employed in place of (a) and (1), respectively. Finally,
(D¬) and (D∧) are established by a routine induction on the syntactic complexity of
formulas, relying on (1+) and, respectively, on conditions (c)/(3) and (d)/(4).

Definition 5.2.11 (DeNF ). An EHML-formula φ is in delimiter normal form if, for
every ⌊ψ⌋ ∈ sub+(φ), ψ = Kiβ, where i ∈ Ag and β ∈ Int . We denote by DeNF the
set of all EHML-formulas in delimiter normal form.

Note that, if φ is a pure HML-formula, then clearly φ ∈ DeNF .

Proposition 5.2.12. Every φ ∈ Fm can be transformed into an equivalent φ† ∈ DeNF .

Proof. Immediate from Lemma 5.2.10.

Definition 5.2.13. Let φ be an EHML-formula. If sub+(φ) = {ξ1, . . . , ξn}, we denote
by φp a pure HML-formula of the form φ{ξ1/p1, . . . , ξn/pn}, where p1, . . . , pn ∈ At \
sub0(φ). If φ is a pure HML-formula, then we regard φp as an alternative notation for
φ.

Remark 5.2.14. The superscript p does not denote a function, since, for a given
φ ∈ Fm with sub+(φ) ̸= ∅, there are multiple ways of choosing fresh atomic propositions
from At \ sub0(φ) to replace the delimited subformulas of φ. Consequently, for any
Γ ⊆ Fm, we denote by Γp the set of all formulas φp with φ ∈ Γ, under the assumption
that the transformation into pure formulas is carried out in a compatible way across Γ.
Formally, for all distinct φ, φ′ ∈ Γ and all ξ ∈ sub+(φ) ∩ sub+(φ

′), once a choice of a
proposition p ∈ At \ sub0(φ) is fixed, the substitution ξ/p is performed in φ if and only
if it is performed in φ′.
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Proposition 5.2.15. Let ⟨S, v⟩ be an EHML-model over a KLTS S = ⟨T ,At ,Ag , r⟩
with T = ⟨S,Act , T, s0⟩. Then, for φ ∈ Fm and s ∈ S, there exists v′ : S → ℘(At) such
that ⟨S, v⟩, s ⊩ φ iff ⟨S, v′⟩, s ⊩ φp.

Proof. Left to the reader.

The transformation of EHML-formulas into pure HML-formulas introduced in Def-
inition 5.2.13 allows for a clearer understanding of the notion of validity in EHML.
Trivially, any formula φ ∈ Fm whose pure HML counterparts are valid in LTS is valid
in EHML. However, the converse does not hold in general: consider, for instance, the
formula φ ∧ ⌊ψ⌋, where φ := [π](p ∧ ⌊Kjq⌋) → [π]p and ψ := Kip → ¬Ki¬p. Clearly,
EHML ⊩ φ ∧ ⌊ψ⌋, as LTS ⊩ φp and S5 ⊩ ψ. However, (φ ∧ ⌊ψ⌋)p has the form
φp ∧ r12, which is plainly not valid in LTS.

Lemma 5.2.16. Let φ ∈ Fm. The following conditions hold:

(a) if sub+(φ) = ∅, then EHML ⊩ φ iff LTS ⊩ φ;

(b) if sub+(φ) ̸= ∅, then LTS ⊩ φp implies EHML ⊩ φ;

(c) if EHML ⊩ φ and LTS ⊮ φp, then there exists ⌊∆⌋ ⊆ ⌊Int⌋ such that S5 ⊩ ∆,
and φ is an EHML-consequence of ⌊∆⌋.

Proof. The proof of (a) and (b) is immediate. As for (c), suppose that EHML ⊩ φ

while LTS ⊮ φp. Then the validity of φ in EHML cannot (at least entirely) be
accounted for by the LTS component of EHML-models. It follows that sub+(φ) ̸= ∅:
otherwise, by (a) and Definition 5.2.13, φp, or equivalently φ, would be valid over
LTS, contradicting the initial assumption. Three cases can then be distinguished. If
φ = ⌊ψ⌋ with S5 ⊩ ψ, then we take ⌊∆⌋ = ∅, and the claim follows. If, by applying
the delimiter-manipulation rules of Lemma 5.2.10, φ is EHML-equivalent to ⌊ψ⌋ with
S5 ⊩ ψ, then we take ⌊∆⌋ = {⌊ψ⌋}, and the claim follows. Finally, if φ contains
dynamic subformulas and LTS ⊮ φp, then, by applying some (possibly none) of the
delimiter-manipulation rules of Lemma 5.2.10, φ can be transformed into an EHML-
equivalent formula φ′ such that either LTS ⊩ (φ′)p, or the EHML-validity of φ′ is
determined by the S5-validity of certain delimited internal formulas belonging to a set
⌊∆′⌋ ⊆ sub+(φ

′). Accordingly, it suffices to take either ⌊∆⌋ = ∅ or ⌊∆⌋ = ⌊∆′⌋.
12Clearly, the choices of fresh atomic propositions in (φ∧⌊ψ⌋)p and φp are assumed to be compatible

in the sense of Remark 5.2.14.
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5.3 Axiomatisation, completeness, and decidability

We now proceed to introduce a Hilbert-style proof system for EHML, whose axioms and
inference rules are listed in Table 5.1.

HML axioms S5dn axioms

(cl) All classical tautologies (cld) All delimited classical tautologies
(kπ) [π](φ1 → φ2) → ([π]φ1 → [π]φ2) (kdi ) ⌊Ki(ψ1 → ψ2) → (Kiψ1 → Kiψ2)⌋
(dualπ) ⟨π⟩φ↔ ¬[π]¬φ (tdi ) ⌊Kiψ → ψ⌋

(5di ) ⌊¬Ki¬ψ → Ki¬Ki¬ψ⌋

Inference rules

φ1 φ1 → φ2 (mp)
φ2

φ
(necπ)

[π]φ
⌊ψ⌋

(necdi )⌊Kiψ⌋

φ{⌊¬ψ⌋}
(d¬)

φ{¬⌊ψ⌋}
φ{⌊ψ1 ∧ ψ2⌋}

(d∧)
φ{⌊ψ1⌋ ∧ ⌊ψ2⌋}

φ{ξ}
(inv)

φ{⌊ξ⌋}

φ{ξ1, . . . , ξn} (sub)
φ{φ1/ξ1, . . . , φn/ξn}

⌊ψ{p1, . . . , pn}⌋ (subd)⌊ψ{ψ1/p1, . . . , ψn/pn}⌋

where the double inference line in (d¬), (d∧), and (inv) indicates that the rules can be
applied in both directions. Moreover, in (inv), we require that ξ ∈ At ∪ {⊤}.

Table 5.1: Hilbert-style proof system for EHML.

To analyse KLTS dynamics, the system includes an HML component, which is de-
fined by the axioms (cl), (kπ), and (dualπ), together with the rules (mp), (necπ),
and (sub). Note that, in light of Lemma 5.1.2, this is just a variant (over Fm) of the
normal multimodal system Kn, where n is the cardinality of the set of action tags used
in the construction of EHML-formulas. The rules (d¬), (d∧), and (inv) control the
interaction between the internal and the external syntactic layers, allowing the delim-
iters surrounding internal formulas to be manipulated consistently with the equivalence
results of Lemma 5.2.10. Finally, to reason about the internal level of EHML-models, we
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require a variant of S5n, denoted S5dn, defined over delimited internal formulas and ax-
iomatised by (cld), (kdi ), (tdi ), and (5di ). As the reader will have noticed, this epistemic
component of EHML includes (necdi ) and (subd) as the counterparts of the standard
necessitation and substitution rules, but lacks the rule

⌊ψ1⌋ ⌊ψ1 → ψ2⌋ (mpd)⌊ψ2⌋

providing the internal-language counterpart of (mp). We now show that (mpd) is, in
fact, implicit in the system and can be derived.

Lemma 5.3.1. (mpd) is derivable in EHML.

Proof. Let ⊛ be an arbitrary composition of connectives from {∧,¬,⊤}. By using
(d¬), (d∧), and (inv), one immediately derives the following rule:

φ{⌊⊛(ψ1, . . . , ψn)⌋} (d⊛)
φ{⊛(⌊ψ1⌋, . . . , ⌊ψn⌋)}

Consequently, for ⊛ =→, (mpd) is derived via the proof schema

1. ⌊ψ1⌋ d1

2. ⌊ψ1 → ψ2⌋ d2

3. ⌊ψ1⌋ → ⌊ψ2⌋ (d→), 2
4. ⌊ψ2⌋ (mp), 1, 3

where d1 and d2 are two EHML-derivations of ⌊ψ1⌋ and ⌊ψ1 → ψ2⌋, respectively.

We now provide a characterization of the theorems of EHML. Clearly, considered in
isolation, both HML and S5dn generate theorems of EHML.

Proposition 5.3.2. Let Γ ∪ {φ} ⊆ Fm and ∆ ∪ {ψ} ⊆ Int . Then:

1. Γ ⊢HML φ iff Γp ⊢Kn φ
p, for (Γ ∪ {φ})p constructed as in Remark 5.2.14;

2. ⌊∆⌋ ⊢S5dn
⌊ψ⌋ iff ∆ ⊢S5n ψ.

Proof. Left to the reader.

It remains, however, to account for the hybrid rules (d¬), (d∧), and (inv).
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Proposition 5.3.3. Let ψ ∈ Int . If ⊢S5n ψ and φ is obtained from ⌊ψ⌋ by applying
any of the rules (d¬), (d∧), or (inv), then ⊢EHML φ. In particular, ⊢EHML ⌊ψ⌋†.

Let us now define E as the extension of S5dn obtained by adding the rules (d¬), (d∧),
and (inv).

Lemma 5.3.4. Let φ be an EHML-formula. Then ⊢EHML φ if and only if:

(a) ⊢E φ, or

(b) there exists a set Φ of E-theorems such that Φ ⊢HML φ.

Proof. The non-trivial direction of the lemma is the right-to-left one. Suppose that
⊢E φ. It then follows immediately that ⊢EHML φ, by Proposition 5.3.3 and by the fact
that every theorem of S5dn is also a theorem of EHML. Now, suppose that Φ ⊢HML φ for
some Φ ⊆ Thm(E). Since this condition concerns derivability in HML, we distinguish
two cases. If Φ = ∅, then ⊢HML φ, and hence ⊢EHML φ. If Φ ̸= ∅, since any theorem of E
is a theorem of EHML, then φ is derivable from a set of EHML-theorems, and therefore
it is itself an EHML-theorem.

Observe that, in the previous lemma, (a) implies (b): if ⊢E φ, then φ is an HML-
consequence of {φ}.

Proposition 5.3.5. If ⊢EHML φ1 ↔ φ2 and ⊢EHML φ{φ1/ξ} then ⊢EHML φ{φ2/ξ}.

Theorem 5.3.6. Let φ be an EHML-formula. Then ⊢EHML φ iff EHML ⊩ φ.

Proof. We leave it to the reader the easy exercise of verifying the soundness of the
inference rules of EHML. The left-to-right direction follows immediately from the stan-
dard soundness results for Kn and S5n, together with Definitions 5.2.6, 5.2.7, 5.2.8, and
Lemmas 5.2.10 and 5.3.4. As for the converse, suppose that ⊬EHML φ. By Lemma 5.3.4,
we have:

1. φ does not contain dynamic subformulas and ⊬E φ. Due to the rules (d¬), (d∧),
and (inv), φ is equivalent, modulo interderivability in E, to a delimited internal
formula ⌊ψ⌋. Hence, ⊬S5dn

⌊ψ⌋, and we obtain:

⊬S5dn
⌊ψ⌋ ⇔ ⊬S5n ψ by Proposition 5.3.2(2)

⇔ S5 ⊮ ψ by weak completeness of S5n [87]
⇔ EHML ⊮ ⌊ψ⌋ by Definitions 5.2.7 and 5.2.8
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2. Φ ⊬HML φ, for every set of E-theorems Φ. In particular:

(A) For Φ = ∅, ⊬HML φ. Then

⊬HML φ ⇔ ⊬Kn φ
p by Proposition 5.3.2(1)

⇔ K ⊮ φp by weak completeness of Kn [87]
⇔ LTS ⊮ φp by Lemma 5.1.2
⇔ EHML ⊮ φ by Proposition 5.2.15

(B) Let Φ ̸= ∅. We are thus in the situation where, for every non-empty set
Φ of E-theorems, no HML-derivation assuming Φ derives φ as a conclusion.
Moreover, since the system E is sound with respect to EHML, we have
EHML ⊩ α for every α ∈ Φ. Assuming that (Φ ∪ {φ})p is constructed
following Remark 5.2.14, we have:

Φ ⊬HML φ ⇔ Φp ⊬Kn φ
p by Proposition 5.3.2(1)

⇔ Φp ⊮ φp in K by strong completeness of Kn [165]
⇔ ∃F ∈ K : F ⊩ Φp and F ⊮ φp by def. of K-consequence
⇔ ∃T ∈ LTS : T ⊩ Φp and T ⊮ φp by Lemma 5.1.2

We conclude that LTS ⊮ φp. Since φp is a pure HML-formula, by Lemma 5.2.16(a)
we have that EHML ⊩ φp iff LTS ⊩ φp. Hence, EHML ⊮ φp. We need to show
that EHML ⊮ φ. Suppose, towards a contradiction, that EHML ⊩ φ. Then the
antecedent of Lemma 5.2.16(c) is satisfied. It follows that there exists a set ⌊∆⌋
of delimited S5-valid formulas such that φ is an EHML-consequence of ⌊∆⌋. We
therefore reconsider the three cases distinguished in Lemma 5.2.16(c):

(B1) φ = ⌊ψ⌋ with S5 ⊩ ψ. Hence, φ would be a theorem of E, and we would have
{φ} ⊢HML φ, contradicting the initial assumption. It follows that EHML ⊮
φ;

(B2) by applying the delimiter-manipulation rules of Lemma 5.2.10, φ is EHML-
equivalent to ⌊ψ⌋ with S5 ⊩ ψ. Again, φ would be a theorem of E, and
we would have {φ} ⊢HML φ, contradicting the initial assumption. Hence,
EHML ⊮ φ;

(B3) φ contains dynamic subformulas and, by applying some (possibly none)
delimiter-manipulation rules, φ can be transformed into an EHML-equivalent
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formula φ′ such that either LTS ⊩ (φ′)p, or the EHML-validity of φ′ is de-
termined by the S5-validity of certain delimited internal formulas belonging
to a set ⌊∆′⌋ ⊆ sub+(φ

′). Under these conditions, the derivation of φ′ from
⌊∆′⌋ in EHML relies solely on the HML machinery; hence,

⌊∆′⌋ ⊢HML φ
′.

Moreover, in E we can derive a family of biconditionals expressing the delim-
iter manipulations applied in transforming φ into φ′. These formulas have
the form

⌊⊛(β1, . . . , βn)⌋ ↔ ⊛(⌊β1⌋, . . . , ⌊βn⌋),

where ⊛ is a combination of connectives from {∧,¬,⊤}. Let Φ↔ denote the
set of all such biconditionals. We therefore have

⌊∆′⌋ ∪ Φ↔ ⊢HML φ,

contradicting the initial assumption. It follows that EHML ⊮ φ.

Example 5.3.7. We provide a simple example to clarify item (B3) in the above proof.
Let

α1 := [π](p ∧ ⌊Kjq⌋) → [π]p ψ := Kip→ ¬Ki¬p α2 := ⌊Kip⌋ → ⌊¬Ki¬p⌋

Clearly S5 ⊩ ψ, so we have EHML ⊩ ⌊ψ⌋, and by Lemma 5.2.10, ⌊ψ⌋ and α2 are
EHML-equivalent. It is immediate to give an HML-proof of α1:

1. (p ∧ ⌊Kjq⌋) → p cl
2. [π]((p ∧ ⌊Kjq⌋) → p) → ([π](p ∧ ⌊Kjq⌋) → [π]p) (kπ)
3. [π]((p ∧ ⌊Kjq⌋) → p) necπ, 1
4. [π](p ∧ ⌊Kjq⌋) → [π]p mp, 2, 4

(dα1)

Therefore LTS ⊩ αp
1 and, by Lemma 5.2.16(b), EHML ⊩ α1. Let now φ := α1 ∧ α2.

Clearly, EHML ⊩ φ whereas LTS ⊮ φp. Letting φ′ := α1 ∧ ⌊ψ⌋, one readily verifies
that φ and φ′ are EHML-equivalent. Note that EHML ⊩ φ′ because S5 ⊩ ψ, whence
{⌊ψ⌋} ⊩ φ′, and consequently {⌊ψ⌋} ⊩ φ. The first entailment is provable in HML:

1. α1 (dα1)
2. ⌊ψ⌋ Assumption
3. α1 → (⌊ψ⌋ → (α1 ∧ ⌊ψ⌋)) (cl)
4. ⌊ψ⌋ → (α1 ∧ ⌊ψ⌋) (mp), 1, 3
5. α1 ∧ ⌊ψ⌋ (mp), 2, 4

(dφ′)
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We can easily construct a HML-derivation of φ that uses ⌊ψ⌋. To this end, we construct
a proof in E of the formula ε := ⌊ψ⌋ ↔ α2:

1. ⌊(Kip→ ¬Ki¬p) ↔ (Kip→ ¬Ki¬p)⌋ cld

2. ⌊Kip→ ¬Ki¬p⌋ ↔ ⌊Kip→ ¬Ki¬p⌋ (d↔), 1
3. ⌊Kip→ ¬Ki¬p⌋ ↔ (⌊Kip⌋ → ⌊¬Ki¬p⌋) (d→), 1

(dε)

We can now obtain a derivation of φ from ⌊ψ⌋ and ε:

1. α1 ∧ ⌊ψ⌋ (dφ′)
2. ⌊ψ⌋ ↔ α2 (dε)
3. α1 ∧ ⌊ψ⌋ Proposition 5.3.5, 1, 2

(dφ)

We now turn to establish decidability results for EHML. By exploiting the two-layer
structure of EHML, the theorems we aim for can be inherited from those concerning Kn

and S5n (see [87] for further details).

Theorem 5.3.8. EHML is decidable.

Proof. Let φ be an EHML-formula. If φ = ⌊ψ⌋, then, by Lemma 5.3.4 and Proposi-
tion 5.3.2, ⊢EHML ⌊ψ⌋ if and only if ⊢S5dn

⌊ψ⌋, which in turn holds if and only if ⊢S5n ψ.
Hence, in this case, the algorithmic verification of whether φ is a theorem reduces to
the decision procedure for S5n. Suppose now that φ is not a delimited internal formula.
We distinguish two cases. If sub+(φ) = ∅, then the decision procedure for Kn applies
directly. Otherwise, let sub+(φ) = {⌊ψ1⌋, . . . , ⌊ψn⌋}. We define the following algorithm:

1. We construct a pure HML-formula φp and apply the decision procedure for Kn. If
⊢Kn φ

p, then, by Proposition 5.3.2, ⊢EHML φ. Otherwise, we proceed to Step 2.

2. We construct the formula φmin (which is EHML-equivalent to φ by Lemma 5.2.10)
by reducing each occurrence of ⌊ψ1⌋, . . . , ⌊ψn⌋ to the corresponding formulas
⌊ψ1⌋†, . . . , ⌊ψn⌋† ∈ DeNF . We proceed to Step 3.

3. Let X := sub+(φmin), and let Y :=
⋃︁
{Z ⊆ X | ⊢S5n β, for all ⌊β⌋ ∈ Z}. Suppose

Y = {⌊β1⌋, . . . , ⌊βm⌋}. We construct the formula

α := φmin{⌊β1⌋/⊤, . . . , ⌊βm⌋/⊤},

which is clearly EHML-equivalent to φmin. We have the following two cases:
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(a) Y = X. We apply the decision procedure for Kn. If ⊢Kn α, then ⊢EHML α,
therefore, by Theorem 5.3.6, ⊢EHML φmin, whence ⊢EHML φ; otherwise, ⊬EHML

α and therefore ⊬EHML φ.

(b) Y ⊊ X. We construct a formula α′ (which is EHML-equivalent to α by
Lemma 5.2.10) by, whenever possible, shifting the delimiters around each
⌊β⌋ ∈ X\Y so as to include the formula in which ⌊β⌋ occurs as an immediate
subformula. If α′ ̸= α, then, setting φmin := α′, we repeat the procedure of
Step 3. If α′ = α, we apply the decision procedure for Kn to (α′)p. If
⊢Kn (α′)p, then ⊢EHML α

′, therefore, by Theorem 5.3.6, ⊢EHML φmin, whence
⊢EHML φ; otherwise, ⊬EHML (α

′)p and therefore ⊬EHML φ.

Observe that the algorithm described above always terminates, since at each iteration
of Step 3 the cardinality of X strictly decreases.

Remark 5.3.9. A natural next step in our investigation would be to consider the model
checking problem for EHML. However, as addressing this issue falls beyond the scope
of the present work, we confine ourselves to some general considerations. Given a finite
EHML-model M = ⟨S, v⟩ and an EHML-formula φ, the most immediate approach to
determining whether there exists a state s of S such that M, s ⊩ φ is to build on
standard model checking procedures for normal multi-modal logics [87]. We outline
below what we take to be a plausible strategy. Inevitably, the possible occurrence of
delimited subformulas within EHML-formulas leads us to proceed by cases:

1. If sub+(φ) = ∅, we check whether φ is satisfied by ϕ(T ), where T is the underlying
LTS of M and ϕ : LTS → K is the map defined in Section 5.1.

2. If sub+(φ) = {⌊β1⌋, . . . , ⌊βn⌋}, we proceed in two steps:

2.1 For each state s of S and each 1 ≤ k ≤ n, we check whether Ms, v(s) ⊩ βk.
This yields a labelling of the states of S with formulas of the form ⌊βk⌋ or
¬⌊βk⌋, depending on whether βk is satisfied in the corresponding S5n-models;

2.2 We then check whether φp is satisfied by ϕ(T ), where φp is obtained from
φ by uniformly replacing each occurrence of a delimited subformula with
a placeholder atomic proposition. Satisfaction of placeholders is defined ac-
cording to the labelling given in the previous step, i.e., an atomic proposition
pk corresponding to ⌊βk⌋ is true at a state s of S if and only if Ms, v(s) ⊩ βk.
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5.4 A Hennessy–Milner theorem for EHML

EHML brings about the following notion of behavioral equivalence.

Definition 5.4.1 (Bisimulation). Let M = ⟨S, v⟩ be a model over a KLTS S =

⟨T ,At ,Ag , r⟩ with T = ⟨S,Act , T, s0⟩. An equivalence relation B ⊆ S × S is a bisim-
ulation iff whenever ⟨s, t⟩ ∈ B it holds that:

1. v(s) = v(t);

2. if ⟨s, a, s′⟩ ∈ T then ∃t′. ⟨t, a, t′⟩ ∈ T and ⟨s′, t′⟩ ∈ B;

3. there exists an equivalence relation Bst between the worlds of the Kripke models
Ms = ⟨Fs, id⟩ (with Fs pointed at v(s)) and Mt = ⟨Ft, id⟩ (with Ft pointed at
v(t)) such that ⟨v(s), v(t)⟩ ∈ Bst and for any X, Y ∈ ℘(At), whenever ⟨X,Y ⟩ ∈
Bst then:

• X = Y ;

• if ⟨X,X ′⟩ ∈ rs(i) for i ∈ Ag , then ∃Y ′. ⟨Y, Y ′⟩ ∈ rt(i) and ⟨X ′, Y ′⟩ ∈ Bst.

Conditions 1 and 3 resemble the definition of modal bisimulation for Kripke mod-
els [26], while condition 2 characterises the strong bisimulation for LTSs [90]. Two states
s and t of a model M = ⟨S, v⟩ are bisimilar, written s ∼M t, if and only if there exists
a bisimulation B such that ⟨s, t⟩ ∈ B. The correspondence theorem relates bisimilar
states and equivalent states whenever the model is image-finite, i.e., for all states and
actions, the image of s (under any accessibility relation) and the image of s, π (under
the transition relation) are finite.

Definition 5.4.2. Let M = ⟨S, v⟩ be an EHML-model. Two states s, s′ of S are modal
equivalent (denoted s ≡M s′) if, for any EHML-formula φ:

M, s ⊩ φ iff M, s′ ⊩ φ.

It is easy to check that ≡M is an equivalence relation.

Theorem 5.4.3. For any two states s, t of a image-finite model M, s ∼M t iff s ≡M t.
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Proof. The proof is an adaptation of standard approaches [26, 90].
Left-ro-right implication: s ∼M t implies s ≡M t.

Let us assume that there exists a bisimulation B including the pair ⟨s, t⟩. We will show
the result through an induction on the complexity of formulas.

The base case refers to the atomic formulas and trivially holds by definition of
bisimulation since v(s) = v(t). We leave it to the reader to prove that no EHML-
formula whose main connective is Boolean, and no delimited internal formula ⌊ψ⌋ such
that ψ’s main connective is Boolean, can distinguish bisimilar states.

In the case of a formula ⟨π⟩φ, suppose that M, s ⊩ ⟨π⟩φ. Hence there exists s′ ∈ S

such that ⟨s, π, s′⟩ ∈ T and M, s′ ⊩ φ. By Definition 5.4.1, there exists t′ ∈ S such that
⟨t, π, t′⟩ ∈ T and ⟨s′, t′⟩ ∈ B. By the induction hypothesis (IH), it holds that M, t′ ⊩ φ

whence M, t ⊩ ⟨π⟩φ, and therefore s and t cannot be distinguished by EHML-formulas
prefixed by dynamic modalities.

It remains to be checked the case of delimited internal formulas of the form ⌊Kiψ⌋.
Suppose that M, s ⊩ ⌊Kiψ⌋. Thus, by Definition 5.2.6, Ms, v(s) ⊩S5n Kiψ. By
Definition 5.4.1, there exists an equivalence relation Bst between the worlds of Ms =

⟨Fs, id⟩ (with Fs pointed at v(s)) and Mt = ⟨Ft, id⟩ (with Ft pointed at v(t)) such that
⟨v(s), v(t)⟩ ∈ Bst.

We now show that Ms and Mt satisfy the same internal formulas and, therefore,
Mt, v(t) ⊩S5n Kiψ, from which we derive M, t ⊩ ⌊Kiψ⌋.

• Base case. As v(s) = v(t), Ms, v(s) ⊩S5n p iff Mt, v(t) ⊩S5n p, for all p ∈ At .

• Step. Trivially, no formula constructed using only Boolean connectives can dis-
tinguish v(s) from v(t). So, let us consider Ms, v(s) ⊩S5n Kiψ. Now, let X
be such that ⟨v(s), X⟩ ∈ rs(i). Hence we have Ms, X ⊩S5n ψ. By Definition
5.4.1, there exists Y such that ⟨v(t), Y ⟩ ∈ rt(i) with ⟨X, Y ⟩ ∈ Bst and, by in-
duction hypothesis, Mt, Y ⊩S5n ψ. As a consequence, again by Definition 5.4.1,
Mt, v(t) ⊩S5n Kiψ, as expected.

Therefore, having a bisimulation relating two states is sufficient for the two states
to verify the same EHML-formulas.

Right-to-left implication: s ≡M t implies s ∼M t.
We show (by contradiction) that ≡M itself is a bisimulation.

First, the condition v(s) = v(t) trivially holds because its violation would mean that
there exists a formula distinguishing the two states.
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Second, take an arbitrary action π and suppose that there exists s′ such that
⟨s, π, s′⟩ ∈ T , but there does not exist t′ such that ⟨t, π, t′⟩ ∈ T with s′ ≡M t′. Let
S ′ be the finite set of states accessible from t through a π-labeled transition. S ′ is
non-empty otherwise ⟨π⟩⊤ would distinguish s from t. By assumption, for each tj ∈ S ′,
1 ≤ j ≤ |S ′|, there exists φj such that M, s′ ⊩ φj and M, t′ ⊮ φj. Hence, it holds
that M, s ⊩ ⟨π⟩

⋀︁
j φj (since there is s′ such that ⟨s, π, s′⟩ ∈ T and satisfying

⋀︁
j φj),

and M, t ⊮ ⟨π⟩
⋀︁
j φj, thus contradicting the hypothesis. The same kind of reasoning

applies to the symmetric case.
Third, assume that the worlds of the Kripke models Ms = ⟨Fs, id⟩ (with Fs pointed

at v(s)) and Mt = ⟨Ft, id⟩ (with Ft pointed at v(t)) are not related by a binary
equivalence relation Bst including ⟨v(s), v(t)⟩ as given in Definition 5.4.1. As a first
consideration, note that v(s) = v(t), hence there exists X such that ⟨v(s), X⟩ ∈ rs(i),
with i ∈ Ag , but there does not exist Y such that ⟨v(t), Y ⟩ ∈ rt(i) with ⟨X, Y ⟩ ∈ Bst.
Let S ′ be the finite set of worlds accessible from v(t) through rt(i). S ′ is non-empty,
otherwise Ki¬⊤ would distinguish v(s) from v(t). By assumption, for each Yj ∈ S ′,
1 ≤ j ≤ |S ′|, there exists ψj such that Ms, X ⊩S5n ψj and Mt, Y ⊮S5n ψj . But
then Ms, X ⊩S5n ¬Ki¬

⋀︁
j ψj (since there is X, accessible from v(s), satisfying

⋀︁
j ψj)

and Mt, v(t) ⊮S5n ¬Ki¬
⋀︁
j ψj (since by assumption and the semantics of the epistemic

operator, Mt, v(t) ⊩S5n Ki¬
⋀︁
j ψj), thus contradicting the hypothesis. The same kind

of reasoning applies to the symmetric case.
As ≡M satisfies the three conditions of Definition 5.4.1, it is a bisimulation and the

proof is completed.

5.5 Related work

Computational modeling and temporal logics The closest approach to our
framework is proposed in [100], where LTSs are enriched with accessibility relations
representing indistinguishability between states. The idea is that agents observe (do
not control) the path of performed actions and, based on this knowledge, deduce what
the actual state is. Hence, the semantics of the formulas of the underlying logic is given
in terms of paths. Notably, such a logic, like EHML, is equipped with both temporal and
epistemic modalities. An analogous approach is followed in [52] by using an epistemic
µ-calculus with an application to security properties. Similarly, epistemic notions are
incorporated in concurrent constraint programming paradigms for modeling knowledge
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distribution in multi-agents systems [101, 85].
In the field of concurrency theory, some of the ideas presented here can be found in

the study of temporal logics encompassing features from HML and modal µ-calculus [51].
As an example, a variant of CTL is defined in [161] to check properties over expressive
models called L2TSs, which are defined as extensions of Kripke structures with labellings
over transitions. In these models, the idea is to combine transition labels expressing
the action-based dynamic behavior of a system with state-based labels expressing the
knowledge possessed in each state of the system. With respect to our proposal, no
epistemic representation of derivable knowledge is given, so the study of the observa-
tional power of the agents is limited to the verification of state-based propositional logic
formulas and on the model checking of temporal formulas.

Combining logics Within the broad framework of combining logics [34], EHML

can be viewed as a kind of parameterisation (in the sense of [32]) of HML with S5n as
the parameter logic. In particular, although HML is not a temporal logic, the design of
EHML and its KLTS-based semantics is related to the method of temporalising a logic
introduced by Finger and Gabbay [63]. In that work, starting from a propositional
temporal logic TL and an arbitrary propositional logic S (with a classical base), a
system TL(S) is obtained by internalising S into TL, along lines closely analogous to the
construction of EHML developed here. More specifically, Finger and Gabbay partition
the set of S-formulas into two sets:

• Boolean combinations : the set of those S-formulas whose main connective is a
Boolean operator;

• monolithic formulas : the complement of the set of Boolean combinations relative
to the set of all S-formulas.

The set of TL(S)-formulas is then generated over the set of monolithic formulas by
means of the Boolean connectives and the temporal operators of TL. The authors
argue that the reason why the syntax of TL(S) is built through monolithic formulas is
that a clause of the form

if φ is an S-formula, then φ is a TL(S)-formula (P )

would conflict with the closure of TL(S)-formulas under the application of Boolean
connectives, insofar as the depth measure of formulas’ parsing trees would no longer be
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well defined. For instance, if φ is an S-formula, the parsing tree of the TL(S)-formula ¬φ
would have depth 0 if ¬φ is viewed as constructed via (P ), whereas it would have depth
1 if ¬φ is viewed as the TL(S)-formula obtained by applying negation to the S-formula φ.
The syntax of EHML in Definition 5.2.2 does not face a similar issue, due to delimitation
of internal formulas. Finally, while Finger and Gabbay establish completeness and
decidability for logics whose temporal component is linear, our semantics, although not
temporal, is intrinsically branching, reflecting the possibly nondeterministic structure
of LTSs.

Dynamic epistemic logics A well-known dynamic approach for epistemic mod-
els is represented by the dynamic epistemic logics (see, e.g., [165]). The effect of dynamic
behaviors on Kripke models is represented, e.g., through a modal operator of the form
[condition]φ. In particular, this operator is used to express that φ is true after the
occurrence of a certain condition. The condition could be represented by an action or
by a formula contributing to updating the Kripke model. Hence, φ is evaluated to true
in the new version of the model rather than the current one. This dynamic mechanism
characterises, e.g., the Public Announcement Logic PAL [18] and paves the way for rea-
soning about extensions of the notion of possessed knowledge for dynamic multi-agent
systems, like, e.g., common and/or distributed knowledge.

In PAL, the condition is a formula γ, so that [γ]φ is true in a state of a Kripke model
if, whenever γ is true in the state, φ is true in the state after we eliminate all not-γ
states and related arrows. The intuition is that γ represents a public announcement
that enriches the knowledge possessed by all agents, thus motivating the elimination of
all non-γ possibilities from consideration. This behaviour is similar to the broadcast
mechanism implemented in the process algebra presented in Chapter 6

The logic DEL [162, 19, 28] is based on classical epistemic models integrated with
event models which, in particular, define events and pre/post-conditions to the events.
Temporal evolution is then computed from some initial epistemic model through a
process of successive product updates. A product update states that an event may occur
in a state satisfying the related pre-condition and causing a state update governed by the
post-condition. Several variants of this approach are possible. For instance, based on
the same event model of DEL, the proposal in [145] presents a framework encompassing
explicitly a timekeeping relation modelling the passage of time. Event models and
product updates model certain constraints (e.g., the relation between an event and the
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formula expressing its pre/post-condition) while ignoring others (e.g., the precedence
relation between events).

The logic ETL [162] describes how knowledge evolves over time, which is represented
as a history of events. Hence, the perspective of the agents about knowledge refers
to their capability of distinguishing histories. The logic of [167] mixes the epistemic
operator K and the classical temporal operators in a multi-agent setting in which agents
implement strategies; however, this framework is not action-based.

With respect to these approaches, in the KLTS model, the system dynamics rely on
the action-based LTS model, with a Kripke model that is linked to every state of the
LTS, and with no constraints between the two levels expressed in the form of pre/post-
conditions. Instead, we specify the constraints at the level of the semantics of our
process algebra (see Chapter 6), which we use to explicitly build concurrent processes
and to implicitly encode the dynamics of Kripke frames within the execution of the
actions.

In particular, as we shall see, our specification language models action-based syn-
chronous communications between agents, which result in a transfer of knowledge within
the Kripke models. These updates are based on operations that delete arrows (instead
of eliminating possible worlds), similar as done in approaches, like, e.g., [102], or in
a more general way, in [77]. However, we can also model the loss of knowledge—and
therefore arrow addition—caused by the (re-)setting of propositions. The interaction
mechanism of our framework is simulated by the action model of [18], where, however,
the point-to-point communication is represented artificially as two announcements with
different accessibility.

A natural benefit of our LTS-based semantics for modelling the dynamics of systems
is that we immediately inherit the model-checking techniques associated with discrete-
time models and dynamic logics in HML style. Moreover, in EHML, these capabilities
are merged with the expressive power of epistemic logic.
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Chapter 6

A process algebra with KLTS
semantics

In this chapter, we adopt an incremental approach to present a KLTS-based specification
language that we call ECCS (Epistemic Calculus of Communicating Systems). We begin
by defining a process calculus inspired by classical CCS-style calculi with value passing
[64, 80, 89, 94]. This calculus provides the basis for describing sequential process terms
in isolation, and its semantics is given in terms of LTSs. We then introduce the notion
of an ECCS-agent, which has a unique identity and is characterised by a behaviour
specified as a process term. Finally, we define networks (pools) of communicating
epistemic ECCS-agents, whose semantics is expressed in terms of KLTSs. The various
components and stages of our specification methodology are illustrated by a running
example introduced below.

Running example. The FIPA (Foundation for Intelligent Physical Agents) standard
specifications [141, 140] describe basic interaction protocols for multi-agent systems
that support interoperability, information exchange, and open service interaction [138].
Hence, they represent an ideal setting for the description of our methodology. For each
protocol description, we have (at least) an agent sending requests, called Initiator, and
(at least) an agent executing tasks, called Participant. In the following, we will describe
the behaviour of agents for two FIPA protocol standards:

• Query interaction protocol (QIP): the Initiator wants to query whether a propo-
sition p is true or false and sends a request of type query-if to the Participant.
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Then, the Participant processes the request, makes a decision whether to accept
or refuse it, stores the decision in a Boolean variable, and then notifies the Ini-
tiator of the value of the variable. In case of acceptance, the Participant may fail
or reply with an inform-t/f communication that asserts the truth or falsehood of
the proposition.

• Contract net interaction protocol (CNIP): the Initiator requires a service with
certain requirements and issues a call soliciting proposals from a set of Participants
offering the needed task. Each Participant may answer with a proposal that
includes preconditions set out for the task. Until a given deadline, the Initiator
waits for proposals, evaluates the received ones, and selects the Participant to
perform the task. Finally, the chosen Participant communicates the result of the
task.

6.1 Process terms of ECCS

ECCS is based on a syntax determined by elementary terms, called actions, and the well-
formed combination of operators generating more complex terms, which are considered
to be correctly structured programs that execute actions. For this reason, we call the
terms of our calculus process terms.

Let Aτ be a set of action names (ranged over by a, b, . . .), including the distinguished
name τ , which represents an unobservable internal action. We write A for Aτ \ {τ}.
Moreover, let set and in be two additional special action names. To model value passing
[89, 94], we will use variables x, y, . . . , f, g, . . ., values v, v′, . . . from fixed domains, and
expressions e, e′, . . . that usually represent simple values.

We model sequential processes through the operators of action prefix, nondetermin-
istic choice, and recursion.

Definition 6.1.1. For At a fixed set of atomic propositions and Ag a set of agent vari-
ables, the set Proc of process terms of the calculus for sequential processes is generated
through the following syntax:

P ::= 0 |
∑︁

k∈K πk . Pk | C(e1, . . . , en)

π ::= [ψ]b | a(y, f) | ā(J, ψ) | set(p, w)
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where K is a finite indexing set, C is a constant name with the integer n ≥ 0 being its
arity, b ∈ Aτ , ψ ∈ Int , a ∈ A, J ⊆ Ag , p ∈ At , and w is a Boolean value.

Let us explain the informal meaning of each operator. The constant 0 stands for the
inactive, halted process. The summation operator represents a nondeterministic choice
enacting one of the process terms πk.Pk, with k ∈ K, which executes action πk and
then behaves as process term Pk. The constant C is used to express recursive processes
with n ≥ 0 parameters and must be associated with a defining equation of the form
C(x1, . . . , xn) := P .

The notation π stands for any action of one of the following forms:

• The conditional action [ψ]b represents an action (named b) guarded by the internal
formula ψ. As will be made precise in the next section, the intended interpretation
of [ψ]b is that the action b is executed whenever ψ is known by the agent. This
notation should not be confused with the modality [π]φ of HML, which expresses
that every execution of action π leads to a state satisfying φ. In the following, we
write b as shorthand for [⊤]b.

• The input action a(y, f) specifies that, when executing the action named a, an
internal formula assigned to the variable f is received from an agent with identity
assigned to the variable y.

• The output action ā(J, ψ) specifies that when executing the action named a the
formula ψ is sent to all the agents in the set J (broadcast communication). If
|J | = 1 then we have a classical one-to-one interaction (in this case, we will use
the simplified notation ā(j, ψ)). As we will see formally in the next Section, only
known formulas can be transmitted to other agents.

• The assignment action set(p, w) sets the proposition p to the Boolean value w.

As usual in calculi with value passing, each variable occurrence in a process term
P is bound either by an input action or by a defining equation for a constant. For
instance, x is bound in C(x) := ā(x, p ∧ q) . C(x + 1) and in a(x, f) . b̄(x,⊤) . 0, but
not in ā(x, p ∧ q) . 0. Moreover, we write i/x and ψ/f for substitutions of values for
variables, and denote by P [i/x, ψ/f ] the result of substituting i (resp., ψ) for all free
(not bound) occurrences of x (resp., f) in P .
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Definition 6.1.2. The behaviour of a process term P ∈ Proc is described in structural
operational semantics style as the LTS rooted at P and defined by the least transition
relation generated by the axioms and the rules of Table 6.1.

π . P
π

−−→P π ∈ {[ψ]b, ā(i, ψ), set(p, w)}

a(y, f) . P
a(i,ψ)

−−→P [i/y, ψ/f ] for all i ∈ Ag and all ψ ∈ Int

π . P
π′

−−→P

π . P + E
π′

−−→P

P [v1/x1, . . . , vn/xn]
π

−−→P ′

C(e1, . . . , en)
π

−−→P ′
C(x1, . . . , xn) := P and each ei evaluates to vi

Table 6.1: Semantic rules for sequential processes

Let us illustrate the semantic rules of Table 6.1. The first rule formalises the be-
haviour of the prefix operator for actions other than input actions. In particular, the
rule specifies that such actions are enabled independently of any pre- or post-conditions
on their parameters. Pre- and post-conditions will be introduced only when defining
the semantics of the parallel composition of agents and the structures characterising
the knowledge of these agents.

The second rule describes the behaviour of input actions. Note that, the process term
enables the execution of a bunch of transitions that represent any possible assignment
of the incoming internal formula and of the sending agent.

In the rule for the choice operator, E is a non-empty summation. Hence, if a
prefix process term can execute an action π′ and evolve to P (see the rule’s premiss),
then a summation including such a process term can execute π′ and evolve to P , thus
discarding the context E (see the rule conclusion). Hence, the operator models the
standard nondeterministic choice among alternative process terms.

Finally, the recursion mechanism is defined as in classic value-passing CCS [80, 94].
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6.2 From process terms to ECCS-agents

Process terms in the calculus defined above describe behavioural patterns. An ECCS-
agent is a specific instance of a process term, equipped with a unique identity.

Definition 6.2.1. An ECCS-agent is a pair A = ⟨i, P ⟩, where i ∈ Ag and P ∈ Proc.
We refer to P as the local behaviour of agent i.

The semantics of an ECCS-agent ⟨i, P ⟩ is given by the LTS expressing the behaviour
of P , up to the renaming defined by the following semantic rule:

P
π

−−→P ′

⟨i, P ⟩
i.π

−−→⟨i, P ′⟩

In the following examples, we describe the behavioural pattern of each type of agent
involved in the two FIPA protocols, as well as two possible scenarios. Regarding the
parameters of input/output actions, we will use ⊤ as a parameter of an output action
whenever no specific formula must be communicated, and we use the symbol _ to
denote an unspecified parameter of an input action whenever it is not used.

Example 6.2.2 (Specification of the FIPA QIP). We assume that queries can be issued
in relation to a finite set of propositions Pr. Then, the process term Participant can be
defined as follows:

Participant :=
∑︁

p∈Pr query-ifp(x,_).(

set(acc, 0).notify(x,¬acc).Participant +
set(acc, 1).notify(x, acc).Query_Execp(x))

Query_Execp(x) := failure(x,⊤).Participant +

inform-t/f(x, p).Participant + inform-t/f(x,¬p).Participant

The choice among the input actions named query-ifp, with p ∈ Pr , states that query
requests about any proposition can be received. Then, a nondeterministic choice be-
tween two different assignments determines whether the request is accepted (acc = 1)
or refused (acc = 0). The decision is sent to the same agent x that originated the
query. If the query is executed, it can nondeterministically fail (see the action named
failure) or return the value of proposition p as an outcome (see the two actions named
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inform-t/f )). The process term Initiator is defined as follows:

Initiator :=
∑︁

p∈Pr query-ifp(MySQL_Server,⊤).notify(_, g1).Init_Wait
Init_Wait := [¬acc]is_refuse.Initiator + [acc]is_agree.

(failure(_,_).Initiator + inform-t/f(_, g2).ok.Initiator)

The choice of the specific query is nondeterministic and is sent to the agent MySQL_Server,
which is assumed to be the identity of the Participant of interest. Based on the for-
mula g1 received with the notification, acceptance (action is_agree) or rejection (action
is_refuse) is enabled. In case of acceptance and subsequent success, the result of the
query is received through the formula g2 and the action ok is executed.

As a possible topology of a system executing such a FIPA protocol, consider a very
simple scenario with a Participant MySQL_Server and an Initiator Web_App. Hence,
we have the two ECCS-agents:

⟨Web_App, Initiator⟩ ⟨MySQL_Server,Participant⟩.

Example 6.2.3 (Specification of the FIPA CNIP). We assume a task offered by the
Participant agents belonging to a set J . Hence, the Initiator model is as follows:

Initiator(x , freq) := call(J,⊤).Init_Wait(x, freq)
Init_Wait(x, freq) := propose(y, fpre).(

[accy]verify.accept(y,⊤).Init_Exec(x, freq)+

[¬Kxaccy]verify.reject(y,⊤).Init_Wait(x, freq))+

[ψt]timeout.Initiator(x, freq)
Init_Exec(x, freq) := fail(_,_).Init_Wait(x, freq) + result(_, g).ok.Initiator(x, freq)

Process Initiator is parameterised by the identity x of the agent and by the formula
freq expressing the task requirements. The call for proposals is modelled as a broadcast
to the set J of participants (see the action named call), after which the process term
waits for proposals (see action propose) or the expiration of a timeout (modelled by
a formula ψt guarding action timeout). A proposal from a participant agent y comes
with task preconditions modelled by the formula fpre . Depending on freq , fpre , and the
knowledge of the initiator agent (which we will specify in Example 6.3.7), the proposal
can be accepted (which is modelled by proposition accy). In such a case, the guard
[accy] enables the branch leading to acceptance. Contrariwise, if it is not possible to
derive accy, i.e., ¬Kxaccy, the branch leading to rejection is enabled. Once a proposal
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has been accepted, it is possible to detect a task failure or receive the outcome of the
task through the input formula g (see process Init_Exec). Each Participant model is
as follows:

Participant(fpre) := call(x,_).(

propose(x, fpre).Part_Wait(fpre)+

[ψt]timeout.Participant(fpre))
Part_Wait(fpre) := reject(_,_).Participant(fpre)+

accept(x,_).(

fail(x,_).Participant(fpre)+
result(x, ψr).Participant(fpre))

A Participant agent is parameterised by a formula fpre modelling the offer precondi-
tions. When receiving a call, the agent can make a proposal (see action named propose)
or abandon the protocol through the same timeout mechanism described above. After
sending a proposal, the agent waits for the Initiator’s decision and, if the offer is ac-
cepted, the task is executed. Then, the execution may fail or produce an outcome ψr
that is transmitted to the Initiator.

Now, let us consider a scenario with a set J = {S1, S2} of two Participant agents,
with preconditions p1 and p2 associated to S1 and S2, respectively. Moreover, we have
one Initiator agent C, with task requirements modelled by the formula ¬r1∧ r2. There-
fore, we have the set of ECCS-agents:

T := {⟨C , Initiator(C,¬r1 ∧ r2)⟩, ⟨S1,Participant(p1)⟩, ⟨S2,Participant(p2)⟩}.

6.3 Modelling concurrent ECCS-agents

To model concurrency, ECCS-agents must be able to communicate with each other to
form a network. Moreover, while so far we described agents only in terms of their local
behaviour, now we need to model their knowledge, which will affect the way in which
they can behave and interact. In the following, we combine the behaviour of several
agents by integrating the notion of knowledge, which will allow us to specify how they
can interact.

Definition 6.3.1. Let I ⊆ Ag be a finite set of cardinality n. A pool of ECCS-agents
is a tuple P = ⟨{Ai}i∈I , {Ri}i∈I , X⟩, where {Ai}i∈I is a family of ECCS-agents, {Ri}i∈I
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is a family of equivalence relations over ℘(At), and X ⊆ At represents the valuation
over At that makes true all and only the atomic propositions in X.

The behaviour of the set of ECCS-agents forming the pool depends on the local be-
haviour of each agent i. Each equivalence relation Ri represents the epistemic structure
governing agent i’s ability to distinguish possible worlds on the basis of truth-value
assignments over At . Finally, X denotes the set of atomic propositions that are taken
to be true with respect to {Ai}i∈I (see Definition 6.3.2).

The agents of a pool execute their actions, either synchronously or autonomously,
thus making the system dynamic. In particular, input and output actions represent
synchronous communications that express knowledge transfer between agents. All the
other actions are executed autonomously. In any case, the execution of an action might
(1) be conditioned to the knowledge of some formula and (2) imply some change in X
and the agents’ knowledge.

Formally, such a joint knowledge-based and action-based behaviour is represented
by a model over a KLTS describing the evolution of the pool of agents.

Definition 6.3.2. Let P = ⟨{Ai}i∈I , {Ri}i∈I , X⟩ be a pool of ECCS-agents of cardinal-
ity n. The semantics of P is given by a model M = ⟨S, v⟩ over a KLTS S = ⟨T ,At , I, r⟩
with underlying LTS T = ⟨S,Act , T, s0⟩ such that:

• the states in S are pools of agents, with s0 = P and v(s0) = X. For each i ∈ I,
rs0(i) = Ri is the accessibility relation associated to i in s0;

• T is the least transition relation generated by the rules of Table 6.2;

• for each s ∈ S corresponding to a pool ⟨{A′i}i∈I , {R′
i}i∈I , X ′⟩, we define v(s) = X ′

and for each i ∈ I, rs(i) = R′
i.

Intuitively, the pool tuple P defines the initial state of a KLTS model that is built
by applying the rules of Table 6.2. Each new pool tuple added in such a way includes
the information used to define the valuation function v and the Kripke frames associated
with the KLTS states. We now illustrate the rules of Table 6.2.

The rule (pool) describes the asynchronous execution of an autonomous action of
the form [ψ]b by any agent j of the pool – see the second premiss of the rule. The action,
named b, is subject to the condition given by ψ, meaning that it is enabled only if ψ is
known by the agent j – see the first premiss of the rule. In particular, the knowledge
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Let:
− Ms = ⟨⟨℘(At), I, {Ri}i∈I⟩, id⟩ for s = ⟨_, {Ri}i∈I ,_⟩ a pool of agents P

− diff (Ms, X, Y, ψ) = (Ms, X ⊩S5n ψ ⋏Ms, Y ⊮S5n ψ)⋎ (Ms, X ⊮S5n ψ ⋏Ms, Y ⊩S5n ψ)

− closure(Rk) = Rk ∪ {⟨X, Y ⟩ | ∃Z. ⟨X,Z⟩ ∈ Rk ⋏ ⟨Z, Y ⟩ ∈ Rk}

(pool)
Ms, X ⊩S5n Kjψ Aj

j.[ψ]b

−−→ A′j

P
j.b

−−→P ′
where:

− P = ⟨{Aj} ∪ {Ai}i∈I\{j}, {Ri}i∈I , X⟩
− P ′ = ⟨{A′j} ∪ {Ai}i∈I\{j}, {Ri}i∈I , X⟩

(set)
Aj

j.set(p,w)

−−→ A′j

P
τ

−−→P ′
where:

− P = ⟨{Aj} ∪ {Ai}i∈I\{j}, {Rj} ∪ {Ri}i∈I\{j}, X⟩
− P ′ = ⟨{A′j} ∪ {Ai}i∈I\{j}, {R′

j} ∪ {R′
i}i∈I\{j}, X ′⟩

− R′
j = Rj\{⟨Y, Y ′⟩ | diff (Ms, Y, Y

′, p)}
− R′

i = closure(Ri ∪ {⟨{p} ∪ Y, Y ⟩ | p ̸∈ Y } ∪ {⟨Y, {p} ∪ Y ⟩ | p ̸∈ Y })

− X ′ =

{︄
X\{p} if w = 0

X ∪ {p} if w = 1

(com)
Ms, X ⊩S5n Kjψ Aj

j.ā(J ,ψ)

−−→ A′j Ai1
i1.a(j ,ψ)

−−→ A′i1 · · · Ain
in.a(j ,ψ)

−−→ A′in j ̸∈ J

P
τ

−−→P ′

where:
− P = ⟨{Aj} ∪ {Ai1 , . . . Aih} ∪ {Ak}k∈I\({j}∪J), {Ri1 , . . . , Rih} ∪ {Rk}k∈I\J , X⟩
− P ′ = ⟨{A′j} ∪ {A′i1 , . . . , A

′
ih
} ∪ {Ak}k∈I\({j}∪J), {R′

i1
, . . . , R′

ih
} ∪ {Rk}k∈I\J , X⟩

− J = {i1, . . . , ih} ⊆ I

− ∀i ∈ J. R′
i = Ri\{(Y, Y ′) | diff (Ms, Y, Y

′, ψ)}

Table 6.2: Semantic rules for a pool of agents
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of ψ by j is determined with respect to the Kripke model associated with the current
pool tuple and the current truth assignment represented by X. Note that, the special
case ψ = ⊤ denotes that no pre-conditions are necessary to perform the action. The
resulting action is simply j.b (as the knowledge of ψ by agent j is local to the agent),
while both the knowledge structure and the truth assignment remain unchanged—see
the conclusion of the rule.

The rule (set) describes the asynchronous execution of an autonomous action of
the form set(p, w) by any agent j of the pool. The side effect is that X is updated
according to the assignment p = w (see the definition of X ′). The accessibility relations
are also updated accordingly (see the definition of R′

j and R′
i, with i ∈ I\{j}). On

the one hand, the agent j performing the assignment acquires knowledge (if not yet
possessed) of p. Hence, in Rj, all the possible worlds differing for the valuation of p
(see function diff ) cannot be mutually accessible anymore, as they are distinguishable
by the value of p. Note that, as we will show, such suppression of connections ensures
that the accessibility relation remains an equivalence. On the other hand, all the other
agents i ̸= j lose knowledge (if previously possessed) of p, as the assignment is not
considered public (as emphasised by the fact that the resulting action is a silent action
τ). Therefore, in each accessibility relation of those agents, all the possible worlds
differing only for the valuation of p must become mutually accessible, as they cannot be
distinguished anymore. Note that such addition of connections considers the symmetric
pairs and, through the closure operation, the transitive relations, thus ensuring, as we
will show, that the accessibility relation remains an equivalence.

The most interesting rule is (com), which expresses a broadcast communication from
an agent j performing the output action named a to the set of agents J , each of which
performs the corresponding input named a [3] – see the premisses of the rule about
the agent j executing the output containing the internal formula ψ and the agents in
J receiving the formula through the corresponding input. The communication is syn-
chronous, meaning that the agent j and all the agents in J advance simultaneously, as
outlined in the conclusion of the rule. As in the case of the rule (pool), the communi-
cation is subject to a pre-condition related to the knowledge of the internal formula ψ
by the agent j – see the first premiss of the rule. During the interaction, the knowledge
of this formula is also transferred: all the agents in J acquire knowledge of ψ, and, as
a consequence, all the accessibility relations of such agents are updated accordingly. In
fact, they become able to distinguish those possible worlds that differ from each other
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for the evaluation of ψ. Finally, the communication is private (the synchronisation re-
sult is a silent action τ), i.e., the knowledge transfer involves only the agents in J and
no one else.

The given semantic rules allow us to preserve some interesting properties that are
desirable for verification purposes.

Lemma 6.3.3. Let M = ⟨S, v⟩ be a model for the semantics of a pool of agents. Then
S is image-finite.

This result immediately follows Definition 6.3.2 and the semantics of Table 6.2. As
anticipated, another important result is that the semantics of Table 6.2 preserves the
indistinguishability interpretation of the accessibility relations.

Theorem 6.3.4. Let P = ⟨{Ai}i∈I , {Ri}i∈I , X⟩ be a pool of agents of cardinality n,
with semantics given by a model M = ⟨S, v⟩ over a KLTS S = ⟨T ,At , I , r⟩ with
underlying LTS T = ⟨S,Act , T, s0⟩. Then, for each i ∈ I and for each s ∈ S, rs(i) is
an equivalence relation.

Proof. The proof proceeds by showing that given any state s ∈ S such that, for each
i ∈ I, rs(i) is an equivalence relation, then every state s′ reachable from s through a
transition ⟨s,_, s′⟩ ∈ T satisfies the same condition. The result immediately follows
from the fact that, in the initial state s0 = P, {Ri}i∈I is a family of equivalence
relations.

By following the rules of Table 6.2, we first observe that the rules (pool) and (in)
do not change any accessibility relation. Hence, the non-trivial cases are the rules (set)
and (com), where the latter is a sub-case of the former as far as the updates to the
relations are concerned. Hence, it is sufficient to show the effect of an action of the
form set(p,_). Let us assume that the family {Rj} ∪ {Ri}i∈I\{j} associated with the
state s is turned into the family {R′

j} ∪ {R′
i}i∈I\{j} when going from s to s′.

By definition, R′
j derives from Rj by deleting those pairs ⟨Y, Y ′⟩ such that Y and

Y ′ differ for the evaluation of p. Hence, it is easy to see that reflexivity and symmetry
are preserved. Let us consider transitivity, by assuming that there exist Y, Y ′, Y ′′ such
that ⟨Y, Y ′⟩, ⟨Y ′, Y ′′⟩, ⟨Y, Y ′′⟩ ∈ Rj but only ⟨Y, Y ′⟩, ⟨Y ′, Y ′′⟩ ∈ R′

j. Let ⟨Y, Y ′′⟩ ̸∈ R′
j

since p ∈ Y and p ̸∈ Y ′′ (the opposite case is orthogonal). Then, p ∈ Y ′ contradicts
the assumption ⟨Y ′, Y ′′⟩ ∈ R′

j, while p ̸∈ Y ′ contradicts the assumption ⟨Y, Y ′⟩ ∈ R′
j.

Hence, it cannot be that ⟨Y, Y ′⟩, ⟨Y ′, Y ′′⟩ ∈ R′
j and ⟨Y, Y ′′⟩ ̸∈ R′

j.
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By definition, for any i we have that R′
i derives from Ri by adding those pairs ⟨Y, Y ′⟩

such that Y and Y ′ differ only for the evaluation of p. Hence, it is easy to see that
reflexivity and symmetry are preserved. Let us consider transitivity, by assuming that
there exist Y, Y ′, Y ′′ such that ⟨Y, Y ′⟩ ∈ Ri, ⟨Y ′, Y ′′⟩ ̸∈ Ri and ⟨Y, Y ′⟩, ⟨Y ′, Y ′′⟩ ∈ R′

i.
Hence, by the closure operation, we have that ⟨Y, Y ′′⟩ ∈ R′

i too.
This concludes the proof for rule (set) and, therefore, the theorem holds.

Corollary 6.3.5. The semantics of a pool of agents is an EHML-model.

Based on our running examples, we now describe the behaviours of the FIPA sce-
narios illustrated in Examples 6.2.2 and 6.2.3.

Example 6.3.6. Let us consider the QIP with two agents. We recall that the propo-
sitions of interest are acc and the set Pr of propositions that can be the subject of a
query. The initial pool tuple is:

P0 = ⟨{Web_App, Initiator⟩, ⟨MySQL_Server,Participant⟩}, {RWA, RSQL}, X⟩

where the accessibility relation RWA of the agent Web_App is such that there is only
one class to which all the propositions belong (initially, no proposition is known to
Web_App); the accessibility relation RSQL of the agent MySQL_Server contains only
the reflexive pairs (i.e., each possible world is a singleton, meaning that the MySQL
server knows the value of each proposition); the set X is such that acc is assigned the
initial value 0 and each p ∈ Pr the Boolean value corresponding to the current status
of p in the database.

Figure 6.1 shows a portion of the model underlying the behaviour of this pool of
agents in the case of a query related to proposition p ∈ Pr , which is assumed to be true in
the database. For the sake of readability, the accessibility relations are not reported, and
for each unobservable τ -transition we also indicate the name of the visible action(s) from
which it derives. For instance, state P ′

0 is reached after the synchronization between
the actions named query-ifp and yields the same relations and valuation of state P0.
Afterward, state P1 (resp., P2) is reached when MySQL_Server sets to 0 (resp., 1)
the value of proposition acc, thus updating X accordingly. The following τ -transition,
originated via the synchronization involving the actions named notify, allows Web_App
to receive either the formula acc or the formula ¬acc, and then to execute either the
action is_refuse or the action is_agree. Note that, before the notification, Web_App
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did not know acc, while after the notification, the truth value of the proposition is
known. In the case MySQL_Server executes the query, the choice between failure
and the actions denoting success is nondeterministic, while the choice between the two
actions named inform-t/f is deterministic and depends on the truth value of proposition
p. In any case, a synchronization with Web_App occurs. Finally, we point out that
from the standpoint of the agents’ local behaviour, states P0, P ′′

1 , P3, and P5 would
collapse to the same (initial) state. Instead, they differ in the knowledge of the two
agents.

Based on the described model, it can be observed what follows:

• The EHML-formula ⟨τ⟩⟨τ⟩⟨τ⟩⟨is_agree⟩⟨τ⟩⌊KWA(p)⌋ is satisfied in the initial state
of the model, as shown by the path leading to P4, where Web_App has been
informed that p is true.

• The EHML-formula

⟨ok⟩⊤ →
⋁︂
p∈Pr

⌊KWA(p) ∨KWA(¬p)⌋

is true in the model. In fact, if Web_App is ready to execute the action ok then
it knows the truth value of at least one proposition in the database.

• P0 ̸≡ P5, because KWA(p) holds in the latter state but not in the former state.

• The difference among P0, P ′′
1 , and P3 is given by what the two agents know

about the value of acc. If such a variable were reset to zero by agent MySQL_Server
via the set action at the end of each query instance, then the three states would
collapse.

Example 6.3.7. Building on the topology presented at the end of Example 6.2.3, the
initial pool tuple for the contract net interaction protocol with three agents is:

P0 = ⟨T, {RC , RS1 , RS2}, X⟩.

where X := {r2, p1, p2} denotes the task requirements and preconditions at hand. Each
relation RSi

is defined in such a way that Si knows only the value of its own precondition
pi, while relation RC is defined as follows: C knows ¬r1 and r2, which represent the
two task requirements; C knows r1 ∧ p1 → acc1, ¬r1 ∧ p3 → acc1, and r2 ∧ p2 → acc2;
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Figure 6.1: Portion of the KLTS underlying the pool of agents of the FIPA QIP.

C does not know anything else. Hence, it is easy to see that initially, C is not able to
make any decision without issuing a call for proposals. Moreover, we are also assuming
that formula ψt is not known to the agents, meaning that no timeout action will be
enabled.

The evolution of the system starting from P0 can be followed in Figure 6.2.3. In
particular, regarding the behaviour of the agents, the synchronization over the actions
named call is an example of the application of the rule (com) in the case of broadcast
communication. Hence, agent C synchronises simultaneously with the two agents S1

and S2 (state P ′
0). Afterwards, agent C can receive the two proposals. Let us consider

the case in which the proposal from S1 arrives first (see state P1 of the left-hand
branch). At this stage, C learns p1 but still cannot deduce anything about acc1. In
particular, the worlds {r2, p1, acc1} and {r2, p1} are related by RC . Hence, C knows
that acc1 is not known and, therefore, the branch leading to rejection is enabled, see
the states P ′

1 and P ′′
1 . Then, it is the turn of the proposal from S2 (see state P12),

which allows C to know acc2, because C already knows r2, r2 ∧ p2 → acc2 and has
just acquired the knowledge of p2. In practice, the world {r2, p2, acc2} is connected
by RC only to states including all the three propositions. Therefore, the proposal is
accepted (see the states P ′

12 and P ′′
12), with subsequent failure (state PC) or success

of the task delivery (state P). Going back to the race between the two proposals (see
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state P ′
0), let us consider the case in which agent C receives the proposal from S2 first

(see state P2 of the right-hand branch). For the same motivations surveyed above, the
proposal is accepted (see states P ′

2 and P ′′
2 ). At this stage, the task either is completed

successfully (state PS1), or fails (state P21). In the latter case, the proposal of S1 is
considered, which, however, is rejected for the same motivations illustrated in the other
branch, see states P ′

21, P ′′
21, and PC . Now, it is worth observing and comparing the

three states that we have not expanded yet, i.e., P, PC , and PS1 . State P enables
the local action ok of agent C leading to a state which is like P0 and, in addition,
is such that agent C knows formula ψr, which is the result of the task delivery, and
the preconditions p1 and p2 of the two participants. In state PC , the two participant
agents are in their initial local state, while agent C is stuck in the local process term
Init_Wait, since the task has not been obtained and no timeout mechanism is enabled.
In state PS1 , agent C is ready for a new call after the execution of the local action
ok, S2 is in its initial local state, while agent S1 is still waiting to send its proposal
after the call, since, again, no timeout mechanism is enabled. These last two situations
emphasise the need for enabling the timeout mechanism—modeled through the action
timeout guarded by the condition ψt—in order to avoid starvation of the agents.

Finally, based on the described model, we can observe that:

• The EHML formula ⟨τ⟩⟨τ⟩⟨verify⟩⟨τ⟩⌊KCacc2⌋ is satisfied in the initial state of the
model, while the EHML formula ⟨τ⟩⟨τ⟩⟨verify⟩⟨τ⟩⌊KCacc1⌋ is false in the model,
as emphasised by the alternative paths of Figure 6.2.

• The EHML formula ⌊¬KCψr⌋ → ¬⟨ok⟩⊤ is true in the model, since the action ok
is executed by agent C only when ψ has been notified by the participant delivering
the task.
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Figure 6.2: Portion of the KLTS underlying the pool of agents of the FIPA CNIP.

111



Conclusion

We now discuss possible directions for future research arising from the results presented
in Part I and Part II.

Part I

In order to develop more effective tools for reasoning about the structure of f-properties,
we plan to extend our research in two parallel directions which, we hope, will eventually
converge.

1. We aim to provide a complete axiomatisation of ℘(Σ∗) as a bounded ℓ-monoid,
together with a structural proof-theoretic counterpart.

2. We intend to study expansions of closure ℓ-monoids obtained by adding operations
such as the divisions of residuated lattices or the Kleene star. Besides offering a
coherent further development of our algebraic theory of f-properties, we believe
that the proof-theoretic counterparts of these enriched structures are intrinsically
interesting in their own right. In particular, it would be worthwhile, both for LMC

and its extensions, to address the problem of obtaining cut-free completeness
results, as achieved in [103] for the Distributive Full Lambek Calculus, and in [70]
for Infinitary Action Logic.

In pursuing these objectives, if necessary, we will explore alternative proof-theoretic
frameworks such as nested sequents [114, 152] or deep inference [29].

LMC is intended to complement model checking by providing a tool for the compo-
sitional analysis of the f-properties to be verified. It is therefore necessary to investigate
how model checking algorithms can be combined with the use of LMC and to assess the
impact of this integration on their efficiency. Moreover, we believe it would be fruitful
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to relate our calculus to other proof-theoretic approaches to the analysis of concurrent
systems, in particular those developed in [1, 2, 83, 84].

From a strictly algebraic perspective, we first intend to further develop the study
of the variety of closure ℓ-monoids by establishing representation and structure the-
orems, and by investigating possible connections with the theory of enriched Płonka
sums [69]. Moreover, as the reader will have noticed, the term “closure ℓ-monoid” is
clearly inspired by McKinsey and Tarski’s closure algebras [117, 118], which provide
the algebraic semantics for S4. In addition, our terminological choice reflects the fact
that the prefix-closure operation plays a central and distinctive role in our theory, and
“closure ℓ-monoid” is meant to emphasise this. However, one might argue that, in view
of the residuation between ◇ and q, a more appropriate name for our structures would
be “monadic ℓ-monoids”, by analogy with Halmos’ monadic Boolean algebras [86], the
algebraic semantics of S5. Indeed, letting ν be the similarity type of closure ℓ-monoids,
our structures in fact seem to be m-ν-lattices in the sense of [39]; thus it would be inter-
esting to investigate how LMC relates to the general theory of one-variable fragments
of first-order logics.

Part II

As a first research direction, building on the considerations in Remark 5.3.9, we in-
tend to provide a model checking algorithm for EHML, establish complexity results,
and develop a corresponding software tool, possibly leveraging techniques from existing
model checkers such as TAPAs [33], CADP [74], DEMO-S5 [166] or mdk-verifier [111].
A further line of research is to situate EHML more precisely within the landscape of
combining logics, in particular by relating it to approaches grounded in Goguen and
Burstall’s theory of institutions [78] (see, for instance, [132]). Moreover, given the high
generality of our framework, it would also be of interest to investigate the mapping
of DEL/ETL models to ours (e.g., along the same line of [162]) as well as possible
connections with coalgebraic modal logics [108], thereby enabling a sharper and more
principled comparison with existing approaches. Finally, we aim to assess the applica-
bility of variants of EHML to the modelling of hyperproperties [41] in distributed and
reactive systems, beginning with concrete case studies (e.g., [67]).

Starting from the process-algebraic framework we developed, several extensions can
be envisioned. For instance, the semantics of our communication mechanisms assumes
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that only known truth can be transferred. Hence, we do not currently manage (possibly
false) beliefs and the communication of information that is inconsistent with an agent’s
knowledge or belief. This would require the introduction of belief modalities and the
treatment of contradictions resulting from the communication between agents. Inter-
estingly, this would open to the modelling of malicious agents sharing false information
and, therefore, a theory of fake news [4, 131], trust, and reputation [6, 7, 9, 159]. Along
the same lines, further modalities could be added to the epistemic component of our
model.

Dealing with inconsistencies is also a problem to face in the present model without
bringing up the notion of belief. In particular, an unsuccessful formula is a formula that
might become false as soon as it is communicated, like, e.g., in the case of p ∧ ¬Kjp

whenever agent i communicates it to agent j [164]. Several studies investigate the
syntactic form of potential unsuccessful formulas, in particular in the setting of public
announcements for multi-agent systems [153]. Obviously, even in our framework, such
forms can be recognised.
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